
❜②

❈❡❝✐❧✐❡ ❙øs ❇r❛♥❞t✲❖❧s❡♥

❙✉♣❡r✈✐s❡❞ ❜②

❉r✳ P❛✉❧ ❙❤❡♣❤❡r❞

Pr♦❢✳ P❛✉❧ ❘✐❝❤❡♥s

❆ t❤❡s✐s s✉❜♠✐tt❡❞ ❢♦r t❤❡ ❞❡❣r❡❡ ♦❢ ▼❛st❡r ♦❢ P❤✐❧♦s♦♣❤②

❯♥✐✈❡rs✐t② ♦❢ ❇❛t❤

❉❡♣❛rt♠❡♥t ♦❢ ❆r❝❤✐t❡❝t✉r❡ ❛♥❞ ❈✐✈✐❧ ❊♥❣✐♥❡❡r✐♥❣

❙❡♣t❡♠❜❡r ✷✵✶✺

❈♦♣②r✐❣❤t

❆tt❡♥t✐♦♥ ✐s ❞r❛✇♥ t♦ t❤❡ ❢❛❝t t❤❛t ❝♦♣②r✐❣❤t ♦❢ t❤✐s t❤❡s✐s r❡sts ✇✐t❤ ✐ts ❛✉t❤♦r✳ ❆ ❝♦♣② ♦❢ t❤✐s

t❤❡s✐s ❤❛s ❜❡❡♥ s✉♣♣❧✐❡❞ ♦♥ ❝♦♥❞✐t✐♦♥ t❤❛t ❛♥②♦♥❡ ✇❤♦ ❝♦♥s✉❧ts ✐t ✐s ✉♥❞❡rst♦♦❞ t♦ r❡❝♦❣♥✐s❡

t❤❛t ✐ts ❝♦♣②r✐❣❤t r❡sts ✇✐t❤ t❤❡ ❛✉t❤♦r ❛♥❞ t❤❡② ♠✉st ♥♦t ❝♦♣② ✐t ♦r ✉s❡ ♠❛t❡r✐❛❧ ❢r♦♠ ✐t

❡①❝❡♣t ❛s ♣❡r♠✐tt❡❞ ❜② ❧❛✇ ♦r ✇✐t❤ t❤❡ ❝♦♥s❡♥t ♦❢ t❤❡ ❛✉t❤♦r✳

❚❤✐s t❤❡s✐s ♠❛② ❜❡ ♠❛❞❡ ❛✈❛✐❧❛❜❧❡ ❢♦r ❝♦♥s✉❧t❛t✐♦♥ ✇✐t❤✐♥ t❤❡ ❯♥✐✈❡rs✐t② ▲✐❜r❛r② ❛♥❞ ♠❛② ❜❡

♣❤♦t♦❝♦♣✐❡❞ ♦r ❧❡♥t t♦ ♦t❤❡r ❧✐❜r❛r✐❡s ❢♦r t❤❡ ♣✉r♣♦s❡s ♦❢ ❝♦♥s✉❧t❛t✐♦♥✳

❙✐❣♥❛t✉r❡ ♦❢ ❆✉t❤♦r ✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳ ❈❡❝✐❧✐❡ ❙øs ❇r❛♥❞t✲❖❧s❡♥✱ ✷✵✶✺



❚❤✐s ♣❛❣❡ ✐s ✐♥t❡♥t✐♦♥❛❧❧② ❧❡❢t ❜❧❛♥❦✳

✐✐



❆❜str❛❝t

❚❤❡ ❧❛st ❞❡❝❛❞❡ ♦❢ t❡❝❤♥♦❧♦❣✐❝❛❧ ❛❞✈❛♥❝❡♠❡♥ts ❤❛✈❡ s❡t ❛r❝❤✐t❡❝ts ❢r❡❡ t♦ ❡①♣❧♦r❡

❛ ✈❛st ✈❛r✐❡t② ♦❢ s❤❛♣❡s✱ ✇❤✐❝❤ ✐♥ ❡✛❡❝t ❤❛s ❣✐✈❡♥ r✐s❡ t♦ ❛ tr❡♥❞ ♦❢ ❝♦♠♣❧❡① ❢r❡❡✲

❢♦r♠ ❜✉✐❧❞✐♥❣s ✐♥ ❝♦♥t❡♠♣♦r❛r② ❛r❝❤✐t❡❝t✉r❡✳ ❚❤❡s❡ s❤❛♣❡s ❛r❡ ❣❡♥❡r❛❧❧② ❜❛s❡❞

♦♥ ♣✉r❡ ❛❡st❤❡t✐❝s ✇❤✐❝❤ ♦❢t❡♥ r❡s✉❧ts ✐♥ ❛✇❦✇❛r❞ ❛♥❞ ♦✈❡r✲❞✐♠❡♥s✐♦♥❡❞ str✉❝✲

t✉r❡s ♦r ✈❡r② ❝♦st❧② ❝♦♥str✉❝t✐♦♥✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ❡♥❣✐♥❡❡rs ❤❛✈❡ ❞❡✈❡❧♦♣❡❞

♠❡t❤♦❞s t♦ ✐♥❢♦r♠ t❤❡ s❤❛♣❡ ❞❡s✐❣♥ s✉❝❤ t❤❛t ❢♦r♠ ❢♦❧❧♦✇s ❢♦r❝❡✳ ❲❤✐❧❡ t❤❡s❡

str✉❝t✉r❡s ❛r❡ ❤✐❣❤❧② ❡✛❡❝t✐✈❡✱ t❤❡② ❧❛❝❦ ❝♦♥s✐❞❡r❛t✐♦♥s ♦❢ ♣r❛❝t✐❝❛❧ ❝♦♥str❛✐♥ts

❛♥❞ r❡❞✉❝❡ t❤❡ ♥❡❡❞ ❢♦r ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❛r❝❤✐t❡❝t ❛♥❞ ❡♥❣✐♥❡❡r✳

❚❤✐s r❡s❡❛r❝❤ ♦✛❡rs ❛ ♥♦✈❡❧ ❢r❡❡✲❢♦r♠ ♠♦❞❡❧❧✐♥❣ t❡❝❤♥✐q✉❡ ✇✐t❤ ✐♥❤❡r❡♥t s❤❛♣❡s

s✉✐t❛❜❧❡ ❢♦r st✐✛❡♥✐♥❣ ♦❢ s❤❡❧❧s t❤r♦✉❣❤ ❝✉r✈❛t✉r❡✳ ❚❤❡ ♠❡t❤♦❞♦❧♦❣② ❤❛s ❜❡❡♥

✐♠♣❧❡♠❡♥t❡❞ ✐♥ ❛ s♦❢t✇❛r❡ t♦♦❧ t♦ ❤❡❧♣ ❣✉✐❞❡ t❤❡ ❞❡s✐❣♥ ❛t t❤❡ ❝♦♥❝❡♣t✉❛❧ st❛❣❡

❜② ♣r♦✈✐❞✐♥❣ ✉♣❢r♦♥t ❢❡❡❞❜❛❝❦ t♦ ❝❤❛♥❣❡s ♦❢ ❢♦r♠✱ t❤✉s ✐♥t❡❣r❛t✐♥❣ ❛r❝❤✐t❡❝t✉r❛❧

✈✐s✐♦♥ ✇✐t❤ str✉❝t✉r❛❧ ❧♦❣✐❝✳ ❚❤❡ ♠♦❞❡❧❧✐♥❣ ❛♣♣r♦❛❝❤ ✐s ❜❛s❡❞ ♦♥ ❤❛r♠♦♥✐❝s✱

✇❤✐❝❤ ♠❛❦❡s ✐t ♣♦ss✐❜❧❡ t♦ ♣❛r❛♠❡tr✐s❡ ❛ ❣✐✈❡♥ ♠❡s❤ ❜② ❛ ❢❡✇ ✈❛r✐❛❜❧❡s ❛♥❞

s✐♠✉❧t❛♥❡♦✉s❧② ♣❡r❢♦r♠ ❛❞✈❛♥t❛❣❡♦✉s ❛♥❛❧②s✐s ♦❢ t❤❡ ❣❡♦♠❡tr②✳ ❚❤❡ ❣❡♥❡r❛t❡❞

s❤❛♣❡s ❛r❡ s✉❜s❡q✉❡♥t❧② ❡✈❛❧✉❛t❡❞ ✐♥ t❡r♠s ♦❢ t❤❡✐r ❜✉❝❦❧✐♥❣ ❝❛♣❛❝✐t②✱ ✇❤❡r❡ ✐t

✐s ❡✈✐❞❡♥t t❤❛t t❤❡ ✐♥❤❡r❡♥t ❞♦✉❜❧❡ ❝✉r✈❛t✉r❡ ♣r♦✈✐❞❡s ❣❡♦♠❡tr✐❝❛❧ st✐✛♥❡ss t♦

❜❡tt❡r r❡s✐st s✉❞❞❡♥ ❢❛✐❧✉r❡ ❞✉❡ t♦ ❤✐❣❤ ❝♦♠♣r❡ss✐✈❡ ❢♦r❝❡s✳

❈❛s❡ st✉❞✐❡s ♦❢ t❤❡ ❇r✐t✐s❤ ▼✉s❡✉♠ ●r❡❛t ❈♦✉rt ❘♦♦❢ ❛♥❞ ♦t❤❡r s♠❛❧❧❡r ❡①✲

❛♠♣❧❡s✱ ❝♦♠❜✐♥❡❞ ✇✐t❤ ❛ ❝♦♥t✐♥✉♦✉s ❞✐❛❧♦❣✉❡ ✇✐t❤ ♣❡♦♣❧❡ ❢r♦♠ t❤❡ ✐♥❞✉str②✱

❤❛✈❡ ❜❡❡♥ ✉s❡❞ t♦ ❛ss❡ss ❛♥❞ ❡♥❤❛♥❝❡ t❤❡ ❛♣♣❧✐❝❛❜✐❧✐t② ♦❢ t❤❡ ❞❡s✐❣♥ t♦♦❧ ✐♥

♣r❛❝t✐❝❡✳

✐✐✐



✐✈



❆❝❦♥♦✇❧❡❞❣❡♠❡♥t

❚❤✐s t❤❡s✐s ✐s ❞❡❞✐❝❛t❡❞ t♦ ♠② ❣r❛♥❞❢❛t❤❡r ✇❤♦s❡ ♠❛♥② ❛❞✈❡♥t✉r❡s t♦ ❢♦❧❧♦✇ ❤✐s

♣❛ss✐♦♥ ✐♥s♣✐r❡❞ t❤✐s ♦♥❡ ♦❢ ♠✐♥❡✳

❚❤❛♥❦ ②♦✉ t♦ ♠② t✇♦ s✉♣❡r✈✐s♦rs ❉r✳ P❛✉❧ ❙❤❡♣❤❡r❞ ❛♥❞ Pr♦❢✳ P❛✉❧ ❘✐❝❤❡♥s

❢♦r t❤❡✐r ❡①❝❡❧❧❡♥t ❣✉✐❞❛♥❝❡ ❛♥❞ ✐♥s♣✐r❛t✐♦♥❛❧ ❞✐s❝✉ss✐♦♥s t❤r♦✉❣❤♦✉t t❤✐s ②❡❛r✳

❚❤❛♥❦ ②♦✉ t♦ ❉✉♥❝❛♥ ❍♦rs✇✐❧❧ ❛♥❞ ❆♥❞r❡❛s ❇❛❦ ❢♦r t❤❡✐r s✉♣♣♦rt ❛♥❞ ❡①♣❡rt✐❝❡

t♦ ♣r❡♣❛r❡ ♠❡ ❢♦r t❤✐s ▼P❤✐❧ ✐♥ t❤❡ ✜rst ♣❧❛❝❡✳

❚❤❛♥❦ ②♦✉ t♦ ❙t❡♣❤❡♥ ▼❡❧✈✐❧❧❡✱ ❏♦❤♥ ❍❛r❞✐♥❣✱ ❲✐❧❧ P❡❛rs♦♥ ❛♥❞ ❑r✐st❥❛♥ P❧❛❣✲

❜♦r❣ ◆✐❡❧s❡♥ ❢r♦♠ ❘❛♠❜♦❧❧ ❈♦♠♣✉t❛t✐♦♥❛❧ ❉❡s✐❣♥ ❢♦r t❤❡✐r ❤❡❧♣ ❛♥❞ ✐♥s♣✐r❛t✐♦♥

t❤r♦✉❣❤♦✉t t❤✐s ②❡❛r✳

❚❤❛♥❦ ②♦✉ t♦ ❙t❡❢❛♥ ❇r❛♥❞t✱ ❇❥❛r❦❡ ❑♦❝❤✲Ør✈❛❞ ❛♥❞ ❏❛❝♦❜ ❉r❛❝❤♠❛♥♥ ❢♦r

❧❛②✐♥❣ t❤❡ st❡♣♣✐♥❣ st♦♥❡s ❢♦r t❤✐s ❝♦♠♣✉t❛t✐♦♥❛❧ ❞❡s✐❣♥ ❥♦✉r♥❡② ❛ ❢❡✇ ②❡❛rs

❛❣♦✳

❋✐♥❛❧❧②✱ t❤❛♥❦ ②♦✉ t♦ ♠② ❢❛♠✐❧② ❛♥❞ ❏♦s❡❢ ❢♦r t❤❡✐r ❧♦✈❡ ❛♥❞ ❡♥❝♦✉r❛❣❡♠❡♥t✳

✈



✈✐



❈♦♥t❡♥ts

✶ ■♥tr♦❞✉❝t✐♦♥ ✶

✶✳✶ ❋r❡❡✲❢♦r♠ s✉r❢❛❝❡ ❞❡s✐❣♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶

✶✳✷ ❙tr✉❝t✉r❛❧ r❛t✐♦♥❛❧✐s❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷

✶✳✸ ❇❛❧❛♥❝✐♥❣ ❢♦r♠ ❛♥❞ ❢♦r❝❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺

✶✳✹ ❆✐♠ ❛♥❞ ♦❜❥❡❝t✐✈❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻

✶✳✺ ❚❤❡s✐s str✉❝t✉r❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼

✷ ▲✐t❡r❛t✉r❡ r❡✈✐❡✇ ✾

✷✳✶ ◆❯❘❇❙ s✉r❢❛❝❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾

✷✳✷ ❙✉❜❞✐✈✐s✐♦♥ s✉r❢❛❝❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸

✷✳✸ ❊✐❣❡♥s❤❡❧❧s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻

✷✳✹ ❈✉r✈❛t✉r❡ st✐✛❡♥❡❞ s❤❡❧❧s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵
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❈❤❛♣t❡r ✶

■♥tr♦❞✉❝t✐♦♥

❚❤✐s ❝❤❛♣t❡r ❤✐❣❤❧✐❣❤ts t❡♥❞❡♥❝✐❡s ❛♥❞ ❞❡s❝r✐❜❡s ❝✉rr❡♥t ❛♣♣r♦❛❝❤❡s ✇✐t❤✐♥ ❝♦♥✲

t❡♠♣♦r❛r② s❤❡❧❧ ❞❡s✐❣♥✳ ■t ♠♦t✐✈❛t❡s t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❛ t♦♦❧✱ ✇❤✐❝❤ ❜❛❧❛♥❝❡s

✈✐s✉❛❧ ❡①♣r❡ss✐♦♥ ✇✐t❤ str✉❝t✉r❛❧ r❛t✐♦♥❛❧✐t② r❛t❤❡r t❤❛♥ ❢♦❝✉s✐♥❣ ♦♥ ♦♥❡ ♦r t❤❡

♦t❤❡r✳ ❆ ♥✉♠❜❡r ♦❢ ♦❜❥❡❝t✐✈❡s ❢♦r t❤✐s r❡s❡❛r❝❤ ❛r❡ ✐❞❡♥t✐✜❡❞ ❛♥❞ ❛♥ ♦✈❡r❛❧❧

str✉❝t✉r❡ ♦❢ t❤❡ t❤❡s✐s ✐s ♦✉t❧✐♥❡❞✳

✶✳✶ ❋r❡❡✲❢♦r♠ s✉r❢❛❝❡ ❞❡s✐❣♥

❆r❝❤✐t❡❝t✉r❛❧ ❢♦r♠s ❤❛✈❡ ❝❤❛♥❣❡❞ r❡♠❛r❦❛❜❧② ♦✈❡r t❤❡ ❧❛st ✷✵ ②❡❛rs ❛s ❛ ❝♦♥✲

s❡q✉❡♥❝❡ ♦❢ t❡❝❤♥♦❧♦❣✐❝❛❧ ❛❞✈❛♥❝❡♠❡♥ts✳ Pr❡✈✐♦✉s❧②✱ ❞❡s✐❣♥s ✇❡r❡ s❦❡t❝❤❡❞ ❜②

❤❛♥❞ ✉s✐♥❣ ♣❡♥❝✐❧ ❛♥❞ ♣❛♣❡r ❛♥❞ ❞✐✛❡r❡♥t t♦♦❧s s✉❝❤ ❛s r✉❧❡rs ❛♥❞ ❝♦♠♣❛ss❡s

❤❡❧♣❡❞ t♦ ❣✉✐❞❡ t❤✐s ♣r♦❝❡ss✳ ❚♦❞❛② t❤❡ ❝♦♠♣✉t❡r✱ ✇✐t❤ ✐ts ❝♦♠♣✉t❡r ❛✐❞❡❞

❞❡s✐❣♥ ✭❈❆❉✮ ♣❛❝❦❛❣❡s✱ ✐s ❛♥ ✐♥t❡❣r❛t❡❞ ♣❛rt ♦❢ t❤❡ ❞❡s✐❣♥ ♣r♦❝❡ss✱ ♣r♦✈✐❞✲

✐♥❣ t❤❡ ❛r❝❤✐t❡❝ts ✇✐t❤ ♠♦r❡ ❢r❡❡❞♦♠✳ ❆❧♠♦st ❡✈❡r② ✐♠❛❣✐♥❛❜❧❡ s❤❛♣❡ ❝❛♥ ❜❡

♠♦❞❡❧❧❡❞ ❜② ♠❡❛♥s ♦❢ ◆♦♥✲❯♥✐❢♦r♠ ❘❛t✐♦♥❛❧ ❇✲❙♣❧✐♥❡s ✭◆❯❘❇❙✮ ♦r s✉❜❞✐✈✐✲

s✐♦♥ s✉r❢❛❝❡s✳ ❆s ❛ r❡s✉❧t✱ ♦r❣❛♥✐❝ ❢r❡❡✲❢♦r♠ s❤❛♣❡s ❛r❡ ♠♦r❡ ❝♦♠♠♦♥❧② s❡❡♥ ✐♥

❝♦♥t❡♠♣♦r❛r② ❛r❝❤✐t❡❝t✉r❡✳ ❚❤❡② ❤❛✈❡ t❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ ❜❡✐♥❣ ✈✐s✉❛❧❧② ❡①♣r❡ss✲

✐✈❡✱ ❝r❡❛t✐♥❣ ✐♥t❡r❡st✐♥❣ s♣❛❝❡s ❛♥❞ s♣❛♥♥✐♥❣ ❧♦♥❣ ❞✐st❛♥❝❡s ✇✐t❤♦✉t t❤❡ ♥❡❡❞

❢♦r s✉♣♣♦rts✳ ❆ ❣♦♦❞ ❡①❛♠♣❧❡ ♦❢ t❤❡s❡ ❛❡st❤❡t✐❝❛❧❧② ♣❧❡❛s✐♥❣ str✉❝t✉r❡s ✐s t❤❡

❍❡②❞❛r ❆❧✐②❡✈ ❈❡♥t❡r ❜② ❩❛❤❛ ❍❛❞✐❞ ❆r❝❤✐t❡❝ts ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✶✳✶✳✶✳

❚❤❡ ❞❡s✐❣♥ ✢❡①✐❜✐❧✐t② t❤❛t t❤❡ ♠♦❞❡❧❧✐♥❣ t♦♦❧s ♣r♦✈✐❞❡ ✐s ♦❢ ❣r❡❛t ✐♠♣♦rt❛♥❝❡

✶
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❋✐❣✉r❡ ✶✳✶✳✶ ✕ ❍❡②❞❛r ❆❧✐②❡✈ ❈❡♥t❡r ❜② ❩❛❤❛ ❍❛❞✐❞ ❆r❝❤✐t❡❝ts ✭P❤♦t♦ ❜② ❍✉❢t♦♥✰❈r♦✇
P❤♦t♦❣r❛♣❤❡rs✮

t♦ ♠❛✐♥t❛✐♥ t❤❡ ❝r❡❛t✐✈❡ ❛♥❞ ✐♥♥♦✈❛t✐✈❡ r♦❧❡ ♦❢ t❤❡ ❛r❝❤✐t❡❝t ✇❤♦ t❤❡r❡❜② ❝❛♥

❦❡❡♣ ♦♥ ♣✉s❤✐♥❣ t❤❡ ❧✐♠✐ts ♦❢ ✇❤❛t ✐s ♣♦ss✐❜❧❡✳ ❍♦✇❡✈❡r✱ ❈❆❉ ♣❛❝❦❛❣❡s ♠❛❦❡

✐t ❡❛s② ❢♦r ❛ ❞❡s✐❣♥❡r t♦ ❝r❡❛t❡ ❝♦♠♣❧❡① ❞♦✉❜❧② ❝✉r✈❡❞ s✉r❢❛❝❡s ✇✐t❤ ♥♦ ✉♥❞❡r✲

st❛♥❞✐♥❣ ♦❢ ❤♦✇ t❤❡ s❤❛♣❡ ✐s ❣❡♥❡r❛t❡❞ ❣❡♦♠❡tr✐❝❛❧❧②✱ ♣❡r❢♦r♠s str✉❝t✉r❛❧❧② ♦r

✐ts ❝♦♥str✉❝t❛❜✐❧✐t②✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❝r✉❝✐❛❧ ❢❛❝t♦rs ❢♦r ❛ s✉❝❝❡ss❢✉❧ r❡❛❧✐s❛t✐♦♥ ♦❢ ❛

♣r♦❥❡❝t✳

❙♦♠❡ ❛r❝❤✐t❡❝ts ❤❛✈❡ s✉❝❝❡❡❞❡❞ ✐♥ ✐♥t❡❣r❛t✐♥❣ s♦♠❡ ♦❢ t❤♦s❡ ❢❛❝t♦rs ✐♥ t❤❡ ❞❡s✐❣♥

♣r♦❝❡ss ❛♥❞ ✉s❡❞ ✐t t♦ ❞❡✈❡❧♦♣ t❤❡✐r ❛r❝❤✐t❡❝t✉r❛❧ ❧❛♥❣✉❛❣❡✳ ❆s ❛♥ ❡①❛♠♣❧❡✱

❋r❛♥❦ ❖✳ ●❡❤r② ❤❛s ❞❡✈❡❧♦♣❡❞ ❤✐s s✐❣♥❛t✉r❡ ❜② ♦♥❧② ✉s✐♥❣ ❞❡✈❡❧♦♣❛❜❧❡ s✉r✲

❢❛❝❡s ✭③❡r♦ ●❛✉ss✐❛♥ ❝✉r✈❛t✉r❡✮ ❢♦r ❤✐s ❞❡s✐❣♥s✳ ❚❤❡② ❡①♣r❡ss ❛ ❤✐❣❤ ❧❡✈❡❧ ♦❢

❝♦♠♣❧❡①✐t② ❜✉t t❤❡ s✉r❢❛❝❡s ❝❛♥ ❜❡ ❝r❡❛t❡❞ ❢r♦♠ ❢♦❧❞❡❞ s❤❡❡t ♠❛t❡r✐❛❧s✱ ✇❤✐❝❤

s✐❣♥✐✜❝❛♥t❧② ✐♥❝r❡❛s❡ t❤❡ ❝♦♥str✉❝t❛❜✐❧✐t② ❛♥❞ r❡❞✉❝❡ t❤❡ ❝♦st ✐♥ r❡❧❛t✐♦♥ t♦ ❢❛❜✲

r✐❝❛t✐♦♥✳

✶✳✷ ❙tr✉❝t✉r❛❧ r❛t✐♦♥❛❧✐s❛t✐♦♥

❊✈❡r② ❢r❡❡✲❢♦r♠ s✉r❢❛❝❡ ❞❡s✐❣♥ ❝♦♥t❛✐♥s t❤r❡❡ ❛s♣❡❝ts✿ s❤❛♣❡✱ t♦♣♦❧♦❣② ❛♥❞ s✐③✲

✐♥❣✳ ❚❤❡ s❤❛♣❡ ✐s t❤❡ s♣❛t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ ❛ s✉r❢❛❝❡ ✭❣❡♦♠❡tr②✮✱ t❤❡ t♦♣♦❧♦❣②

r❡❢❡rs t♦ t❤❡ ❝♦♥♥❡❝t✐✈✐t② ♦❢ str✉❝t✉r❛❧ ♠❡♠❜❡rs ✇✐t❤✐♥ t❤❛t s❤❛♣❡ ❞♦♠❛✐♥ ❛♥❞

t❤❡ s✐③✐♥❣ ✐s ❝♦♥❝❡r♥❡❞ ✇✐t❤ t❤❡ ❞✐♠❡♥s✐♦♥✐♥❣ ♦❢ t❤♦s❡ ♠❡♠❜❡rs✳ ❯s✉❛❧❧②✱ t❤❡

❛r❝❤✐t❡❝t ✐s r❡s♣♦♥s✐❜❧❡ ❢♦r t❤❡ s❤❛♣❡ ❛♥❞ ♣❡r❤❛♣s t❤❡ t♦♣♦❧♦❣② ❛♥❞ t❤❡ ❡♥❣✐♥❡❡r
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❢♦r t❤❡ s✐③✐♥❣✳ ■❢ t❤❡ ❢r❡❡✲❢♦r♠ s✉r❢❛❝❡ ❞❡s✐❣♥ ✐s ❝♦♠♣❧❡①✱ ✐t ✐s s♦♠❡t✐♠❡s t❤❡

❝❛s❡ t❤❛t t❤❡ ❡♥❣✐♥❡❡r ✐s r❡s♣♦♥s✐❜❧❡ ❢♦r t❤❡ t♦♣♦❧♦❣② ❛s ✇❡❧❧ ✐✳❡✳ t❤❡ ❛r❝❤✐t❡❝t

♣r♦✈✐❞❡s t❤❡ ❡♥❣✐♥❡❡r ✇✐t❤ ❛ ❣✐✈❡♥ s✉r❢❛❝❡ ❞❡s✐❣♥ ❛♥❞ t❤❡ t❛s❦ ❢♦r t❤❡ ❡♥❣✐♥❡❡r

t❤❡♥ ❜❡❝♦♠❡s t♦ ❞❡✈❡❧♦♣ ❛ s❝❤❡♠❡ ♦❢ str✉❝t✉r❛❧ ♠❡♠❜❡rs t♦ ❛♣♣r♦①✐♠❛t❡ t❤❛t

s❤❛♣❡ ✐♥ t❤❡ ❜❡st ✇❛② ❛♥❞ s✉❜s❡q✉❡♥t❧② ❞✐♠❡♥s✐♦♥ t❤❡ ♠❡♠❜❡rs✳ ❲❤✐❧❡ t❤✐s

✐s ❣❡♥❡r❛❧❧② ♣♦ss✐❜❧❡✱ ✐t ♦❢t❡♥ ❧❡❛❞s t♦ ✈❡r② ❛✇❦✇❛r❞ str✉❝t✉r❡s ✇❤❡r❡ t❤❡ s✐③❡

♦❢ t❤❡ ❡❧❡♠❡♥ts ❝♦♠♣❧❡t❡❧② r❡♠♦✈❡ t❤❡ ❢♦❝✉s ❢r♦♠ t❤❡ ✈✐s✉❛❧ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡

s✉r❢❛❝❡ ✭✐❢ ♥♦t ❡①t❡r♥❛❧❧② t❤❡♥ ✐♥t❡r♥❛❧❧②✮✳

❉✉❡ t♦ t❤❡ ✐♥t❡r❡st✐♥❣ ♥❛t✉r❡ ♦❢ s❤❡❧❧ str✉❝t✉r❡s✱ ❡♥❣✐♥❡❡rs ❤❛✈❡ ❞❡✈❡❧♦♣❡❞ ❞✐❢✲

❢❡r❡♥t ♠❡t❤♦❞s t♦ ❞❡t❡r♠✐♥❡ ❡✣❝✐❡♥t s❤❛♣❡s ✉♥❞❡r ❣✐✈❡♥ ❧♦❛❞✐♥❣s✳ ❚❤❡ ❤❛♥❣✐♥❣

❝❤❛✐♥ ♠♦❞❡❧ ✐s ♦♥❡ ♦❢ t❤❡ ♦❧❞❡st ♠❡t❤♦❞s ♣✉❜❧✐s❤❡❞ ❜② ❘♦❜❡rt ❍♦♦❦❡ ✐♥ ✶✻✼✻

❛♥❞ ❞❡s❝r✐❜❡❞ ❛s✿ ✏❆s ❤❛♥❣s t❤❡ ✢❡①✐❜❧❡ ❧✐♥❡✱ s♦ ❜✉t ✐♥✈❡rt❡❞ ✇✐❧❧ st❛♥❞ t❤❡ r✐❣✐❞

❛r❝❤✑ ✭❍♦♦❦❡✱ ✶✻✼✻✮✳ ❚❤✐s ♠❡t❤♦❞ t❛❦❡s ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ❤❛♥❣✐♥❣ ❝❤❛✐♥ ❜❡✐♥❣

✐♥ ♣✉r❡ t❡♥s✐♦♥ ❛♥❞ ❢r❡❡ ♦❢ ❜❡♥❞✐♥❣ ✉♥❞❡r ✐ts ♦✇♥ ✇❡✐❣❤t ❛♥❞ t❤✉s ✇❤❡♥ ✐♥✈❡rt❡❞

✇✐❧❧ ♦❜t❛✐♥ ❛ ♣✉r❡ ❝♦♠♣r❡ss✐♦♥ st❛t❡ ✉♥❞❡r t❤❡ s❛♠❡ ❧♦❛❞✳ ❚❤✐s ♣r✐♥❝✐♣❧❡ ❝❛♥ ❜❡

tr❛♥s❢❡rr❡❞ t♦ s❤❡❧❧s ✐♥ ♦r❞❡r t♦ ✜♥❞ ❛ ❝♦♠♣r❡ss✐♦♥✲♦♥❧② s❤❛♣❡✱ ✇❤✐❝❤ ✐s ❜❡♥❡✜✲

❝✐❛❧ ❛s t❤❡ ❢♦r❝❡s ♦♥❧② ❛❝t ✐♥ t❤❡ t❛♥❣❡♥t✐❛❧ ♣❧❛♥❡ ♦❢ t❤❡ s❤❡❧❧ ❛♥❞ t❤❡r❡❢♦r❡ ♦♥❧②

♥❡❡❞ ❛ s♠❛❧❧ ❝r♦ss s❡❝t✐♦♥✳ ❆♥t♦♥✐ ●❛✉❞✐ ✭✶✽✺✷✲✶✾✷✻✮ ✐s ✇❡❧❧✲❦♥♦✇♥ ❢♦r ❤❛✈✐♥❣

❛♣♣❧✐❡❞ t❤✐s ♣❤②s✐❝❛❧ ❢♦r♠✲✜♥❞✐♥❣ t❡❝❤♥✐q✉❡ ✉s✐♥❣ ✇❡✐❣❤t❡❞ str✐♥❣s t♦ ♠✐♠✐❝

t❤❡ ❧♦❛❞ ❡✳❣✳ ❢♦r t❤❡ ❞❡s✐❣♥ ♦❢ ❈♦❧ó♥✐❛ ●ü❡❧❧ ✐♥ ❇❛r❝❡❧♦♥❛✳ ❚❤❡ ❛r❝❤✐t❡❝t✉r❛❧

❡♥❣✐♥❡❡rs ❋r❡✐ ❖tt♦ ✭✶✾✷✺✲✷✵✶✺✮ ❛♥❞ ❍❡✐♥③ ■s❧❡r ✭✶✾✷✻✲✷✵✵✾✮ ❛r❡ ❛❧s♦ ❢❛♠♦✉s

❢♦r ❤❛✈✐♥❣ ✐♠♣❧❡♠❡♥t❡❞ t❤✐s ❢♦r♠✲✜♥❞✐♥❣ ♣r✐♥❝✐♣❧❡ t♦ ❡①♣❡r✐♠❡♥t ✇✐t❤ s♦❛♣✲

✜❧♠ ❛♥❞ ❢❛❜r✐❝ r❡s♣❡❝t✐✈❡❧②✱ ✇❤✐❝❤ ❤❡❧♣❡❞ t♦ ❣✉✐❞❡ t❤❡ ❞❡s✐❣♥ ♦❢ ♣r♦❥❡❝ts ❧✐❦❡

t❤❡ ●❡r♠❛♥ P❛✈✐❧✐♦♥ ❛t t❤❡ ▼♦♥tr❡❛❧ ❊①♣♦ ✐♥ ✶✾✻✼ ❛♥❞ t❤❡ ❙✐❝❧✐ ❙❆ ❋❛❝t♦r② ✐♥

●❡♥❡✈❛ ✐♥ ✶✾✼✵✳ ❚❤❡s❡ ♣r♦❥❡❝ts s❤❛r❡ t❤❡ ♣r♦♣❡rt② t❤❛t ❡❛❝❤ ✐♥❞✐✈✐❞✉❛❧ s❤❛♣❡ ✐s

❞❡r✐✈❡❞ ❢r♦♠ str✉❝t✉r❛❧ ❧♦❣✐❝ ❛♥❞ t❤✉s ❡①♣r❡ss❡s ❛ ❤✐❣❤ ❧❡✈❡❧ ♦❢ ❡❧❡❣❛♥❝❡ ❛s ❢♦r♠

❢♦❧❧♦✇s ❢♦r❝❡✳ ❍♦✇❡✈❡r✱ ♣❤②s✐❝❛❧ ❢♦r♠✲✜♥❞✐♥❣ ♠❡t❤♦❞s ❝❛♥ ❜❡ ✈❡r② t✐♠❡ ❝♦♥✲

s✉♠✐♥❣ t♦ s❡t ✉♣ ❛♥❞ t❤❡ ♠❛♥✉❛❧ ♠❡❛s✉r❡♠❡♥ts t❤❛t ❛r❡ ♥❡❝❡ss❛r② t♦ ❞❡s❝r✐❜❡

t❤❡ ♥❡✇ s❤❛♣❡ ❝❛♥ ❜❡ ❝✉♠❜❡rs♦♠❡ t♦ ♦❜t❛✐♥ ❛♥❞ ❤❡♥❝❡ ❝❛✉s❡ ✐♥❛❝❝✉r❛❝②✳

❆❞✈❛♥❝❡s ✐♥ ❝♦♠♣✉t❡r t❡❝❤♥♦❧♦❣② ❛❧❧♦✇s t❤❡s❡ ♣❤②s✐❝❛❧ ❢♦r♠✲✜♥❞✐♥❣ ♠❡t❤♦❞s t♦

❜❡ tr❛♥s❧❛t❡❞ ✐♥t♦ ♥✉♠❡r✐❝❛❧ ❢♦r♠✲✜♥❞✐♥❣ ♠❡t❤♦❞s ✐♥st❡❛❞✱ ❧❡❞ ❜② t❤❡ ✐♥✈❡♥t✐♦♥

♦❢ ❞②♥❛♠✐❝ r❡❧❛①❛t✐♦♥ ✭❉❘✮ ❜② ❆❧✐st❛✐r ❉❛② ✐♥ ✶✾✻✺ ✭❉❛②✱ ✶✾✻✺✮✳ ❚❤❡ ♠❡t❤♦❞

❝❛♥ ❜❡ s✉♠♠❛r✐s❡❞ ❛s ❛ s②st❡♠ ♦❢ s♣r✐♥❣s ❛♥❞ ♣❛rt✐❝❧❡s ✇✐t❤ ♠❛ss❡s r❡♣r❡s❡♥t✐♥❣

t❤❡ s✉r❢❛❝❡✱ ✇❤❡r❡ t❤❡ ❛♣♣❧✐❡❞ ❧♦❛❞ ❝❛✉s❡s t❤❡ ♣❛rt✐❝❧❡s t♦ ♠♦✈❡ ❛❝❝♦r❞✐♥❣ t♦

◆❡✇t♦♥✬s s❡❝♦♥❞ ❧❛✇ ♦❢ ♠♦t✐♦♥ t❤r♦✉❣❤ t✐♠❡ ✭❆❞r✐❛❡♥ss❡♥s ❡t ❛❧✳✱ ✷✵✶✹✮✳ ❚❤❡

♦s❝✐❧❧❛t✐♥❣ ♠♦t✐♦♥ ♦❢ t❤❡ ♣❛rt✐❝❧❡s ❡✈❡♥t✉❛❧❧② st❛❜✐❧✐s❡s ❛r♦✉♥❞ t❤❡ ❡q✉✐❧✐❜r✐✉♠
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s♦❧✉t✐♦♥✳ ❆s t❤❡ s♣r✐♥❣s ♦♥❧② ✇♦r❦ ❜② t❡♥s✐♦♥ ♦r ❝♦♠♣r❡ss✐♦♥ ❢♦r❝❡s✱ t❤❡ ❡q✉✐✲

❧✐❜r✐✉♠ s❤❛♣❡ ♠✐♠✐❝s ❛ s❤❡❧❧ t❤❛t ♦♥❧② ✇♦r❦s ❜② ♠❡♠❜r❛♥❡ ❛❝t✐♦♥✳ ❆♥♦t❤❡r

r❡❝❡♥t ❞✐❣✐t❛❧ ❢♦r♠✲✜♥❞✐♥❣ t❡❝❤♥✐q✉❡ ✐s ✏❚❤r✉st ◆❡t✇♦r❦ ❆♥❛❧②s✐s✑ ✭❚◆❆✮✱ ❞❡✲

✈❡❧♦♣❡❞ ❜② P❤✐❧✐♣♣❡ ❇❧♦❝❦ ✐♥ ✷✵✵✾✳ ■t ❝❛♥ ❜❡ ❝❤❛r❛❝t❡r✐s❡❞ ❛s ❛ ♠♦r❡ ❣❡♦♠❡tr✐❝❛❧

❛♣♣r♦❛❝❤ t♦ ✜♥❞✐♥❣ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ❡q✉✐❧✐❜r✐✉♠ s❤❛♣❡s✳ ❚❤❡ ♠❡t❤♦❞ ❞✐✛❡rs

❢r♦♠ ❉❘ ❜② ❡①♣❧♦✐t✐♥❣ t❤❡ ✐♥❞❡t❡r♠✐♥❛❝② ♦❢ t❤❡ s❤❡❧❧ str✉❝t✉r❡ t❤✉s ❛❧❧♦✇✐♥❣ ❛

❜r♦❛❞❡r ✈❛r✐❡t② ♦❢ ♣♦ss✐❜❧❡ ❡q✉✐❧✐❜r✐✉♠ s♦❧✉t✐♦♥s t♦ ❜❡ ❡①♣❧♦r❡❞✳ ■t ✐s ❛❝❤✐❡✈❡❞

❜② s❡♣❛r❛t✐♥❣ t❤❡ ❤♦r✐③♦♥t❛❧ ❛♥❞ ✈❡rt✐❝❛❧ ❡q✉✐❧✐❜r✐✉♠✱ ✇❤✐❝❤ ❛❧❧♦✇s t❤❡ ❞❡s✐❣♥❡r

t♦ ♠♦❞✐❢② t❤❡ ❢♦r❝❡ ✢♦✇ ✭t❛❦✐♥❣ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ❞✉❛❧ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡

❢♦r♠ ❛♥❞ ❢♦r❝❡ ❞✐❛❣r❛♠✮ ❛♥❞ t❤✐s ✐♥ ❡✛❡❝t ❝❤❛♥❣❡s t❤❡ ❣❡♦♠❡tr② ✭❇❧♦❝❦✱ ✷✵✵✾✮✳

❚❤❡ tr❛♥s✐t✐♦♥ t♦ ❞✐❣✐t❛❧ ❢♦r♠✲✜♥❞✐♥❣ t❡❝❤♥✐q✉❡s ❤❛s ♠❛♥② ❛❞✈❛♥t❛❣❡s s✉❝❤ ❛s

❛❧❧♦✇✐♥❣ ♠✉❧t✐♣❧❡ ❝♦♥✜❣✉r❛t✐♦♥s t♦ ❜❡ ❡①♣❧♦r❡❞ ✐♥ ❛ s❤♦rt t✐♠❡ ❛♥❞ ❞✐r❡❝t❧②

❡①♣♦rt✐♥❣ t❤❡ ♥❡✇ s❤❛♣❡ ✐♥t♦ ♦t❤❡r ❈❆❉ ♣r♦❣r❛♠s✳ ❚❤❡ ❞❡s❝r✐❜❡❞ ♠❡t❤♦❞s ❛r❡

t❤❡ ❡♥❣✐♥❡❡rs r❡s♣♦♥s❡ t♦ t❤❡ s❤❛♣❡ ❛s♣❡❝t ♦❢ s✉r❢❛❝❡ ❞❡s✐❣♥ ✐♥ ❝♦♥t❡♠♣♦r❛r②

❛r❝❤✐t❡❝t✉r❡✳ ❍♦✇❡✈❡r✱ t❤❡② ❝♦♠♣❧❡t❡❧② ❡①❝❧✉❞❡ t❤❡ ❛r❝❤✐t❡❝t ❢r♦♠ t❤❡ ❞❡s✐❣♥

♣r♦❝❡ss✱ ❛♥❞ ❛s t❤❡ r❡s✉❧t✐♥❣ s❤❛♣❡s ❛r❡ ♣✉r❡❧② ❣✉✐❞❡❞ ❜② t❤❡ ❛♣♣❧✐❡❞ ❧♦❛❞✱ t❤❡②

❛r❡ ✈❡r② r❡str✐❝t❡❞ ❛♥❞ t❤❡r❡❜② ❝❛♥♥♦t t❛❦❡ ♦t❤❡r ♣r❛❝t✐❝❛❧ ❞❡s✐❣♥ ❝♦♥str❛✐♥ts

s✉❝❤ ❛s ✐♥t❡r♥❛❧ ❤❡✐❣❤t ❛t t❤❡ ❜♦✉♥❞❛r✐❡s ♦r ✈✐❡✇s ✐♥t♦ ❛❝❝♦✉♥t✳ ■♥ ♣r❛❝t✐❝❡ ✐t ✐s

✈❡r② r❛r❡ t❤❛t ❛ str✉❝t✉r❡ ✐s ♦♥❧② ✐♥✢✉❡♥❝❡❞ ❜② ♦♥❡ ❧♦❛❞ ❝❛s❡ ✭❢♦r t❤❡s❡ ♠❡t❤♦❞s

t❤❡ s❡❧❢✲✇❡✐❣❤t✮ ❛♥❞ ✐t ♠❡❛♥s t❤❛t ❢♦r ❡①❛♠♣❧❡ ♣♦✐♥t ❧♦❛❞s ❛♥❞ ❝♦♥str✉❝t✐♦♥

t♦❧❡r❛♥❝❡s ♣✉s❤ t❤❡ ❞❡s✐❣♥ ❛✇❛② ❢r♦♠ t❤❡ ✏♦♣t✐♠❛❧✑✳

❋✐❣✉r❡ ✶✳✷✳✶ ✕ P❛✈✐❧✐♦♥s s❤❛♣❡❞ ❜② ❞②♥❛♠✐❝ r❡❧❛①❛t✐♦♥✳ ▲❡❢t✿ ❚r❛❞❛ P❛✈✐❧✐♦♥ ❞❡s✐❣♥❡❞ ❜②
❘❛♠❜♦❧❧ ❈♦♠♣✉t❛t✐♦♥❛❧ ❉❡s✐❣♥✳ ❘✐❣❤t✿ ❙❏ ❉❍▲ t❡♥t ❞❡s✐❣♥❡❞ ❜② ❙♦r❡♥ ❏❡♥s❡♥ ❈♦♥s✉❧t❛♥t
❊♥❣✐♥❡❡r✐♥❣

❈♦♠♣r❡ss✐♦♥✲♦♥❧② s❤❡❧❧s ❛r❡ ✈✉❧♥❡r❛❜❧❡ t♦ ❢❛✐❧✉r❡ ❜② ❜✉❝❦❧✐♥❣✱ ❡s♣❡❝✐❛❧❧② ✐♥ ❛r❡❛s

✇❤❡r❡ t❤❡ ❝✉r✈❛t✉r❡ ✐s ❧♦✇✳ ❋✐❣✉r❡ ✶✳✷✳✶ s❤♦✇s t✇♦ ❞✐✛❡r❡♥t ♣❛✈✐❧✐♦♥s t❤❛t ❤❛✈❡

❜❡❡♥ ❢♦r♠ ❢♦✉♥❞ ❜② ❉❘ ❛♥❞ ✐t ❝❛♥ ❜❡ s❡❡♥ t❤❛t ✢❛t ❛r❡❛s ❛r✐s❡ ❛t t❤❡ ❧❡❣s t❤✉s
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r✐s❦✐♥❣ ❜✉❝❦❧✐♥❣ ✐♥ t❤❡s❡ ③♦♥❡s ❛s ✐s ❡✈✐❞❡♥t ❢r♦♠ t❤❡ r✐❣❤t ♦❢ ❋✐❣✉r❡ ✶✳✷✳✶✳ ❚♦

♣r❡✈❡♥t t❤✐s ❜❡❤❛✈✐♦✉r✱ t❤❡ ❡❞❣❡s ❛❧♦♥❣ t❤❡ ♦♣❡♥✐♥❣s ✐♥ t❤❡ ❚r❛❞❛ ♣❛✈✐❧✐♦♥ ✭❧❡❢t

♦❢ ❋✐❣✉r❡ ✶✳✷✳✶✮ ✇❡r❡ str❡♥❣t❤❡♥❡❞ ✇✐t❤ ❡①tr❛ ♣❛♥❡❧s✳

■t ✐s ❝❤❛r❛❝t❡r✐st✐❝ ❢♦r t❤❡s❡ ❢♦r♠ ❢♦✉♥❞ s❤❡❧❧s t♦ ♦❝❝✉♣② ❛ ❧❛r❣❡ ❢♦♦t♣r✐♥t ✐♥ ♦r❞❡r

t♦ ❛❝❤✐❡✈❡ ❛ ❞❡s✐r❛❜❧❡ ❤❡✐❣❤t ❢♦r t❤❡ ✐♥t❡r♥❛❧ ✈♦❧✉♠❡✱ ❛♥❞ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ❛

❧♦t ♦❢ s♣❛❝❡ ❛❧♦♥❣ t❤❡ ❜♦✉♥❞❛r② ✐s ✇❛st❡❞✳ ❋♦r t❤❡ ❚r❛❞❛ ♣❛✈✐❧✐♦♥ t❤✐s ♣r♦❜❧❡♠

✇❛s t❛❝❦❧❡❞ ❜② ✐♥tr♦❞✉❝✐♥❣ ❛ ❢✉♥♥❡❧ ✐♥ t❤❡ ♠✐❞❞❧❡✳

■♥ s✉♠♠❛r②✱ t❤❡ r❡str✐❝t❡❞ ❞❡s✐❣♥ s♣❛❝❡ ❞✐❝t❛t❡❞ ❜② t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥

❢♦r♠ ❛♥❞ ❢♦r❝❡✱ t❤❡ ♣r❛❝t✐❝❛❧ ❝♦♥str❛✐♥ts✱ ✇❤✐❝❤ ♣✉s❤ t❤❡ s♦❧✉t✐♦♥ ❛✇❛② ❢r♦♠ t❤❡

✏♦♣t✐♠❛❧✑✱ t❤❡ ✈✉❧♥❡r❛❜✐❧✐t② ❛❣❛✐♥st ❜✉❝❦❧✐♥❣ ❛♥❞ t❤❡ ❧❛r❣❡ ❢♦♦t♣r✐♥t t♦ ❤❡✐❣❤t

r❛t✐♦ s✉❣❣❡st t❤❛t t❤❡ ❜❡st s♦❧✉t✐♦♥ ✐♥ ♣r❛❝t✐❝❡ ✐s ♥♦t t♦ ♦♥❧② ❞❡s✐❣♥ ❢♦r ❛ ♣✉r❡

❝♦♠♣r❡ss✐♦♥ st❛t❡✳

✶✳✸ ❇❛❧❛♥❝✐♥❣ ❢♦r♠ ❛♥❞ ❢♦r❝❡

❇❡s✐❞❡s ❣✐✈✐♥❣ r✐s❡ t♦ ♥♦♥✲❡❧❡❣❛♥t str✉❝t✉r❡s✱ ✐t ❝❛♥ ❜❡ ❛r❣✉❡❞ t❤❛t ✐t ✐s ♥♦ ❧♦♥❣❡r

s✉✣❝✐❡♥t t♦ ❞❡s✐❣♥ ❢r♦♠ ❛ ♣✉r❡ ❛❡st❤❡t✐❝ ♣♦✐♥t ♦❢ ✈✐❡✇✱ ❛s t❤❡ r❡q✉✐r❡♠❡♥ts ❢♦r

❧♦✇✲❡♥❡r❣② ❜✉✐❧❞✐♥❣s✱ ❛s ✇❡❧❧ ❛s ❛ ❢♦❝✉s ♦♥ r❡❝②❝❧✐♥❣✱ ♠❛t❡r✐❛❧ ❡❝♦♥♦♠② ❛♥❞

str✉❝t✉r❛❧ ❡✣❝✐❡♥❝②✱ ❛r❡ ❡✈❡r ♠♦r❡ str✐♥❣❡♥t✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐t ✐s ♥♦t

❞❡s✐r❛❜❧❡ t♦ ❧❡t t❤❡ ❡♥❣✐♥❡❡r ❝♦♥tr♦❧ t❤❡ ❡♥t✐r❡ ❞❡s✐❣♥ ♣r♦❝❡ss ❡✐t❤❡r ❢♦r t❤❡

r❡❛s♦♥s ❤✐❣❤❧✐❣❤t❡❞ ❛❜♦✈❡✳ ❚❤❡ ❜❡st s♦❧✉t✐♦♥ ✐♥ ♣r❛❝t✐❝❡ t❤❡r❡❢♦r❡ ♠❡r❣❡s t❤❡

❝r❡❛t✐✈❡ ❛♥❞ ✈✐s✉❛❧❧② ♣❧❡❛s✐♥❣ ❢r❡❡✲❢♦r♠ s✉r❢❛❝❡ ❞❡s✐❣♥ ♦❢ t❤❡ ❛r❝❤✐t❡❝t ✇✐t❤ t❤❡

str✉❝t✉r❛❧ ❧♦❣✐❝ ♦❢ t❤❡ ❡♥❣✐♥❡❡r✳ ❚❤✐s ✐s ❛❝❤✐❡✈❡❞ ❜② ❝❤❛♥❣✐♥❣ t❤❡ ✇♦r❦ ✢♦✇ s✉❝❤

t❤❛t t❤❡ s❤❛♣❡✱ t♦♣♦❧♦❣② ❛♥❞ s✐③❡ ❛s♣❡❝ts ❛❧❧ ❜❡❝♦♠❡ ♣❛rt ♦❢ ❛♥ ✐t❡r❛t✐✈❡ ♣r♦❝❡ss

✐♥ t❤❡ ❝♦♥❝❡♣t✉❛❧ ❞❡s✐❣♥ st❛❣❡✳ ❋✐❣✉r❡ ✶✳✸✳✶ s❤♦✇s t✇♦ ❞✐✛❡r❡♥t ♣❛✈✐❧✐♦♥s t❤❛t

❡♠❡r❣❡❞ ❢r♦♠ t❤✐s ♣r♦❝❡ss✳ ❚❤❡ s❤❛♣❡s ❛r❡ ❣❡♦♠❡tr✐❝❛❧❧② ♠♦r❡ str✐♥❣❡♥t ❜✉t

✐t ✐s ❡✈✐❞❡♥t ❢r♦♠ ❜♦t❤ t❤❛t str✉❝t✉r❛❧ ✐♥♥♦✈❛t✐♦♥ ✐s st✐❧❧ ♣♦ss✐❜❧❡ ✇✐t❤✐♥ t❤✐s

r❡str✐❝t❡❞ ❞❡s✐❣♥ s♣❛❝❡ ❛♥❞ ✇✐t❤ r❡♠❛r❦❛❜❧❡ r❡s✉❧ts✳

❖♥❡ ✇❛② t♦ ❛❝❤✐❡✈❡ t❤✐s ❡♥r✐❝❤❡❞ ♣r♦❝❡ss ✐s ❜② ❡♥❛❜❧✐♥❣ ✉♣❢r♦♥t ❢❡❡❞❜❛❝❦ ✐♥ t❤❡

♠♦❞❡❧❧✐♥❣ ❡♥✈✐r♦♥♠❡♥t s✉❝❤ t❤❛t ❛♥② ❝❤❛♥❣❡s t♦ ❛ s❤❛♣❡ ❝❛♥ ❜❡ ✐♠♠❡❞✐❛t❡❧②

q✉❛♥t✐✜❡❞ ✐♥ t❡r♠s ♦❢ s♦♠❡ ❦✐♥❞ ♦❢ str✉❝t✉r❛❧ ❧♦❣✐❝✳ ■❢ t❤❡ s❤❛♣❡ ❞❡s✐❣♥ ✐s ✐♥

❢♦❝✉s ✭r❛t❤❡r t❤❛♥ t❤❡ t♦♣♦❧♦❣②✮✱ t❤❡ ♣r♦❜❧❡♠ ✜rst❧② ❜❡❝♦♠❡s t♦ ♣❛r❛♠❡tr✐❝❛❧❧②

❞❡✜♥❡ t❤❡ ❣❡♦♠❡tr② ✇✐t❤ ❛ ❞❡s✐r❡❞ ✢❡①✐❜✐❧✐t② ✇❤✐❧st ❛t t❤❡ s❛♠❡ t✐♠❡ ❦❡❡♣✐♥❣

t❤❡ ♥✉♠❜❡r ♦❢ ♣❛r❛♠❡t❡rs ❧♦✇✳ ❚❤✐s ✐s t♦ ❛✈♦✐❞ ❝♦♥tr♦❧❧✐♥❣ t❤❡ ♣♦s✐t✐♦♥ ♦❢ ❡❛❝❤

♣♦✐♥t ♦♥ t❤❡ s✉r❢❛❝❡ ✐♥❞✐✈✐❞✉❛❧❧② ❛♥❞ ❤❡♥❝❡ ❜❡tt❡r ❝r❡❛t❡ s♠♦♦t❤ s❤❛♣❡s t❤❛t
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❋✐❣✉r❡ ✶✳✸✳✶ ✕ P❛✈✐❧✐♦♥s s❤❛♣❡❞ ❜② ❛ ❜❛❧❛♥❝❡ ❜❡t✇❡❡♥ ❢♦r♠ ❛♥❞ ❢♦r❝❡✳ ▲❡❢t✿ ❑r❡♦❞ P❛✈✐❧✐♦♥
❞❡s✐❣♥❡❞ ❜② ❈❤✉♥ ◗✐♥❣ ▲✐ ❛♥❞ ❘❛♠❜♦❧❧ ❈♦♠♣✉t❛t✐♦♥❛❧ ❉❡s✐❣♥✳ ❘✐❣❤t✿ ❙❏ ■❆❙❙ P♦❧②s❤❡❧❧
❞❡s✐❣♥❡❞ ❜② ❙♦r❡♥ ❏❡♥s❡♥ ❈♦♥s✉❧t❛♥t ❊♥❣✐♥❡❡r✐♥❣

❛r❡ ❡❛s✐❧② ♠♦❞✐✜❡❞✳ ❙❡❝♦♥❞❧②✱ t❤❡ str✉❝t✉r❛❧ ❜❡❤❛✈✐♦✉r ♥❡❡❞s t♦ ❜❡ q✉❛♥t✐✜❡❞

❜② s♦♠❡ ♠❡❛s✉r❡ t❤❛t ✐s r❡❧❡✈❛♥t t♦ t❤❡ s♣❡❝✐✜❝ ♣r♦❥❡❝t✳

✶✳✹ ❆✐♠ ❛♥❞ ♦❜❥❡❝t✐✈❡s

❚❤✐s r❡s❡❛r❝❤ ❛✐♠s t♦ ❜r✐❞❣❡ t❤❡ ❣❛♣ ❜❡t✇❡❡♥ ❢r❡❡✲❢♦r♠ s✉r❢❛❝❡ ❞❡s✐❣♥ ❜❛s❡❞

♦♥❧② ♦♥ ❛❡st❤❡t✐❝s ❛♥❞ t❤❡ ♣✉r❡ ❡♥❣✐♥❡❡r✐♥❣ ❛♣♣r♦❛❝❤ ✇✐t❤ ❛ ✈❡r② r❡str✐❝t❡❞

r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ❢♦r♠ ❛♥❞ ❢♦r❝❡✳ ■♥ ♦r❞❡r t♦ ❛❝❤✐❡✈❡ t❤✐s✱ t❤❡ ❞❡✈❡❧♦♣♠❡♥t

♦❢ ❛ ❞✐❣✐t❛❧ t♦♦❧ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦❜❥❡❝t✐✈❡s ✐s ♥❡❝❡ss❛r②✿

• ❯s❡ ❛ ❢r❡❡✲❢♦r♠ ♠♦❞❡❧❧✐♥❣ str❛t❡❣② ✇✐t❤ ❛ ❧♦✇ ♥✉♠❜❡r ♦❢ ❞❡s✐❣♥ ♣❛r❛♠❡t❡rs

• ❇❡ ✐♥t✉✐t✐✈❡ ❛♥❞ ✢❡①✐❜❧❡

• ■♠♣r♦✈❡ t❤❡ ❝✉rr❡♥t ❝✉♠❜❡rs♦♠❡ ✇♦r❦ ✢♦✇ ❜❡t✇❡❡♥ t❤❡ ❣❡♦♠❡tr✐❝ s✉r❢❛❝❡

♠♦❞❡❧ ❛♥❞ ✜♥✐t❡ ❡❧❡♠❡♥t ♠♦❞❡❧

• Pr♦✈✐❞❡ r❡❛❧✲t✐♠❡ str✉❝t✉r❛❧ ❢❡❡❞❜❛❝❦ ✐♥ t❡r♠s ♦❢ str❡ss❡s✱ ❞❡✢❡❝t✐♦♥ ♦r

❜✉❝❦❧✐♥❣ ❝❛♣❛❝✐t②

• ❍❡❧♣ ❣✉✐❞❡ t❤❡ s❤❛♣❡ ✐♥ t❤❡ ❝♦♥❝❡♣t ❞❡s✐❣♥ st❛❣❡

❇② ✉s✐♥❣ s❡✈❡r❛❧ s♠❛❧❧❡r ❡①❛♠♣❧❡s ❛♥❞ ❛ ❧❛r❣❡ ❝❛s❡ st✉❞②✱ ❝♦♠❜✐♥❡❞ ✇✐t❤ ❛ ❝♦♥✲

t✐♥✉♦✉s ❞✐❛❧♦❣✉❡ ✇✐t❤ ♣❡♦♣❧❡ ❢r♦♠ t❤❡ ✐♥❞✉str②✱ ❛ s♦❢t✇❛r❡ t♦♦❧ ✇✐❧❧ ❜❡ ❞❡✈❡❧♦♣❡❞

t❤❛t ✐s ❛♣♣❧✐❝❛❜❧❡ t♦ ❜♦t❤ t❤❡ ❛r❝❤✐t❡❝t✉r❛❧ ❛♥❞ ❡♥❣✐♥❡❡r✐♥❣ s❡tt✐♥❣✳

6



Chapter 1: Introduction

✶✳✺ ❚❤❡s✐s str✉❝t✉r❡

❈❤❛♣t❡r ✷✿ r❡✈✐❡✇s r❡❧❡✈❛♥t ❧✐t❡r❛t✉r❡ ✐♥ r❡❧❛t✐♦♥ t♦ t❤❡ ♦❜❥❡❝t✐✈❡s ❞❡✜♥❡❞

❛❜♦✈❡ ✐♥ ♦r❞❡r t♦ ✐❞❡♥t✐❢② ❝✉rr❡♥t ❛♣♣r♦❛❝❤❡s ❛♥❞ t❤❡✐r ❧✐♠✐t❛t✐♦♥s ❛♥❞ t❤❡r❡❜②

❝♦♥❝r❡t✐s❡ t❤❡ ♣❛t❤ ♦❢ t❤✐s r❡s❡❛r❝❤✳

❈❤❛♣t❡r ✸✿ ❝♦♥t❛✐♥s ❛ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ t❤❡♦r❡t✐❝❛❧ ❢r❛♠❡✇♦r❦ ❝❤♦s❡♥ t♦ ♦❜✲

t❛✐♥ ❛ ❧♦✇ ♣❛r❛♠❡tr✐s❛t✐♦♥✱ ❛❧♦♥❣ ✇✐t❤ ✐ts ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❛♥❞ ✈❛❧✐❞❛t✐♦♥✳ ❋✉r✲

t❤❡r r❡✜♥❡♠❡♥ts ❛r❡ ✐♥tr♦❞✉❝❡❞ t♦ s♣❡❝✐✜❝❛❧❧② t❛r❣❡t t❤❡ ❞❡✈❡❧♦♣♠❡♥t ❢♦r ❛♥

❛r❝❤✐t❡❝t✉r❛❧ ❝♦♥t❡①t✳

❈❤❛♣t❡r ✹✿ ❢♦❝✉s❡s ♦♥ t❤❡ str✉❝t✉r❛❧ ❢❡❡❞❜❛❝❦✱ ✇❤✐❝❤ ✐s ❧✐♥❦❡❞ t♦ s♣❡❝✐✜❝

♣r♦♣❡rt✐❡s ♦❢ t❤❡ s❤❛♣❡s r❡s✉❧t✐♥❣ ❢r♦♠ t❤❡ ✐♠♣❧❡♠❡♥t❡❞ ♠♦❞❡❧❧✐♥❣ str❛t❡❣②✳ ■t

♣r❡s❡♥ts ❛ ♥♦✈❡❧ ❛♣♣r♦❛❝❤ t♦ q✉❛♥t✐❢② t❤✐s str✉❝t✉r❛❧ ❜❡❤❛✈✐♦✉r ✇❤❡r❡ ✐♥t❡❣r❛✲

t✐♦♥ ✇✐t❤ t❤❡ ❡①✐st✐♥❣ ♠♦❞❡❧❧✐♥❣ ❡♥✈✐r♦♥♠❡♥t ❛♥❞ ❝♦♠♣✉t❛t✐♦♥❛❧ s♣❡❡❞ ❛r❡ ❦❡②

♣r✐♦r✐t✐❡s✳

❈❤❛♣t❡r ✺✿ ❝♦♥❞✉❝ts ❛ ❝❛s❡ st✉❞② ♦♥ t❤❡ ❇r✐t✐s❤ ▼✉s❡✉♠ ●r❡❛t ❈♦✉rt ❘♦♦❢✱

✇❤✐❝❤ ❞❡♠♦♥str❛t❡s t❤❡ ❛♣♣❧✐❝❛❜✐❧✐t② ♦❢ t❤❡ ❞❡✈❡❧♦♣❡❞ ❞❡s✐❣♥ t♦♦❧ ♦♥ ❛ r❡❛❧ ✇♦r❧❞

♣r♦❥❡❝t ❛♥❞ ❤✐❣❤❧✐❣❤ts t❤❡ ✈❛❧✉❡ ✐t ❝r❡❛t❡s✳

❈❤❛♣t❡r ✻✿ ❝♦♥❝❧✉❞❡s t❤✐s t❤❡s✐s ✇✐t❤ ❛ s✉♠♠❡r② ♦❢ ✇❤❛t t❤✐s r❡s❡❛r❝❤ ❤❛s

❞❡❧✐✈❡r❡❞ ❛♥❞ ❝♦♥t❛✐♥s ♣r♦♣♦s❛❧s ❢♦r ❢✉t✉r❡ ✇♦r❦✳
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❈❤❛♣t❡r ✷

▲✐t❡r❛t✉r❡ r❡✈✐❡✇

❚❤✐s ❝❤❛♣t❡r ♣r♦✈✐❞❡s ❛♥ ♦✈❡r✈✐❡✇ ♦❢ r❡❧❡✈❛♥t ♠❡t❤♦❞s ❛♥❞ ❡①❛♠♣❧❡s ♦❢ ❛♣♣❧✐❝✲

❛t✐♦♥s ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♦❜❥❡❝t✐✈❡s ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✶✳✹✳ ❆ ❢✉❧❧ r❡✈✐❡✇ ♦❢ ❡❛❝❤

t❡❝❤♥✐q✉❡ ✐s ♥♦t ✇✐t❤✐♥ t❤❡ s❝♦♣❡ ♦❢ t❤✐s t❤❡s✐s✱ ❜✉t ✐t ✐s ✐♥t❡♥❞❡❞ t♦ ❜✉✐❧❞ ❛♥

✉♥❞❡rst❛♥❞✐♥❣ ♦❢ ♣r❡✈✐♦✉s ✇♦r❦ t♦ ❤❡❧♣ t♦ ✐❞❡♥t✐❢② ❛❞✈❛♥t❛❣❡s✱ ❧✐♠✐t❛t✐♦♥s ❛♥❞

❣❛♣s ✐♥ ♦r❞❡r t♦ ❝♦♥❝r❡t✐s❡ t❤❡ ♣❛t❤ ♦❢ t❤✐s r❡s❡❛r❝❤✳ ❆♥ ✐♥t❡r✈✐❡✇ ✇✐t❤ ❩❛❤❛

❍❛❞✐❞ ❆r❝❤✐t❡❝ts✱ ❢❛♠♦✉s ✇♦r❧❞✇✐❞❡ ❢♦r t❤❡✐r ♦r❣❛♥✐❝ ❢r❡❡✲❢♦r♠ s❤❛♣❡s✱ s❡r✈❡s

t♦ ❜r♦❛❞❡♥ t❤❡ ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ s✉r❢❛❝❡ ❞❡s✐❣♥ ✐♥ ♣r❛❝t✐❝❡✳ ▲✐t❡r❛t✉r❡ ♠♦r❡

s♣❡❝✐✜❝ t♦ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✐s r❡✈✐❡✇❡❞ ✐♥ s✉❜s❡q✉❡♥t ❝❤❛♣t❡rs✳

✷✳✶ ◆❯❘❇❙ s✉r❢❛❝❡s

❆ ◆❯❘❇❙ ✭◆♦♥✲❯♥✐❢♦r♠ ❘❛t✐♦♥❛❧ ❇✲❙♣❧✐♥❡✮ s✉r❢❛❝❡ ✐s ♦♥❡ ♠❡t❤♦❞ ♦❢ ❛❝❤✐❡✈✐♥❣

❛ ❧♦✇ ♣❛r❛♠❡tr✐s❛t✐♦♥ ♦❢ ❛ s✉r❢❛❝❡✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✐t ❛❧❧♦✇s t❤❡ ❝r❡❛t✐♦♥ ♦❢ ❛

s♠♦♦t❤ s✉r❢❛❝❡ ❜② ♦♥❧② ❞❡✜♥✐♥❣ ❛ ❢❡✇ ♣❛r❛♠❡t❡rs ❛♥❞ ❛♥ ❛❧❣♦r✐t❤♠ ✐♥t❡r♣♦❧❛t❡s

t❤❡ r❡st✳ ❆s ❛ ◆❯❘❇❙ s✉r❢❛❝❡ ❛♥❞ ❛ ◆❯❘❇❙ ❝✉r✈❡ ✐s ❣❡♥❡r❛t❡❞ ❢r♦♠ t❤❡

s❛♠❡ ♣r✐♥❝✐♣❧❡s✱ t❤❡ ❧❛tt❡r ✐s ❜r✐❡✢② ❡①♣❧❛✐♥❡❞ t♦ ❣❡t ❛♥ ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡s❡

♣❛r❛♠❡t❡rs ❛♥❞ ❤♦✇ t❤❡② ❛✛❡❝t t❤❡ ✉♥❞❡r❧②✐♥❣ ❛❧❣♦r✐t❤♠✳

❚❤❡ ♠♦st ❝♦♠♠♦♥ ✇❛② t♦ ❞❡s❝r✐❜❡ ❛ ❝✉r✈❡ ✐s ❜② ❛ ♣❛r❛♠❡t❡r t✱ ✇❤✐❝❤ ❝❛♥ ❜❡

t❤♦✉❣❤t ♦❢ ❛s ❞✐st❛♥❝❡✳ ❋♦r ❡❛❝❤ ✈❛❧✉❡ ♦❢ t t❤❡r❡ ✐s ❛♥ ❛ss♦❝✐❛t❡❞ ♣♦✐♥t ♦♥ t❤❡

❝✉r✈❡✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❛s P (t) = (x(t), y(t))✳ ❚❤❡ ❝✉r✈❡ ✐s t❤❡r❡❢♦r❡

❛ r❡s✉❧t ♦❢ ❛ ♠♦✈✐♥❣ ♣♦✐♥t ❛s ❞❡s❝r✐❜❡❞ ❜② ❛ ❣✐✈❡♥ ♠❛t❤❡♠❛t✐❝❛❧ ❡①♣r❡ss✐♦♥✳

✾
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❍♦✇❡✈❡r✱ ✐s ♥♦t ✈❡r② ✐♥t✉✐t✐✈❡ ♦r ❡❛s② t♦ t❤✐♥❦ ✐♥ t❡r♠s ♦❢ ♠❛t❤❡♠❛t✐❝❛❧ ❡①✲

♣r❡ss✐♦♥s ✇❤❡♥ ♠♦❞❡❧❧✐♥❣ ❢r❡❡✲❢♦r♠ ❝✉r✈❡s✳ ❚❤✉s✱ t❤❡ ✐❞❡❛ ✐s t♦ ♠❛✐♥t❛✐♥ t❤❡

t✲♣❛r❛♠❡tr✐s❛t✐♦♥ ❜✉t ❡①❝❤❛♥❣❡ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❡①♣r❡ss✐♦♥s ✇✐t❤ ❛ ❢❡✇ ✐♥t✉✲

✐t✐✈❡ ♣❛r❛♠❡t❡rs t♦ ❝r❡❛t❡ ❛♥② ❞❡s✐r❡❞ ❝✉r✈❡✳ ❚❤❡s❡ ♣❛r❛♠❡t❡rs ❛r❡✿ ❝♦♥tr♦❧

♣♦✐♥ts✱ ❞❡❣r❡❡✱ ✇❡✐❣❤ts ❛♥❞ ❦♥♦t ✈❡❝t♦r✳

❚❤❡ ❝♦♥tr♦❧ ♣♦✐♥ts ❢♦r♠✱ ✇❤❡♥ ❝♦♥♥❡❝t❡❞✱ ❛ s♦ ❝❛❧❧❡❞ ❝♦♥tr♦❧ ♣♦❧②❣♦♥✱ ✇❤✐❝❤

t❤❡ ❣❡♥❡r❛t❡❞ ❝✉r✈❡ ✐♥t✉✐t✐✈❡❧② ❢♦❧❧♦✇s ❛s s❡❡♥ ✐♥ ❋✐❣✉r❡ ✷✳✶✳✶✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡

❝♦♥tr♦❧ ♣♦❧②❣♦♥ ♣r♦✈✐❞❡s ❛ ✈❡r② t❛♥❣✐❜❧❡ ❤❛♥❞❧❡ ❢♦r ♠♦❞✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❝✉r✈❡✳

❋✐❣✉r❡ ✷✳✶✳✶ ✕ ❆ ◆❯❘❇❙ ❝✉r✈❡ ✇✐t❤ ✐ts ❝♦♥tr♦❧ ♣♦❧②❣♦♥

❇② ♠♦✈✐♥❣ ❛ ❝♦♥tr♦❧ ♣♦✐♥t✱ ❧♦❝❛❧ ❝♦♥tr♦❧ ♦❢ t❤❡ ❝✉r✈❡ ✐s ♦❜t❛✐♥❡❞✳ ❚❤✐s ❧♦❝❛❧

❝♦♥tr♦❧ ✐s ❛❝❤✐❡✈❡❞ ❜② t❤❡ t❤r❡❡ ♦t❤❡r ♣❛r❛♠❡t❡rs ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✳ ❋♦r

❡✈❡r② t✱ t❤❡ ❛ss♦❝✐❛t❡❞ ♣♦✐♥t ✐s ❛ ✇❡✐❣❤t❡❞ ❛✈❡r❛❣❡ ♦❢ t❤❡ ❝♦♥tr♦❧ ♣♦✐♥ts✳ ■♥

♦r❞❡r t♦ ❞❡s❝r✐❜❡ ✐♥ ✇❤✐❝❤ t✐♠❡ ✐♥t❡r✈❛❧ ❛♥❞ ❤♦✇ str♦♥❣❧② t❤❡ ♠♦✈✐♥❣ ♣♦✐♥t ✐s

✐♥✢✉❡♥❝❡❞ ❜② ❡❛❝❤ ❝♦♥tr♦❧ ♣♦✐♥t✱ ❛ ❜❛s✐s ❢✉♥❝t✐♦♥ ♣❡r ❝♦♥tr♦❧ ♣♦✐♥t ✐s ✐♥tr♦❞✉❝❡❞

✭t❤❡ ✏❇✑ ✐♥ ❇✲❙♣❧✐♥❡ st❛♥❞s ❢♦r ❜❛s✐s✮✳ ❚❤❡ ❦♥♦t ✈❡❝t♦r ♠❛❦❡s ✐t ♣♦ss✐❜❧❡ ❢♦r

s♦♠❡ ❝♦♥tr♦❧ ♣♦✐♥ts t♦ ✐♥✢✉❡♥❝❡ ❧❛r❣❡r t✐♠❡ ✐♥t❡r✈❛❧s ❛♥❞ ♦❢ ❞✐✛❡r❡♥t ✐♥t❡♥s✐t✐❡s

t❤❛♥ ♦t❤❡rs✳ ■t ❡ss❡♥t✐❛❧❧② ❞✐✈✐❞❡s t❤❡ ❝✉r✈❡ ✐♥t♦ t✐♠❡ ✐♥t❡r✈❛❧s ❛♥❞ t❤❡ ❞❡❣r❡❡

s♣❡❝✐✜❡s t❤❡ ♣♦❧②♥♦♠✐❛❧ ❞❡❣r❡❡ ♦❢ t❤❡ ❜❛s✐s ❢✉♥❝t✐♦♥s ❛♥❞ ❢♦r ❤♦✇ ❧♦♥❣ ✐♥ r❡❧❛t✐♦♥

t♦ t❤❡ ❦♥♦t ✈❡❝t♦r t❤❛t ❡❛❝❤ ❢✉♥❝t✐♦♥ ❤❛s ❛ ♥♦♥✲③❡r♦ ✈❛❧✉❡✳ ❍❡♥❝❡✱ t❤❡ ✏◆♦♥✲

❯♥✐❢♦r♠✑ ♣r♦♣❡rt②✳ ❚❤❡ ❦♥♦t ✈❡❝t♦r ❝❛♥ ❢✉rt❤❡r♠♦r❡ ❜❡ ✉s❡❞ t♦ ❡♥s✉r❡ t❤❛t t❤❡

❝✉r✈❡ ♣❛ss❡s t❤r♦✉❣❤ t❤❡ ❡♥❞ ♣♦✐♥ts ✐♥ t❤❡ ❝♦♥tr♦❧ ♣♦❧②❣♦♥ ❛♥❞ ❛❧❧♦✇ ❦✐♥❦s t♦

❜❡ ❝r❡❛t❡❞✳ ▲❛st❧②✱ ❡❛❝❤ ❝♦♥tr♦❧ ♣♦✐♥t ❤❛s ❛ ✇❡✐❣❤t ♣❛r❛♠❡t❡r ❛ss♦❝✐❛t❡❞ ✇✐t❤

✐t✱ ✇❤✐❝❤ ✐♥t✉✐t✐✈❡❧② ❛ttr❛❝ts t❤❡ ❝✉r✈❡ ♠♦r❡ ❢♦r ❤✐❣❤❡r ✈❛❧✉❡s✳ ■t ❛❧❧♦✇s r❛t✐♦♥❛❧

❝✉r✈❡s t♦ ❜❡ ❣❡♥❡r❛t❡❞ ✭t❤❡ ✏❘✑ ✐♥ ◆❯❘❇❙✮✱ ✇❤✐❝❤ ✐s ♥❡❝❡ss❛r② t♦ ❡✳❣✳ ❝r❡❛t❡

❛ ❝✐r❝❧❡ ✭❙❝❤♥❡✐❞❡r✱ ✷✵✶✺✮✳ ❙✐♥❝❡ ❛ s✉r❢❛❝❡ ✐s ♠♦st ❝♦♠♠♦♥❧② r❡♣r❡s❡♥t❡❞ ❜② ❛

(u, v) ♣❛r❛♠❡tr✐s❛t✐♦♥✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ tr❛♥s❧❛t❡ t❤❡ ❞❡s❝r✐❜❡❞ ♣r✐♥❝✐♣❧❡ t♦ t❤✐s

s❡tt✐♥❣ ❜② r❡♣❧❛❝✐♥❣ t❤❡ t ♣❛r❛♠❡t❡r ✇✐t❤ ✉ ❛♥❞ ✈✳
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◆❯❘❇❙ s✉❝❝❡ss❢✉❧❧② ✐♠♣❧❡♠❡♥t ❛ ❧♦✇✲♣❛r❛♠❡tr✐s❛t✐♦♥ str❛t❡❣② ♦❢ ❛ ❣✐✈❡♥ s✉r✲

❢❛❝❡ ❛♥❞ t❤❡ ❞❡s❝r✐❜❡❞ ♣❛r❛♠❡t❡rs ❛r❡ ✈❡r② ✐♥t✉✐t✐✈❡✳ ❊s♣❡❝✐❛❧❧② t❤❡ ❝♦♥tr♦❧

♣♦❧②❣♦♥ ♣r♦✈✐❞❡s ❛ ✈❡r② s♣❛t✐❛❧ ❤❛♥❞❧❡ ♦❢ t❤❡ ❣❡♦♠❡tr②✱ ✇❤✐❝❤ ♠❛❦❡s ✐t ❡❛s② t♦

❝r❡❛t❡ ❛♥❞ ♠♦❞✐❢② s✉r❢❛❝❡s✳ ❖♥❧② t❤❡ ❦♥♦t ✈❡❝t♦r r❡q✉✐r❡s ❛ ❜✐t ♠♦r❡ t❡❝❤♥✐❝❛❧

✉♥❞❡rst❛♥❞✐♥❣ ❛♥❞ ❡①♣❡r✐❡♥❝❡ t♦ ✉s❡ ❛s ❛ ♠♦❞✐✜❝❛t✐♦♥ t♦♦❧✳ ❍♦✇❡✈❡r✱ ✐♥ ♠❛♥②

❝❛s❡s t❤❡ ❝♦♥tr♦❧ ♣♦❧②❣♦♥ s✉✣❝❡s t♦ ❝r❡❛t❡ ❛ ❞❡s✐r❛❜❧❡ s✉r❢❛❝❡ ❣❡♦♠❡tr②✱ ❧❡❛✈✲

✐♥❣ t❤❡ r❡st ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ❛s ♥♦♥✲✉t✐❧✐s❡❞ ❢❡❛t✉r❡s✳ ❚❤✐s ✢❡①✐❜✐❧✐t② ♠❛❦❡s

◆❯❘❇❙ ❛ ✈❡r② str❛✐❣❤t❢♦r✇❛r❞ t♦♦❧ t❤❛t ✐s ✇✐❞❡❧② ✉s❡❞ ✐♥ ♣r❛❝t✐❝❡✳

❆s ❛ ◆❯❘❇❙ s✉r❢❛❝❡ ❞❡✜♥✐t✐♦♥ ✐s ❜❛s❡❞ ♦♥ ❛ (u, v) ♣❛r❛♠❡tr✐s❛t✐♦♥✱ ✐t ❤❛s ❝❡r✲

t❛✐♥ ❧✐♠✐t❛t✐♦♥s r❡❧❛t❡❞ t♦ t❤✐s r❡♣r❡s❡♥t❛t✐♦♥✳ ❚❤❡ (u, v) ♣❛r❛♠❡t❡rs s♣❛♥ ❛

r❡❝t❛♥❣✉❧❛r t✇♦✲❞✐♠❡♥s✐♦♥❛❧ r❡❣✐♦♥ ❛♥❞ ❛ ❝❡rt❛✐♥ ♠❛♣♣✐♥❣ ✐s r❡s♣♦♥s✐❜❧❡ ❢♦r t❤❡

tr❛♥s❧❛t✐♦♥ ♦❢ t❤✐s ✐♥t♦ ❛ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ s✉r❢❛❝❡✳ ❚❤✉s✱ ❛♥② (u, v) ♣♦✐♥t ✐♥s✐❞❡

t❤✐s r❡❝t❛♥❣❧❡ ✐s ♠❛♣♣❡❞ t♦ ❛ s♣❛t✐❛❧ ♣♦✐♥t✱ ✇❤✐❝❤ ✐♥ ❡✛❡❝t ♠❛❦❡s ✐t ✐♠♣♦ss✐❜❧❡

t♦ ❞❡✜♥❡ ❤♦❧❡s ✐♥ t❤❡ s✉r❢❛❝❡ ❛♥❞ tr✐♠ ♦♣❡r❛t✐♦♥s ❜❡❝♦♠❡ ❞✐✣❝✉❧t✳ ❚❤✐s r❡♣✲

r❡s❡♥t❛t✐♦♥ ❢✉rt❤❡r♠♦r❡ r❡q✉✐r❡s ❛♥ ❛tt❡♥t✐✈❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ (u, v) ✐♥t❡r✈❛❧s t♦

❡✳❣✳ ❛✈♦✐❞ t❤❛t t✇♦ ❞✐✛❡r❡♥t (u, v) ♣♦✐♥ts ♠❛♣ t♦ t❤❡ s❛♠❡ s♣❛t✐❛❧ ♣♦✐♥t ✭Pr❡ss✲

❧❡②✱ ✷✵✶✷✮✳ ❆s ❛ r❡s✉❧t✱ ◆❯❘❇❙ s✉r❢❛❝❡s ❛r❡ ❞❡✜♥❡❞ ❛s ♣❛t❝❤❡s t❤❛t ❤❛✈❡ t♦ ❜❡

✏❣❧✉❡❞ t♦❣❡t❤❡r✑ t♦ ❝r❡❛t❡ ♠♦r❡ ❝♦♠♣❧❡① s✉r❢❛❝❡s✳ ■t ✐s ❣❡♥❡r❛❧❧② ❤❛r❞ t♦ ❡♥s✉r❡

t❤❡ s❛♠❡ t❛♥❣❡♥t ❛❧♦♥❣ t❤♦s❡ s❡❛♠s ❛♥❞ t❤❛t ❝❛♥ ❝❛✉s❡ ✉♥❞❡s✐r❛❜❧❡ ✈✐s✉❛❧ ❞✐s✲

r✉♣t✐♦♥s✳ ■♥ t❤❡ ❝♦♥t❡①t ♦❢ ❜✉✐❧❞✐♥❣ ❞❡s✐❣♥✱ ❛ s♠♦♦t❤ s✉r❢❛❝❡ r❡♣r❡s❡♥t❛t✐♦♥ ❛❧s♦

❤❛s t❤❡ ❞✐s❛❞✈❛♥t❛❣❡ ♦❢ r❡q✉✐r✐♥❣ ❛❞❞✐t✐♦♥❛❧ st❡♣s t♦ tr❛♥s❧❛t❡ t❤❡ s❤❛♣❡ ❢r♦♠

❝♦♠♣✉t❡r ♠♦❞❡❧ t♦ ❛ r❡❛❧✐s❛❜❧❡ ♣r♦❥❡❝t ✐♥ t❤❡ r❡❛❧ ✇♦r❧❞✱ ✇❤❡r❡ ♦♥❧② ❞✐s❝r❡t❡

❡❧❡♠❡♥ts ❡①✐st✳

❙❛s❛❦✐ ✭✷✵✶✹✮ ❤❛s ❞❡✈❡❧♦♣❡❞ ❛ ♠❡t❤♦❞ ❝❛❧❧❡❞ ✏t❤❡ s❡♥s✐t✐✈✐t② ❛♥❛❧②s✐s✑✱ ✇❤✐❝❤

✉t✐❧✐s❡s t❤❡ ◆❯❘❇❙ r❡♣r❡s❡♥t❛t✐♦♥ t♦ ❡♠❜❡❞ s♦♠❡ str✉❝t✉r❛❧ ❦♥♦✇❧❡❞❣❡ ✐♥t♦

t❤❡ s❤❛♣❡ ✇✐t❤ t❤❡ ❛✐♠ ♦❢ ♣r❡s❡r✈✐♥❣ t❤❡ ❛r❝❤✐t❡❝t✉r❛❧ ✈✐s✐♦♥✳ ❚❤✐s ♠❡t❤♦❞ ✇❛s

s✉❝❝❡ss❢✉❧❧② ✉s❡❞ t♦ ♠♦❞✐❢② t❤❡ ♦r✐❣✐♥❛❧ s❤❛♣❡ ♦❢ t❤❡ ❚❡s❤✐♠❛ ❆rt ▼✉s❡✉♠ ✐♥

❏❛♣❛♥ ✭❋✐❣✉r❡ ✷✳✶✳✷✮✱ ✇❤✐❝❤ s♣❛♥s ❛♥ ❛r❡❛ ♦❢ ✹✷✳✼ ① ✻✵✳✷ ♠ ✐♥ ♣❧❛♥ ❛♥❞ ❤❛s ❛

♠❛①✐♠✉♠ ❤❡✐❣❤t ♦❢ ✺✳✶✷ ♠✳

❚❤❡ ♠❡t❤♦❞♦❧♦❣② ✐s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✷✳✶✳✸✳ ❚❤❡ ❝♦♥tr♦❧ ♣♦✐♥ts ♦❢ t❤❡ ♦r✐❣✐♥❛❧

◆❯❘❇❙ s✉r❢❛❝❡ ♣r♦✈✐❞❡❞ ❜② t❤❡ ❛r❝❤✐t❡❝t ❛r❡ ✉s❡❞ ❛s ✈❛r✐❛❜❧❡s ✐♥ ❛♥ ♦♣t✐♠✐s❛✲

t✐♦♥ ♣r♦❝❡ss✱ ✇❤❡r❡ t❤❡ ♦❜❥❡❝t✐✈❡ ✐s t♦ ♠✐♥✐♠✐s❡ t❤❡ t♦t❛❧ str❛✐♥ ❡♥❡r❣② ♦❢ t❤❡

s❤❡❧❧ ✉♥❞❡r s❡❧❢✲✇❡✐❣❤t✳ ❆ ♠❡❛s✉r❡ ❢♦r t❤❡ str❛✐♥ ❡♥❡r❣② ❢♦r ❡❛❝❤ ❝♦♥✜❣✉r❛t✐♦♥

✐s ♦❜t❛✐♥❡❞ ❜② ❛♥ ❛❞❞✐t✐♦♥❛❧ st❡♣✱ ✇❤❡r❡ t❤❡ s✉r❢❛❝❡ ✐s ❞✐s❝r❡t✐s❡❞ ✐♥t♦ ❛ ♠❡s❤✱

✇❤✐❝❤ t❤❡♥ ❢♦r♠s t❤❡ ✐♥♣✉t ❢♦r ❛ ✜♥✐t❡ ❡❧❡♠❡♥t ❛♥❛❧②s✐s✳ ❚❤❡ ♦♣t✐♠✐s❛t✐♦♥

♣r♦❜❧❡♠ ✐s s♦❧✈❡❞ ❜② ❛ ❣r❛❞✐❡♥t ❞❡s❝❡♥t str❛t❡❣②✳
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❋✐❣✉r❡ ✷✳✶✳✷ ✕ ❚❡s❤✐♠❛ ❆rt ▼✉s❡✉♠✱ ❏❛♣❛♥ ✷✵✶✵✳ ❈♦♣②r✐❣❤t ■✇❛♥ ❇❛❛♥✳

❋✐❣✉r❡ ✷✳✶✳✸ s❤♦✇s ❤♦✇ t❤❡ str❛✐♥ ❡♥❡r❣② ❛♥❞ ♠❛①✐♠✉♠ ✈❡rt✐❝❛❧ ❞✐s♣❧❛❝❡♠❡♥t

❛r❡ r❡❞✉❝❡❞ ❝♦♠♣❛r❡❞ t♦ t❤❡ ✐♥✐t✐❛❧ s❤❛♣❡ ❞✉r✐♥❣ t❤❡ ♦♣t✐♠✐s❛t✐♦♥ ♣r♦❝❡ss t❤✉s

✐♥❥❡❝t✐♥❣ ♠♦r❡ str✉❝t✉r❛❧ ❧♦❣✐❝ ✐♥t♦ t❤❡ s❤❡❧❧ s❤❛♣❡✳ ❆s t❤❡ ♠❡t❤♦❞ tr✐❡s t♦

♠✐♥✐♠✐s❡ t❤❡ ♠♦❞✐✜❝❛t✐♦♥s ✐♥ r❡❧❛t✐♦♥ t♦ t❤❡ ♦r✐❣✐♥❛❧ s❤❛♣❡✱ ✐♥ t❤✐s ❝❛s❡ r❡s✉❧t✐♥❣

✐♥ ❛ ♠❛①✐♠✉♠ ❞❡✈✐❛t✐♦♥ ♦❢ ✹✵✵ ♠♠✱ t❤❡ s♦❧✉t✐♦♥ ✐s ❤❡❛✈✐❧② ❞❡♣❡♥❞❛♥t ♦♥ t❤❡

✐♥✐t✐❛❧ ✐♥♣✉t✳ ❚❤❡ ♦♣t✐♠✐s❡❞ s❤❛♣❡ ✐s s✉❜s❡q✉❡♥t❧② ✉s❡❞ ❛s ❛ ❜❛s✐s ❢♦r t❤♦r♦✉❣❤

str✉❝t✉r❛❧ ❛♥❛❧②s✐s ✐♥❝❧✉❞✐♥❣ str❡ss ✈❛❧✐❞❛t✐♦♥ ❛♥❞ ♥♦♥✲❧✐♥❡❛r st❛❜✐❧✐t② ❝❤❡❝❦✳

❙❡♥s✐t✐✈✐t② ❛♥❛❧②s✐s ✐s ❛ ❣♦♦❞ ❡①❛♠♣❧❡ ♦❢ ❤♦✇ t❤❡ r❡❞✉❝❡❞ ♥✉♠❜❡r ♦❢ ✈❛r✐❛❜❧❡s

♦❢ ❛ ◆❯❘❇❙ r❡♣r❡s❡♥t❛t✐♦♥ ❝❛♥ ❜❡ ✉s❡❞ t♦ ❡♠❜❡❞ str✉❝t✉r❛❧ ❧♦❣✐❝ ✐♥t♦ ❛ s❤❛♣❡✳

❚❤❡ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ♣r♦❥❡❝ts t❤✐s ♠❡t❤♦❞ ❤❛s ❜❡❡♥ ❛♣♣❧✐❡❞ t♦✱ ✐♥❝❧✉❞✐♥❣ t❤❡

❑✐t❛❣❛t❛ ❈♦♠♠✉♥✐t② ❈❡♥tr❡ ❛♥❞ t❤❡ ❑❛❦❛♠✐❣❛❤❛r❛ ❈r❡♠❛t♦r✐✉♠ ✐♥ ❏❛♣❛♥✱

❢✉rt❤❡r♠♦r❡ ❞❡♠♦♥str❛t❡ ✐ts ♣r❛❝t✐❝❛❧ ✐♥t❡❣r✐t② ♦❜t❛✐♥❡❞ ❜② r❡s♣❡❝t✐♥❣ t❤❡ ❛r✲

❝❤✐t❡❝t✉r❛❧ ✈✐s✐♦♥✳ ❚❤❡ ♦♥❧② ♥♦t✐❝❡❛❜❧❡ ♠❡t❤♦❞♦❧♦❣✐❝❛❧ ❞✐s❛❞✈❛♥t❛❣❡ ✐s t❤❡ ❛❞✲

❞✐t✐♦♥❛❧ st❡♣ ♦❢ ❝♦♥✈❡rt✐♥❣ t❤❡ s♠♦♦t❤ s✉r❢❛❝❡ t♦ ❛ ♠❡s❤ ❡❛❝❤ t✐♠❡ t❤❡ s❤❛♣❡ ✐s

✉♣❞❛t❡❞ ✐♥ ♦r❞❡r t♦ ❡①tr❛❝t str✉❝t✉r❛❧ ❢❡❡❞❜❛❝❦✳
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❋✐❣✉r❡ ✷✳✶✳✸ ✕ ❙❡♥s✐t✐✈✐t② ❛♥❛❧②s✐s ♦❢ ❚❡s❤✐♠❛ ❆rt ▼✉s❡✉♠ ✭❙❛s❛❦✐✱ ✷✵✶✹✮

✷✳✷ ❙✉❜❞✐✈✐s✐♦♥ s✉r❢❛❝❡s

❆♥♦t❤❡r ✇❛② ♦❢ ❛❝❤✐❡✈✐♥❣ ❛ ❧♦✇ ♣❛r❛♠❡tr✐s❛t✐♦♥ ✐s ❜② ♠❡❛♥s ♦❢ s✉❜❞✐✈✐s✐♦♥ s✉r✲

❢❛❝❡s✱ ✇❤✐❝❤ ❛r❡ ❜❛s❡❞ ♦♥ ❛ ♠❡s❤ r❡♣r❡s❡♥t❛t✐♦♥✳ ❯s✉❛❧❧②✱ t❤❡ s♠♦♦t❤♥❡ss ♦❢ t❤❡

s✉r❢❛❝❡ ✐s ❧♦st ✇❤❡♥ ✐t ✐s ❝♦♥✈❡rt❡❞ ✐♥t♦ ❛ ♠❡s❤✱ ❛♥❞ t❤✉s t❤❡r❡ ✐s ❛ ❝♦♠♣r♦♠✐s❡

❜❡t✇❡❡♥ t❤❡ ❧❡✈❡❧ ♦❢ r❡✜♥❡♠❡♥t t♦ ❛❝❤✐❡✈❡ ❛ ❝❡rt❛✐♥ ❛❝❝✉r❛❝② ❛♥❞ ❤♦✇ ♠✉❝❤

✐♥❢♦r♠❛t✐♦♥ ❤❛s t♦ ❜❡ st♦r❡❞✳ ❙✉❜❞✐✈✐s✐♦♥ s✉r❢❛❝❡s s♦❧✈❡ t❤✐s ✐ss✉❡ ❜② ❜❡✐♥❣

❞❡✜♥❡❞ ❢r♦♠ ❛ ❝♦❛rs❡ ❜❛s❡ ♠❡s❤✱ ✇❤✐❝❤ ✐s t❤❡ ♦♥❧② ♥❡❝❡ss❛r② ✐♥❢♦r♠❛t✐♦♥ t♦

st♦r❡✱ ❛♥❞ ❢r♦♠ t❤✐s ❛♥② ❞❡s✐r❛❜❧❡ ❧❡✈❡❧ ♦❢ r❡✜♥❡♠❡♥t ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ❢r♦♠ ❛

s❝❤❡♠❡ ❞❡s❝r✐♣t✐♦♥✳ ❆ s❝❤❡♠❡ ✐s ❡ss❡♥t✐❛❧❧② ❛♥ ❛❧❣♦r✐t❤♠✱ ✇❤✐❝❤ s♣❡❝✐✜❡s t❤✐s

r❡✜♥❡♠❡♥t ♣r♦❝❡ss✳ ■t ❝♦♥s✐sts ♦❢ t✇♦ ♣❛rts✿ ✜rst❧②✱ ❛ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❤♦✇ t♦ s✉❜✲

❞✐✈✐❞❡ ❡❛❝❤ ❢❛❝❡ ✐♥t♦ s❡✈❡r❛❧ ❢❛❝❡s t♦♣♦❧♦❣✐❝❛❧❧② ❜② ✐♥tr♦❞✉❝✐♥❣ ♥❡✇ ❝❤✐❧❞ ✈❡rt✐❝❡s✱

❛♥❞ s❡❝♦♥❞❧② ❛ ♣r♦❝❡❞✉r❡ ♦❢ ❤♦✇ t♦ ♠♦✈❡ t❤❡s❡ ❝❤✐❧❞ ✈❡rt✐❝❡s ✭❛♥❞ ♠❛②❜❡ t❤❡
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♦r✐❣✐♥❛❧ ✈❡rt✐❝❡s✮ ❜❛s❡❞ ♦♥ ❛ ✇❡✐❣❤t❡❞ ❛✈❡r❛❣❡ ♦❢ t❤❡✐r ♦r✐❣✐♥❛❧ ♥❡✐❣❤❜♦✉r ♣❛r❡♥t

✈❡rt✐❝❡s✳ ❙♣❡❝✐✜❝ r✉❧❡s ❛♣♣❧② t♦ t❤❡ ❜♦✉♥❞❛r✐❡s t♦ ♦❜t❛✐♥ ❞❡s✐r❛❜❧❡ r❡s✉❧ts✳ ❚❤❡

s❝❤❡♠❡ ✐s ❝❛❧❧❡❞ ❛♥ ✐♥t❡r♣♦❧❛t✐♦♥ s❝❤❡♠❡ ✐❢ ♦♥❧② t❤❡ ❝❤✐❧❞ ✈❡rt✐❝❡s ❛r❡ ♠♦✈❡❞✱

❛♥❞ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ s❝❤❡♠❡ ✐❢ ❜♦t❤ ❝❤✐❧❞ ✈❡rt✐❝❡s ❛♥❞ t❤❡ ♣❛r❡♥t ✈❡rt✐❝❡s ❛r❡

♠♦✈❡❞✳ ❲✐t❤✐♥ t❤❡s❡ t✇♦ ❝❛t❡❣♦r✐❡s✱ s❡✈❡r❛❧ s❝❤❡♠❡s ❡①✐st✱ ✇❤✐❝❤ ♦♣❡r❛t❡ ♦♥

❞✐✛❡r❡♥t ❜❛s❡ ♠❡s❤❡s✳ ❚❤❡ s♦✲❝❛❧❧❡❞ ▲♦♦♣ s❝❤❡♠❡ ✐s ❛♥ ❡①❛♠♣❧❡ ♦❢ ❛♥ ❛♣♣r♦①✲

✐♠❛t✐♦♥ s❝❤❡♠❡ ❢♦r tr✐❛♥❣✉❧❛r ❜❛s❡ ♠❡s❤❡s✳ ❚❤❡ ❣❡♥❡r❛❧ ✐❞❡❛ ✐s t❤❛t t❤❡ ❜❛s❡

♠❡s❤ ❝♦♥✈❡r❣❡s t♦✇❛r❞s ❛ ❧✐♠✐t s✉r❢❛❝❡ ❜② r❡♣❡❛t✐♥❣ t❤❡ s✉❜❞✐✈✐s✐♦♥ s❝❤❡♠❡ ❛t

❡❛❝❤ ❧❡✈❡❧ ♦❢ r❡✜♥❡♠❡♥t ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✷✳✷✳✶✳ ❚❤✐s ♣r♦❝❡ss ❤❛s t❤❡ ❡✛❡❝t

♦❢ s♠♦♦t❤✐♥❣ t❤❡ ✈❡rt✐❝❡s✱ ✇❤✐❝❤ ✐♥ ❣❡♥❡r❛❧ ❡♥s✉r❡s ●✷✲❝♦♥t✐♥✉✐t② ✭❙❤❡♣❤❡r❞✱

✷✵✶✹✮✳

❋✐❣✉r❡ ✷✳✷✳✶ ✕ ❙✉❜❞✐✈✐s✐♦♥ s✉r❢❛❝❡ ❛t ❞✐✛❡r❡♥t ❧❡✈❡❧s ♦❢ r❡✜♥❡♠❡♥t ✭❙❤❡♣❤❡r❞✱ ✷✵✵✾✮

❚❤❡ ❜❛s❡ ♠❡s❤ ❢♦r ❛ s✉❜❞✐✈✐s✐♦♥ s✉r❢❛❝❡ t❤❡r❡❢♦r❡ ❢✉♥❝t✐♦♥s s✐♠✐❧❛r❧② t♦ ❛ ❝♦♥tr♦❧

♣♦❧②❣♦♥ ♦❢ ❛ ◆❯❘❇❙ s✉r❢❛❝❡ ✐♥ t❤❡ ✇❛② t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ✈❛r✐❛❜❧❡s t♦ ❝♦♥tr♦❧

t❤❡ s✉r❢❛❝❡ ❝❛♥ ❜❡ r❡❞✉❝❡❞ t♦ t❤❡ ♥✉♠❜❡r ♦❢ ✈❡rt✐❝❡s ✐♥ t❤❡ ❜❛s❡ ♠❡s❤✳ ❚❤✉s✱

✐t ❡①❤✐❜✐ts t❤❡ s❛♠❡ ❛❞✈❛♥t❛❣❡ ♦❢ ♣r♦✈✐❞✐♥❣ ❛ ✈❡r② ✐♥t✉✐t✐✈❡ ❛♥❞ s♣❛t✐❛❧ ❤❛♥❞❧❡

t♦ ❝♦♥tr♦❧ t❤❡ ✉♥❞❡r❧②✐♥❣ s✉r❢❛❝❡ s❤❛♣❡✳ ❚❤❡ ❞✐✛❡r❡♥t r❡✜♥❡♠❡♥t str❛t❡❣② ❢r♦♠

❝♦♥tr♦❧ ♣♦❧②❣♦♥ t♦ s♠♦♦t❤ s✉r❢❛❝❡ ❢♦r s✉❜❞✐✈✐s✐♦♥ s✉r❢❛❝❡s ❛♥❞ ◆❯❘❇❙ s✉r❢❛❝❡s

♠❛❦❡s ✐t ♣♦ss✐❜❧❡ t♦ ❝r❡❛t❡ s❤❛♣❡s ✇✐t❤ ❤♦❧❡s ❛♥❞ ✐♥ ❣❡♥❡r❛❧ ❛✈♦✐❞ t❤❡ ✐ss✉❡ ♦❢

s✉r❢❛❝❡ ♣❛t❝❤❡s✳ ❚❤❡ ♠❡s❤ r❡♣r❡s❡♥t❛t✐♦♥ ❛❧s♦ ♦✛❡rs ❛ ❞✐r❡❝t ❧✐♥❦ t♦ ♣❡r❢♦r♠❛♥❝❡

❛♥❛❧②s✐s s♦❢t✇❛r❡ ❛♥❞ t❤❡ ♥❡❝❡ss❛r② ❧❡✈❡❧ ♦❢ r❡✜♥❡♠❡♥t ❢♦r ❡❛❝❤ ❛♥❛❧②s✐s t②♣❡ ❝❛♥

❡❛s✐❧② ❜❡ ❣❡♥❡r❛t❡❞ ✇✐t❤♦✉t ❛♥② ❛❞❞✐t✐♦♥❛❧ ❡✛♦rts ✭❙❤❡♣❤❡r❞✱ ✷✵✶✹✮✳

❲❤✐❧❡ ✐t ✐s ❡❛s② t♦ ❞❡✜♥❡ ❛ ❝♦❛rs❡ ❝♦♥tr♦❧ ♠❡s❤ ❛♥❞ st✉❞② t❤❡ r❡s✉❧t✐♥❣ ❧✐♠✐t

s✉r❢❛❝❡ ✐t ❝♦♥✈❡r❣❡s t♦✇❛r❞s✱ ✐t ✐s ♠✉❝❤ ❤❛r❞❡r t♦ ❣♦ t❤❡ ♦t❤❡r ✇❛② ✐✳❡✳ ♠♦❞❡❧ ❛

s♣❡❝✐✜❝ s♣❛t✐❛❧ s❤❛♣❡ ❜② ❞❡✜♥✐♥❣ ❛ ❝♦❛rs❡ ❝♦♥tr♦❧ ♠❡s❤✳ ❍♦✇❡✈❡r✱ t❤❡ ❧❛tt❡r ✐s

♦❢t❡♥ t❤❡ ❝❛s❡ ✐♥ ❛♥ ❛r❝❤✐t❡❝t✉r❛❧ ❝♦♥t❡①t ✇❤❡♥ ❛ s❦❡t❝❤❡❞ ✐❞❡❛ ❤❛s t♦ ❜❡ tr❛♥s✲

❧❛t❡❞ ✐♥t♦ ❛ ❞✐❣✐t❛❧ ❢♦r♠❛t✳ ❆♥♦t❤❡r ❞✐s❛❞✈❛♥t❛❣❡ ✐s t❤❛t ❜♦♦❧❡❛♥ ♦♣❡r❛t✐♦♥s ❢♦r

s✉❜❞✐✈✐s✐♦♥ ♠❡s❤❡s ❛r❡ ♥♦t ♦❜✈✐♦✉s❧② ❞❡✜♥❡❞✱ ❤❡♥❝❡ ♠❛❦✐♥❣ ♠❡s❤ ♠♦❞❡❧❧✐♥❣ ❛

❝❤❛❧❧❡♥❣✐♥❣ t❛s❦✳

❩❛❤❛ ❍❛❞✐❞ ❆r❝❤✐t❡❝ts ❛r❡ ❢❛♠♦✉s ✇♦r❧❞✇✐❞❡ ❢♦r t❤❡ ✉s❡ ♦❢ ♦r❣❛♥✐❝ s❤❛♣❡s✱
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✇❤✐❝❤ ❤❛s ❜❡❝♦♠❡ ❛ s✐❣♥❛t✉r❡ ♦❢ t❤❡✐r ♣r♦❥❡❝ts ✐♥❝❧✉❞✐♥❣ t❤❡ ▲♦♥❞♦♥ ❆q✉❛t✐❝s

❈❡♥tr❡✱ ❍❡②❞❛② ❆❧✐②❡✈ ❈❡♥tr❡ ❛♥❞ ●❛❧❛①② ❙♦❤♦✳ ■♥ ❛♥ ✐♥t❡r✈✐❡✇ ♦♥ ✺ ❏✉♥❡

✷✵✶✺ ✇✐t❤ ❙❤❛❥❛② ❇❤♦♦s❤❛♥✱ ❆ss♦❝✐❛t❡ ❛♥❞ ❢♦✉♥❞✐♥❣ ♠❡♠❜❡r ♦❢ t❤❡ ❈♦♠♣✉✲

t❛t✐♦♥ ❛♥❞ ❉❡s✐❣♥ ✭❝♦⑤❞❡✮ ❣r♦✉♣ ❛t ❩❛❤❛ ❍❛❞✐❞ ❆r❝❤✐t❡❝ts✱ t❤❡ ❛✉t❤♦r ❣❛✐♥❡❞

✐♥s✐❣❤t ✐♥t♦ ❤♦✇ t❤❡s❡ ❝♦♠♣❧❡① s❤❛♣❡s ❛r❡ ♠♦❞❡❧❧❡❞✳ ❉✉r✐♥❣ ✈❛r✐♦✉s ♣r♦❥❡❝ts

✭❇❤♦♦s❤❛♥ ❛♥❞ ❙❛②❡❞✱ ✷✵✶✷✮✱ t❤❡ t❡❛♠ ❤❛s ❛❝q✉✐r❡❞ s♦ ♠✉❝❤ ❡①♣❡r✐❡♥❝❡ ✐♥

✇♦r❦✐♥❣ ✇✐t❤ s✉❜❞✐✈✐s✐♦♥ s✉r❢❛❝❡s t❤❛t ❝✉rr❡♥t❧② t❤✐s ✐s t❤❡✐r ♣r✐♠❛r② ♠♦❞❡❧❧✐♥❣

str❛t❡❣②✳ ■♥st❡❛❞ ♦❢ s❡❡✐♥❣ t❤❡ ❞✐✣❝✉❧t✐❡s ♦❢ ❝r❡❛t✐♥❣ ❛ ❝♦❛rs❡ ❝♦♥tr♦❧ ♣♦❧②❣♦♥

❢r♦♠ ❛ ❞❡s✐r❛❜❧❡ s❤❛♣❡ ❛s ❛ ❧✐♠✐t❛t✐♦♥✱ t❤❡ ✇♦r❦ ✢♦✇ ✇✐t❤✐♥ t❤❡ t❡❛♠ ✐s r❛t❤❡r

t♦ ❡①♣❧♦r❡ t❤❡ ❜r♦❛❞ ✈❛r✐❡t② ♦❢ ✏s❦❡t❝❤❡s✑ t❤❛t s✉❜❞✐✈✐s✐♦♥ s✉r❢❛❝❡s ♦✛❡r✳ ■♥

♦t❤❡r ✇♦r❞s✱ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ s✉❜❞✐✈✐s✐♦♥ s✉r❢❛❝❡ ❛♣♣r♦❛❝❤ ❜❡❝♦♠❡s

t❤❡ s❦❡t❝❤ t♦♦❧ ❛♥❞ ♥♦t t❤❡ ♦t❤❡r ✇❛② ❛r♦✉♥❞✳ ■t ✇❛s ❡①♣❧❛✐♥❡❞ t❤❛t t❤❡ s♣❛t✐❛❧

❝♦♥tr♦❧ ♠❡s❤ ❡♥❝♦✉r❛❣❡s ❛♥ ✏❡❞✐t ❛♥❞ ♦❜s❡r✈❡✑ ♣r♦❝❡ss✱ ✇❤✐❝❤ ❝♦♠❜✐♥❡❞ ✇✐t❤ ❛♥

❛❡st❤❡t✐❝ ❡✈❛❧✉❛t✐♦♥ ❛t ❡❛❝❤ st❡♣ ❛♥❞ ✐♥t❡r✐♠ ♣❡r❢♦r♠❛♥❝❡ ❡✈❛❧✉❛t✐♦♥s✱ ❣✉✐❞❡s

t❤❡ ✜♥❛❧ ❞❡s✐❣♥✳ ❉✉❡ t♦ t❤✐s ♠♦❞❡❧❧✐♥❣ ❛♣♣r♦❛❝❤✱ t❤❡ ♠♦st ❝♦♠♠♦♥❧② ✉s❡❞

♣❧❛t❢♦r♠ ✇✐t❤✐♥ t❤❡ t❡❛♠ ✐s ❆✉t♦❞❡s❦ ▼❛②❛ ✭❆✉t♦❞❡s❦✱ ✷✵✶✺❛✮✱ ✇❤✐❝❤ ♦✛❡rs

❛❞✈❛♥❝❡❞ ♠♦❞❡❧❧✐♥❣ ✇✐t❤ ♠❡s❤❡s ❛♥❞ s✉❜❞✐✈✐s✐♦♥ s✉r❢❛❝❡s ❛♥❞ ✐s ❝✉st♦♠✐s❛❜❧❡

✈✐❛ ❜❡s♣♦❦❡ ❈✰✰ s❝r✐♣ts✳

❚❤❡ ❞❡s✐❣♥ ♦❢ ❛ ❜✉✐❧❞✐♥❣ ❡♥✈❡❧♦♣❡ ❢♦r t❤❡ tr♦♣✐❝❛❧ ❤♦t❤♦✉s❡ ✐♥ ❆❛r❤✉s ❜② ❈✳❋✳

▼♦❡❧❧❡r ❆r❝❤✐t❡❝ts ❛♥❞ ❙♦r❡♥ ❏❡♥s❡♥ ❈♦♥s✉❧t❛♥t ❊♥❣✐♥❡❡rs s❡r✈❡s ❛s ❛ ❣♦♦❞

❡①❛♠♣❧❡ ♦❢ ❤♦✇ s✉❜❞✐✈✐s✐♦♥ s✉r❢❛❝❡s ❝❛♥ ❜❡ ✉s❡❞ ✐♥ ❛♥ ♦♣t✐♠✐s❛t✐♦♥ ♣r♦❝❡ss t♦

✐♥❝r❡❛s❡ t❤❡ ❡♥✈✐r♦♥♠❡♥t❛❧ ♣❡r❢♦r♠❛♥❝❡✳ ❚❤❡ ❛r❝❤✐t❡❝t✉r❛❧ ❝♦♥❝❡♣t ✇❛s ❛ ❞♦♠❡

str✉❝t✉r❡✱ ✇❤✐❝❤ ✇❛s ✐♥✐t✐❛❧❧② ❝r❡❛t❡❞ ❛s t❤❡ ❧✐♠✐t s✉r❢❛❝❡ ♦❢ ❛ ✼ ✈❡rt❡① ❝♦♥tr♦❧

♠❡s❤ ❛s s❡❡♥ ❢r♦♠ ❋✐❣✉r❡ ✷✳✷✳✷ ❛♥❞ ❧❛t❡r ♦♥ r❡✜♥❡❞ ❜② ♦♥❡ s✉❜❞✐✈✐s✐♦♥ st❡♣

t♦ ❣❛✐♥ ❢✉rt❤❡r ❝♦♥tr♦❧✳ ❚❤✐s ✇❛② ♦❢ r❡♣r❡s❡♥t✐♥❣ t❤❡ s♠♦♦t❤ ❞♦♠❡ str✉❝t✉r❡

s✐❣♥✐✜❝❛♥t❧② r❡❞✉❝❡❞ t❤❡ ♥✉♠❜❡r ♦❢ ✈❛r✐❛❜❧❡s ♥❡❡❞❡❞ t♦ ❞❡✜♥❡ t❤❡ s❤❛♣❡✳

❋✐❣✉r❡ ✷✳✷✳✷ ✕ ❖♣t✐♠✐s❛t✐♦♥ ✇✐t❤ s✉❜❞✐✈✐s✐♦♥ s✉r❢❛❝❡s ❡①♣❧♦✐t✐♥❣ t❤❡ ❝♦❛rs❡ ❝♦♥tr♦❧ ♠❡s❤ t♦
♠♦❞✐❢② t❤❡ s❤❛♣❡ ✭❙❤❡♣❤❡r❞✱ ✷✵✵✾✮
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❙✐♥❝❡ t❤❡ ❞♦♠❡✲❧✐❦❡ str✉❝t✉r❡ ✇❛s ❞❡s✐❣♥❡❞ t♦ ❢✉♥❝t✐♦♥ ❛s ❛ ❤♦t❤♦✉s❡✱ s❡✈❡r❛❧

❝r✐t❡r✐❛ ❤❛❞ t♦ ❜❡ ♠❡t ✇❤✐❝❤ ✐♥❝❧✉❞❡❞ ❛♥ ✐♥❝r❡❛s❡ ♦❢ t❤❡ ✐♥t❡r♥❛❧ ❡♥❝❧♦s✐♥❣

✈♦❧✉♠❡ ✇✐t❤ ♠✐♥✐♠❛❧ ❡✛❡❝t ♦♥ t❤❡ t♦t❛❧ s✉r❢❛❝❡ ❛r❡❛ ❛♥❞ ❛ r❡❞✉❝t✐♦♥ ♦❢ t❤❡

❤❡❛t✐♥❣ r❡q✉✐r❡♠❡♥ts ✐♥ ✇✐♥t❡r ❛♥❞ ❝♦♦❧✐♥❣ r❡q✉✐r❡♠❡♥ts ✐♥ s✉♠♠❡r✳ ❋r♦♠ t❤❡

❣❡♦❣r❛♣❤✐❝❛❧ ❧♦❝❛t✐♦♥✱ t❤❡ ❛♠♦✉♥t ♦❢ s♦❧❛r r❛❞✐❛t✐♦♥ t❤❛t r❡❛❝❤❡❞ t❤❡ s✉r❢❛❝❡

❢♦r s♣❡❝✐✜❝ ✇❡❛t❤❡r ❝♦♥❞✐t✐♦♥s ❛♥❞ t✐♠❡ ♦❢ t❤❡ ②❡❛r ✇❛s ❝❛❧❝✉❧❛t❡❞ ❛♥❞ ✉s❡❞

t♦ ❡✈❛❧✉❛t❡ ❝❤❛♥❣❡s t♦ t❤❡ ❢♦r♠✳ ❆ t♦t❛❧ s❝♦r❡ ❜❛s❡❞ ♦♥ ❛ ✇❡✐❣❤t❡❞ ❛✈❡r❛❣❡

♦❢ t❤❡ ❞✐✛❡r❡♥t r❡q✉✐r❡♠❡♥ts ✇❛s ✉s❡❞ t♦ ❛rr✐✈❡ ❛t t❤❡ ✜♥❛❧ ♦♣t✐♠✐s❡❞ ❞❡s✐❣♥

✭❙❤❡♣❤❡r❞✱ ✷✵✵✾✮✳ ❚❤❡ r❡s✉❧t ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✷✳✷✳✸✳

❋✐❣✉r❡ ✷✳✷✳✸ ✕ ❚r♦♣✐❝❛❧ ❤♦t❤♦✉s❡ ✐♥ t❤❡ ❜♦t❛♥✐❝❛❧ ❣❛r❞❡♥ ♦❢ ❆❛r❤✉s✱ ❉❡♥♠❛r❦ ✷✵✶✸✳ ❈♦♣②✲
r✐❣❤t ◗✉✐♥t✐♥ ▲❛❦❡

❚❤❡ ♣r♦❥❡❝t ❤✐❣❤❧✐❣❤ts ❤♦✇ s✉❜❞✐✈✐s✐♦♥ s✉r❢❛❝❡s ♦✛❡r ❛♥ ❡✣❝✐❡♥t ✇❛② ♦❢ ♠♦❞❡❧✲

❧✐♥❣ s♠♦♦t❤ ❝♦♠♣❧❡① ❣❡♦♠❡tr✐❡s ✇✐t❤ ♦♥❧② ❛ ❢❡✇ ✈❛r✐❛❜❧❡s t❤❛t ❝❛♥ ❜❡ ✉s❡❞ ✐♥

❛♥ ♦♣t✐♠✐s❛t✐♦♥ ♣r♦❝❡ss t♦ ✐♥❢♦r♠ t❤❡ ❞❡s✐❣♥✳ ■t ❞❡♠♦♥str❛t❡s t❤❡ ✐♥t❡❣r❛t✐♦♥

♦❢ t❤❡ ❛r❝❤✐t❡❝t✉r❛❧ ❝♦♥❝❡♣t ✐♥ t❤❡ ♦♣t✐♠✐s❛t✐♦♥ ♣r♦❝❡ss ❛♥❞ ❢✉rt❤❡r♠♦r❡ ❤♦✇

t❤❡ ✜♥❛❧ ❞❡s✐❣♥ ❝❛♥ ❜❡ ❡♥r✐❝❤❡❞ ❜② t❤❡ ❡♠❜❡❞❞❡❞ ❧♦❣✐❝✳

✷✳✸ ❊✐❣❡♥s❤❡❧❧s

▼✐❝❤❛❧❛t♦s ❛♥❞ ❑❛✐❥✐♠❛ ✭✷✵✶✹✮ ♣r♦♣♦s❡ ❛ ♥♦✈❡❧ ✇❛② t♦ ♦❜t❛✐♥ ❛ ❧♦✇ ♣❛r❛♠❡t✲

r✐s❛t✐♦♥ ♦❢ ❛ s✉r❢❛❝❡ ❜② ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ ❡✐❣❡♥❢✉♥❝t✐♦♥s ♦❢ ❛ ▲❛♣❧❛❝✐❛♥

♠❛tr✐①✳ ❲❤✐❧❡ t❤❡ ❡✐❣❡♥❢✉♥❝t✐♦♥s ♦❢ ❛ ▲❛♣❧❛❝✐❛♥ ♠❛tr✐① ❛r❡ ✇✐❞❡❧② ❡①♣❧♦r❡❞ ✐♥

❝♦♠♣✉t❡r ❣r❛♣❤✐❝s✱ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ✐♥ ❛r❝❤✐t❡❝t✉r❡ ✐s t♦ ❞❛t❡ ✈❡r② ❧✐♠✐t❡❞✳ ▲✐❦❡

s✉❜❞✐✈✐s✐♦♥ s✉r❢❛❝❡s✱ t❤✐s ♠❡t❤♦❞ ✐s ❜❛s❡❞ ♦♥ ❛ ♠❡s❤ r❡♣r❡s❡♥t❛t✐♦♥ ❛s ✐♥✐t✐❛❧
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✐♥♣✉t ❛♥❞ ❝♦♥s✐sts ♦❢ t❤r❡❡ st❡♣s❀ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❛ ▲❛♣❧❛❝✐❛♥ ♠❛tr✐① ❜❛s❡❞

♦♥ t❤❡ t♦♣♦❧♦❣② ✭❛♥❞ ♣♦ss✐❜❧② ❣❡♦♠❡tr②✮ ♦❢ t❤❡ ♠❡s❤✱ ❛♥ ❡✐❣❡♥❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢

t❤✐s ♠❛tr✐① t♦ ❡①tr❛❝t ❛ r❛♥❣❡ ♦❢ ❡✐❣❡♥✈❡❝t♦rs ❛♥❞ ❡✈❡♥t✉❛❧❧② ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢

t❤❡s❡ ❜② ❛ ✇❡✐❣❤t❡❞ s✉♠✱ ✇❤✐❝❤ ✐s ✐♥t❡r♣r❡t❡❞ ❛s ❛ ❞✐s♣❧❛❝❡♠❡♥t ✜❡❧❞ ❞❡s❝r✐❜✐♥❣

t❤❡ ♠♦✈❡♠❡♥t ♦❢ ❡❛❝❤ ✈❡rt❡①✳ ■♥ ❣❡♥❡r❛❧ t❤❡r❡ ❡①✐sts ❛s ♠❛♥② ❡✐❣❡♥❢✉♥❝t✐♦♥s

❛s t❤❡r❡ ❛r❡ ✈❡rt✐❝❡s ✐♥ t❤❡ ♠❡s❤✳ ❍♦✇❡✈❡r✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ♦❜t❛✐♥ ❛ ❧♦✇ ♣❛r❛✲

♠❡tr✐s❛t✐♦♥ ❜② ✐♥tr♦❞✉❝✐♥❣ ❛ ✜❧t❡r✳ ❆s ❛ r❡s✉❧t✱ t❤❡ ✈❛r✐❛❜❧❡s ❛r❡ r❡❞✉❝❡❞ t♦ t❤❡

✇❡✐❣❤ts ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❡❛❝❤ ❡✐❣❡♥❢✉♥❝t✐♦♥ ✐♥ t❤❡ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥✳

▼✐❝❤❛❧❛t♦s ❛♥❞ ❑❛✐❥✐♠❛ ✭✷✵✶✹✮ ❡①♣❧❛✐♥ t❤❛t t❤❡s❡ ❡✐❣❡♥❢✉♥❝t✐♦♥s ❝❛♥ ❜❡ ✉♥❞❡r✲

st♦♦❞ ❛s t❤❡ ✈✐❜r❛t✐♦♥❛❧ ♠♦❞❡s ♦❢ ❛ ♠❡♠❜r❛♥❡ ✇✐t❤ ❛ ❣✐✈❡♥ ❜♦✉♥❞❛r② s♦rt❡❞

❛❝❝♦r❞✐♥❣ t♦ t❤❡✐r ❢r❡q✉❡♥❝② ❢r♦♠ ❧♦✇❡st t♦ ❤✐❣❤❡st✳ ❚❤✐s ✐s ✉s❡❢✉❧ ❛s ✐t ✐s ❣❡♥✲

❡r❛❧❧② ♦♥❧② ❞❡s✐r❛❜❧❡ t♦ ✇♦r❦ ✇✐t❤ s❤❛♣❡s ♦❢ ❧♦✇ ❢r❡q✉❡♥❝② ✭♠♦r❡ s♠♦♦t❤✮ ✐♥

❛♥ ❛r❝❤✐t❡❝t✉r❛❧ ❝♦♥t❡①t✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t ✐t ✐s s✉✣❝✐❡♥t ♦♥❧② t♦ ❡①tr❛❝t t❤❡

❧♦✇❡r r❛♥❣❡ ♦❢ t❤❡ ❡✐❣❡♥✈❡❝t♦rs✳ ❚❤❡ ♠❡t❤♦❞ t❤❡r❡❢♦r❡ ❤❛s ♠❛♥② s✐♠✐❧❛r✐t✐❡s

✇✐t❤ ❋♦✉r✐❡r ❛♥❛❧②s✐s ❜✉t ♦♣❡r❛t❡s ♦♥ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ♠❡s❤❡s ✐♥st❡❛❞✳

❚❤❡ ❞❡s❝r✐❜❡❞ ♠❡t❤♦❞ ❤❛s ❜❡❡♥ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ t❤❡ ●r❛ss❤♦♣♣❡r ♣❧✉❣✲✐♥ ❝❛❧❧❡❞

✏▼✐❧❧✐♣❡❞❡✑ ✭▼✐❝❤❛❧❛t♦s ❛♥❞ ❑❛✐❥✐♠❛✱ ✷✵✶✺✮✳ ❚❤❡ ❛✉t❤♦r ❤❛s t❡st❡❞ t❤✐s ❞❡s✐❣♥

t♦♦❧ ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ❛ ❜❡tt❡r ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡ ♠❡t❤♦❞♦❧♦❣② ✐♥ t❤❡ ❝♦♥t❡①t

♦❢ s❤❛♣❡ ❣❡♥❡r❛t✐♦♥ ❛♥❞ ♠♦❞✐✜❝❛t✐♦♥✳ ▼✐❧❧✐♣❡❞❡ ❝♦♥t❛✐♥s s❡✈❡♥ ❝♦♠♣♦♥❡♥ts

r❡❧❛t❡❞ t♦ t❤✐s t♦♣✐❝✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❛s ❢♦❧❧♦✇s✿

• ❊✐❣❡♥❙②st❡♠✿ ❝❛❧❝✉❧❛t❡s t❤❡ s♣❡❝tr✉♠ ♦❢ t❤❡ ▲❛♣❧❛❝✐❛♥ ♠❛tr✐①✱ ✇❤✐❝❤

✐s ❝♦♥str✉❝t❡❞ ❢r♦♠ t❤❡ ✐♥♣✉t ♠❡s❤✳ ❚❤❡ ❡✐❣❡♥✈❛❧✉❡s ❛♥❞ ❡✐❣❡♥♠♦❞❡s ❛r❡

s♦rt❡❞ ✐♥ ❛s❝❡♥❞✐♥❣ ♦r❞❡r✳ ❚❤❡ ❡✐❣❡♥s②st❡♠ ✐s ✉s❡❞ ❛s ✐♥♣✉t ❢♦r t❤❡ r❡st

♦❢ t❤❡ ❝♦♠♣♦♥❡♥ts✳

• ❊①tr❛❝t ❊✐❣❡♥❱❡❝t♦r✿ ❡①tr❛❝ts ❛ s♣❡❝✐✜❝ ❡✐❣❡♥✈❡❝t♦r ❢r♦♠ ❛ ❞❡✜♥❡❞

✐♥❞❡① ✈❛❧✉❡✳ ❚❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❡✐❣❡♥✈❡❝t♦r ✐s ✶✳

• ❊①tr❛❝t s♣❡❝tr✉♠✿ ❡①tr❛❝ts t❤❡ ❝♦♦r❞✐♥❛t❡ s♣❡❝tr✉♠ ♦❢ t❤❡ ♠❡s❤ ❢♦r ①✱

②✱ ❛♥❞ ③ r❡s♣❡❝t✐✈❡❧②✳ ❊✳❣✳ ❢♦r t❤❡ ① ❝♦♦r❞✐♥❛t❡✱ t❤❡ s♣❡❝tr✉♠ ❝♦♥t❛✐♥s ❛

❧✐st ♦❢ ♥✉♠❜❡rs s♣❡❝✐❢②✐♥❣ ♦♥❡ ✈❛❧✉❡ ♣❡r ♠♦❞❡ ✐♥ t❤❡ ❡✐❣❡♥s②st❡♠✳

• ❉✐s♣❧❛❝❡ ❜② ❙♣❡❝tr✉♠✿ ❞❡❢♦r♠s t❤❡ ♠❡s❤ ✐♥ t❤❡ ♥♦r♠❛❧ ❞✐r❡❝t✐♦♥

❜❛s❡❞ ♦♥ ❛ ❞❡✜♥❡❞ s♣❡❝tr✉♠✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ r❡❞✉❝❡❞ ✈❛r✐❛❜❧❡s

✭✇❡✐❣❤ts✮ ❢r♦♠ t❤❡ ♠❡t❤♦❞♦❧♦❣② ❞❡s❝r✐♣t✐♦♥✳ ■t ❛♣♣❡❛rs t❤❛t t❤❡ ❧❡♥❣t❤ ♦❢

t❤❡ s♣❡❝tr✉♠ ❞♦❡s ♥♦t ❤❛✈❡ t♦ ♠❛t❝❤ t❤❡ s✐③❡ ♦❢ t❤❡ ❡✐❣❡♥s②st❡♠✳ ■♥ ♦t❤❡r

✇♦r❞s✱ s♣❡❝tr✉♠ ✈❛❧✉❡ ♥✉♠❜❡r ✶ ❣❡ts ❛ss✐❣♥❡❞ t♦ ♠♦❞❡ ✶✱ s♣❡❝tr✉♠ ✈❛❧✉❡
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♥✉♠❜❡r ✷ ❣❡ts ❛ss✐❣♥❡❞ t♦ ♠♦❞❡ ✷ ❡t❝✳ ❲❤❡♥ t❤❡ s♣❡❝tr✉♠ ✐s ❡♠♣t②✱ t❤❡

s♣❛r❡ ❡✐❣❡♥♠♦❞❡s ❣❡t ❛ ③❡r♦ ✈❛❧✉❡ ❛ss✐❣♥❡❞✳

• ❘❡❝♦♥str✉❝t✿ s✐♠✐❧❛r ❢✉♥❝t✐♦♥❛❧✐t② ❛s t❤❡ ✏❉✐s♣❧❛❝❡ ❜② ❙♣❡❝tr✉♠✑ ❜✉t

t❤❡ s♣❡❝tr✉♠ ✐♥ t❤✐s ❝❛s❡ r❡❢❡rs t♦ ♠✉❧t✐♣❧✐❡rs ♦❢ t❤❡ ❳❨❩ ❝♦♦r❞✐♥❛t❡s

✭♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ✏❊①tr❛❝t s♣❡❝tr✉♠✑ ❝♦♠♣♦♥❡♥t✮ r❛t❤❡r t❤❛♥ ♥♦r♠❛❧

❞✐s♣❧❛❝❡♠❡♥ts✳

• ❙♣❡❝tr❛❧ ❋✐❧t❡r✿ r❡❝♦♥str✉❝ts t❤❡ ♠❡s❤ ❢r♦♠ ✐ts ①✱ ② ❛♥❞ ③ s♣❡❝tr✉♠

✉s✐♥❣ ♦♥❧② ❛ s♣❡❝✐✜❡❞ r❛♥❣❡ ♦❢ t❤❡ ❡✐❣❡♥♠♦❞❡s✳ ❚❤✐s ❢✉♥❝t✐♦♥❛❧✐t② ❧✐♥❦s t♦

t❤❡ ♥♦✐s❡ r❡♠♦✈❛❧ ❛s♣❡❝t ♦❢ t❤❡ ♠❡t❤♦❞♦❧♦❣② ❞❡s❝r✐♣t✐♦♥✳

• ▼❡s❤ ❱✐s✉❛❧✐③❛t✐♦♥✿ ✈✐s✉❛❧✐s❡s ❛ s♣❡❝✐✜❝ ♠♦❞❡ ❢r♦♠ ❛ ❞❡✜♥❡❞ ✐♥❞❡①

✈❛❧✉❡ ❛s ♥♦r♠❛❧ ❞✐s♣❧❛❝❡♠❡♥ts ❛♥❞ ❝♦❧♦✉r✐♥❣ ♦❢ t❤❡ ♠❡s❤✳ ▼✉❧t✐♣❧❡ ✐♥❞❡①❡s

❝❛♥ ❜❡ s♣❡❝✐✜❡❞ ❛t ♦♥❝❡ ❜✉t t❤❡ ❝r❡❛t❡❞ ♠❡s❤❡s ♥❡❡❞ t♦ ❜❡ s❡♣❛r❛t❡❞

♠❛♥✉❛❧❧② ❛❢t❡r✇❛r❞s✳

❲❤✐❧❡ t❤❡ t♦♦❧ ❡♥❛❜❧❡s t❤❡ ❣❡♥❡r❛t✐♦♥ ♦❢ s♠♦♦t❤ ❢r❡❡✲❢♦r♠ s✉r❢❛❝❡s ❢r♦♠ ♦♥❧②

❛ ❢❡✇ ✇❡✐❣❤ts ❜② ✉s✐♥❣ t❤❡ ✏❉✐s♣❧❛❝❡ ❜② ❙♣❡❝tr✉♠✑ ❝♦♠♣♦♥❡♥t✱ ✐t ✐s ♥♦t ❡❛s✐❧②

✉♥❞❡rst♦♦❞ ❜② t❤❡ ✉♥✐♥✐t✐❛t❡❞ ✉s❡r✳ ❚❤❡ s♦✲❝❛❧❧❡❞ s♣❡❝tr✉♠ ✐s ❛ r❛t❤❡r ❝♦♥❢✉s✲

✐♥❣ ❝♦♥❝❡♣t t❤❛t ✐s ♥♦t ✇❡❧❧ ❡①♣❧❛✐♥❡❞ ❛♥❞ ✐s ❢✉rt❤❡r♠♦r❡ ❜❧✉rr❡❞ ❜② ✐ts r❡❧❛t✐♦♥

t♦ ❜♦t❤ ♥♦r♠❛❧ ❞✐s♣❧❛❝❡♠❡♥ts ❛♥❞ ❝♦♦r❞✐♥❛t❡ r❡❝♦♥str✉❝t✐♦♥✳ ❚❤❡ ❛✉t❤♦r ♥❡✈❡r

s✉❝❝❡❡❞❡❞ ✐♥ ✉s✐♥❣ t❤❡ ✏❊①tr❛❝t s♣❡❝tr✉♠✑ ❛♥❞ ✏❘❡❝♦♥str✉❝t✑ ❝♦♠♣♦♥❡♥t ✐♥ ❛♥②

♠❡❛♥✐♥❣❢✉❧ ✇❛② ✭✉♥❝❧❡❛r ❤♦✇ t❤❡ ❳✱ ❨ ❛♥❞ ❩ s♣❡❝tr✉♠ ❛r❡ ♣r♦✈✐❞❡❞ s✐♠✉❧t❛♥✲

❡♦✉s❧②✮ ❛♥❞ s✉s♣❡❝ts t❤❛t t❤❡ ✏❙♣❡❝tr❛❧ ❋✐❧t❡r✑ ❝❛♥ r❡♣❧❛❝❡ t❤✐s ❢✉♥❝t✐♦♥❛❧✐t②✳

❆❞❞✐t✐♦♥❛❧❧②✱ t❤❡ s♣❡❝tr✉♠ ❞❡✜♥✐t✐♦♥ ❢♦r t❤❡ ✏❉✐s♣❧❛❝❡ ❜② ❙♣❡❝tr✉♠✑ ❝♦♠♣♦♥✲

❡♥t ♠❛❦❡s ✐t ❡❛s② t♦ r❡❞✉❝❡ t❤❡ ♥✉♠❜❡r ♦❢ ✈❛r✐❛❜❧❡s ✐❢ ♦♥❧② t❤❡ ❧♦✇❡r r❛♥❣❡

♦❢ t❤❡ ❡✐❣❡♥♠♦❞❡s ✐s ❝♦♥s✐❞❡r❡❞ ❜✉t ♥❡❡❞s t♦ ❜❡ ✐♥❝r❡❛s❡❞ ✐❢ ❝♦♥tr♦❧ ♦✈❡r t❤❡

❤✐❣❤❡r ❢r❡q✉❡♥❝② ♠♦❞❡s ✐s ❞❡s✐r❛❜❧❡✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✐t ✐s ♥♦t ♣♦ss✐❜❧❡ t♦ s❡❧❡❝t

t❤❡ ❡✐❣❡♥♠♦❞❡s ✐♥❞✐✈✐❞✉❛❧❧②✳ ■♥ ❛ ❧❛r❣❡r s❝❛❧❡✱ t❤❡ ♠♦st ♦❜✈✐♦✉s ❞✐s❛❞✈❛♥t❛❣❡

♦❢ t❤✐s t♦♦❧ ✐s t❤❡ ❧❛❝❦ ♦❢ ❜♦✉♥❞❛r② ❝♦♥tr♦❧✱ ✇❤✐❝❤ ✐s ❛ ✈❡r② ✐♠♣♦rt❛♥t ❢❛❝t♦r ❢♦r

t❤❡ t♦♦❧ t♦ ❜❡ ❛♣♣❧✐❝❛❜❧❡ ✐♥ ❛♥ ❛r❝❤✐t❡❝t✉r❛❧ ❝♦♥t❡①t✳ ❚❤❡ ♣❛♣❡r ❞❡s❝r✐❜❡s ❤♦✇

❜♦✉♥❞❛r✐❡s ❝❛♥ ❜❡ ❡♥❢♦r❝❡❞ ❜② ✐♥tr♦❞✉❝✐♥❣ ❛ s❝❛❧❛r ✜❡❧❞ ♦✈❡r t❤❡ ✈❡rt✐❝❡s ♦❢ t❤❡

♠❡s❤ ✇✐t❤ ❛ ✈❛❧✉❡ ♦❢ ♦♥❡ ✐❢ t❤❡ ✈❡rt❡① ✐s ✜①❡❞ ❛♥❞ ❛ ③❡r♦ ✈❛❧✉❡ ♦t❤❡r✇✐s❡✳ ❚❤✐s

s❝❛❧❛r ✜❡❧❞ ✐s tr❛♥s❧❛t❡❞ ✐♥t♦ ❛ ❞✐❛❣♦♥❛❧ ♠❛tr✐①✱ ✇❤✐❝❤ ✐s ❛❞❞❡❞ t♦ t❤❡ ▲❛♣❧❛❝✐❛♥

♠❛tr✐①✳ ■♥ ❡✛❡❝t✱ t❤❡ ❡✐❣❡♥✈❡❝t♦rs ✈❛♥✐s❤ ✐♥ ❞❡s✐r❛❜❧❡ r❡❣✐♦♥s ❜✉t t❤❡r❡ ✐s ♥♦

❝❧❡❛r ✇❛② ♦❢ ♣r♦✈✐❞✐♥❣ t❤✐s ✐♥❢♦r♠❛t✐♦♥ ✇✐t❤ t❤❡ ❡①✐st✐♥❣ s♦❢t✇❛r❡ t♦♦❧✳ ❙✐♥❝❡ t❤❡

s♦rt✐♥❣ ♦❢ t❤❡ ✈❡rt❡① ✐♥❞❡①❡s ✐s ❛r❜✐tr❛r②✱ t❤❡ ♠♦st ♣r❛❝t✐❝❛❧ ✇❛② t♦ ✐♠♣❧❡♠❡♥t
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t❤❡ ❞❡s❝r✐❜❡❞ ❢✉♥❝t✐♦♥❛❧✐t② ✐s t♦ s❡❧❡❝t ❛ ♥✉♠❜❡r ♦❢ ♥♦❞❡s t❤❛t ❛r❡ ✐♥t❡♥❞❡❞ t♦

❜❡ ✜①❡❞✱ s❡❛r❝❤ ❢♦r t❤♦s❡ ❛♠♦♥❣st t❤❡ ✈❡rt✐❝❡s ✐♥ t❤❡ ♠❡s❤ ❛♥❞ ❛✉t♦♠❛t✐❝❛❧❧②

❣❡♥❡r❛t❡ t❤❡ ❞✐❛❣♦♥❛❧ ♠❛tr✐① ❢r♦♠ t❤✐s ✐♥❢♦r♠❛t✐♦♥✳ ❈♦❧♦✉r✐♥❣ t❤❡ ♠❡s❤ ✇✐t❤ ❛

❣r❛❞✐❡♥t✱ ✇❤✐❝❤ ✐s ♠❛♣♣❡❞ ❜❛❝❦ t♦ ❛ ✈❛❧✉❡ ♣❡r ✈❡rt❡① ✐♥ t❤❡ r❛♥❣❡ ❜❡t✇❡❡♥ ✵✲✶

❤❡❧♣s t♦ ❛❝q✉✐r❡ ♠♦r❡ ❝♦♥tr♦❧ ♦❢ t❤❡ ❜♦✉♥❞❛r② tr❛♥s✐t✐♦♥✳ ❍♦✇❡✈❡r✱ t❤❡ ❧❛tt❡r ✐s

♥♦t ❡❛s✐❧② ❞❡✜♥❡❞ ✐❢ t❤❡ ♠❡s❤ ✐s ♥♦t s②♠♠❡tr✐❝✳

■♥ ❣❡♥❡r❛❧✱ t❤❡ ♠❡t❤♦❞ ❞✐✛❡rs s✐❣♥✐✜❝❛♥t❧② ❢r♦♠ ◆❯❘❇❙ ❛♥❞ s✉❜❞✐✈✐s✐♦♥ s✉r✲

❢❛❝❡s ❜② ❤❛✈✐♥❣ ✇❡✐❣❤ts ❛s ♣❛r❛♠❡t❡rs ✐♥st❡❛❞ ♦❢ t❤❡ ♠♦r❡ ✈✐s✉❛❧ ❝♦♥tr♦❧ ♣♦❧②✲

❣♦♥✳ ■t ♠❛❦❡s t❤❡ ♠❡t❤♦❞ ♠♦r❡ ❛❜str❛❝t t♦ ✉♥❞❡rst❛♥❞ ❛♥❞ ❧❡ss ✐♥t✉✐t✐✈❡ t♦

✉s❡✱ ❜✉t st✐❧❧ ♦✛❡rs ❛ ✇❛② ♦❢ ♦❜t❛✐♥✐♥❣ ❛ ❧♦✇ ♣❛r❛♠❡tr✐s❛t✐♦♥ ♦❢ ❛ s✉r❢❛❝❡✳ ❚❤❡

❧✐♥❦ t♦ ❋♦✉r✐❡r ❛♥❛❧②s✐s ✐s ❛♥ ✐♥t❡r❡st✐♥❣ ♣r♦♣❡rt②✱ ✇❤✐❝❤ ♣r♦✈✐❞❡s t❤✐s ♠❡t❤♦❞

✇✐t❤ ❛ ❞✐✛❡r❡♥t s❤❛♣❡ ❧❛♥❣✉❛❣❡ ❛♥❞ ♣♦ss✐❜❧② ❡♥❛❜❧❡s ❛❞✈❛♥t❛❣❡♦✉s ❛♥❛❧②s✐s ❜❡✲

s✐❞❡s ♥♦✐s❡ r❡♠♦✈❛❧ t♦ ❜❡ ❛♥ ✐♥t❡❣r❛t❡❞ ♣❛rt ♦❢ t❤❡ ♠♦❞❡❧❧✐♥❣ ♣r♦❝❡ss✳ ❚❤❡s❡

✉♥❡①♣❧♦r❡❞ ♣r♦♣❡rt✐❡s ❛♥❞ ♥❡❝❡ss❛r② r❡✜♥❡♠❡♥ts t♦ ♠❛❦❡ ✐t ❛♣♣❧✐❝❛❜❧❡ ✇✐t❤✐♥

❛♥ ❛r❝❤✐t❡❝t✉r❛❧ ❝♦♥t❡①t s✉❣❣❡st s❡✈❡r❛❧ r❡s❡❛r❝❤ ♦♣♣♦rt✉♥✐t✐❡s✳

▼✐❝❤❛❧❛t♦s ❛♥❞ ❑❛✐❥✐♠❛ ✭✷✵✶✹✮ ❛❧s♦ ❞❡♠♦♥str❛t❡ ❤♦✇ t❤❡ ❧♦✇ ♣❛r❛♠❡tr✐s❛t✐♦♥

♦❢ t❤❡ ❡✐❣❡♥s❤❡❧❧s ❝❛♥ ❜❡ ✉s❡❞ ✐♥ ❛♥ ♦♣t✐♠✐s❛t✐♦♥ ♣r♦❝❡ss✱ ✇❤❡r❡ t❤❡ ♦❜❥❡❝t✐✈❡

✐s t♦ ♠✐♥✐♠✐s❡ t❤❡ ♠❛①✐♠✉♠ ❞❡✢❡❝t✐♦♥✳ ❚❤❡ ♠❡s❤ r❡♣r❡s❡♥t❛t✐♦♥ ✐s✱ s✐♠✐❧❛r❧②

t♦ s✉❜❞✐✈✐s✐♦♥ s✉r❢❛❝❡s✱ ✉s❡❢✉❧ t♦ ♣r♦✈✐❞❡ ❛ ❞✐r❡❝t ❧✐♥❦ t♦ ✜♥✐t❡ ❡❧❡♠❡♥t ❛♥❛❧②s✐s

s♦❢t✇❛r❡✳ ❚❤❡ ♠❡t❤♦❞ ❤❛s ♥♦t ②❡t ❜❡❡♥ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ t❤❡ ❞❡s✐❣♥ ♣r♦❝❡ss ♦❢ ❛

r❡❛❧ ♣r♦❥❡❝t ❜✉t ✐ts ♣♦t❡♥t✐❛❧ ✐s ✈✐s✉❛❧✐s❡❞ t❤r♦✉❣❤ ❛ ❝❛s❡ st✉❞② ❜② t❤❡ ❛✉t❤♦rs

♦❢ t❤❡ ♣❛♣❡r ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✷✳✸✳✶ ✭t❤❡ s✉r❢❛❝❡ ♣❛tt❡r♥ ✐s ♣❛rt ♦❢ ❛♥♦t❤❡r

t♦♣✐❝✱ ✇❤✐❝❤ ❤❛s ❜❡❡♥ ✐❣♥♦r❡❞ ❢♦r t❤✐s ❝♦♥t❡①t✮✳

❋✐❣✉r❡ ✷✳✸✳✶ ✕ ❘❡s✉❧t✐♥❣ ❡✐❣❡♥s❤❡❧❧ ❢r♦♠ str✉❝t✉r❛❧ ♦♣t✐♠✐s❛t✐♦♥ ✭▼✐❝❤❛❧❛t♦s ❛♥❞ ❑❛✐❥✐♠❛✱
✷✵✶✺✮
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✷✳✹ ❈✉r✈❛t✉r❡ st✐✛❡♥❡❞ s❤❡❧❧s

■♥ t❡r♠s ♦❢ str✉❝t✉r❛❧ ♣❡r❢♦r♠❛♥❝❡✱ ♠♦st s❤❡❧❧s ❛r❡ ❡✈❛❧✉❛t❡❞ ❜② ♠❡❛♥s ♦❢ ❛

♠❛①✐♠✉♠ str❡ss ♦r ❞❡✢❡❝t✐♦♥ ♠❡❛s✉r❡ ✐♥ t❤❡ ❝♦♥❝❡♣t✉❛❧ ❞❡s✐❣♥ st❛❣❡ ✐♥❝❧✉❞✲

✐♥❣ t❤❡ ♣r❡✈✐♦✉s❧② ❞❡s❝r✐❜❡❞ ❡①❛♠♣❧❡s ❛♥❞ tr❛❞✐t✐♦♥❛❧ ❢♦r♠✲✜♥❞✐♥❣ t❡❝❤♥✐q✉❡s✳

❚❤❡s❡ ♠❡❛s✉r❡s ❛r❡ ♦❢t❡♥ ✉s❡❞ ❜❡❝❛✉s❡ t❤❡② ❛r❡ s✐♠♣❧❡ ❛♥❞ ♦♥❧② r❡q✉✐r❡ ✜rst

♦r❞❡r ❛♥❛❧②s✐s✳ ❍♦✇❡✈❡r✱ ❜✉❝❦❧✐♥❣ ✐s ♠♦r❡ ♦❢t❡♥ t❤❡ ❣♦✈❡r♥✐♥❣ ❢❛✐❧✉r❡ ♠♦❞❡ ❢♦r

s❤❡❧❧s✱ ❛s ✇❛s ❡①♣❡r✐❡♥❝❡❞ ❢♦r t❤❡ ❚r❛❞❛ ❛♥❞ ❙♦r❡♥ ❏❡♥s❡♥ ❉❍▲ ♣❛✈✐❧✐♦♥s✳ ❚❤❡

✢❛t ❛r❡❛s ✇❡r❡ ❡s♣❡❝✐❛❧❧② ✈✉❧♥❡r❛❜❧❡ t♦ ❢❛✐❧✉r❡ ❜② ❜✉❝❦❧✐♥❣ ❛♥❞ t❤✐s ♦❜s❡r✈❛t✐♦♥

s✉❣❣❡sts t❤❛t ❝✉r✈❛t✉r❡ ✐s ❛♥ ✐♠♣♦rt❛♥t ❞❡s✐❣♥ ❢❡❛t✉r❡ ✐♥ st✐✛❡♥✐♥❣ ❛ s❤❡❧❧✳

▼❛❧❡❦ ✭✷✵✶✷✮ ❝♦♥❞✉❝ts ❛ t❤♦r♦✉❣❤ ♣❛r❛♠❡tr✐❝ st✉❞② ♦♥ t❤❡ ✐♠♣❛❝t ♦❢ ❝♦rr✉❣✲

❛t✐♦♥s ✐♥ r❡❧❛t✐♦♥ t♦ t❤❡ ❜✉❝❦❧✐♥❣ ❧♦❛❞ ❢❛❝t♦r ❢♦r ❛ ❜❛rr❡❧ ✈❛✉❧t str✉❝t✉r❡✳ ❚❤❡

♣❛r❛♠❡t❡rs ✐♥❝❧✉❞❡ t❤❡ ❧♦❝❛t✐♦♥ ♦❢ t❤❡ ❝♦rr✉❣❛t✐♦♥s ✭❝♦s✐♥❡ ✇❛✈❡s✮✱ t❤❡ ❛s♣❡❝t

r❛t✐♦ ✭❢r❡q✉❡♥❝② ❛♥❞ ❛♠♣❧✐t✉❞❡✮ ❛♥❞ t❤❡ s♣❛♥✲t♦✲❤❡✐❣❤t r❛t✐♦ ♦❢ t❤❡ s❤❡❧❧ ❧❡❛❞✐♥❣

t♦ ♦♥❡✲❤✉♥❞r❡❞ ❝♦♠❜✐♥❛t✐♦♥s t♦ ❛♥❛❧②s❡ ❢♦r ❛ ❝♦♥t✐♥✉♦✉s s❤❡❧❧ ❛♥❞ t❤r❡❡✲❤✉♥❞r❡❞

❢♦r ❛ ❣r✐❞ s❤❡❧❧✳ ❚❤❡ st✉❞② ❝❧❡❛r❧② ♣r♦✈❡s t❤❡ ❣❛✐♥ ✐♥ ❜✉❝❦❧✐♥❣ ❝❛♣❛❝✐t② ❜② ✐♥✲

tr♦❞✉❝✐♥❣ ❝♦rr✉❣❛t✐♦♥s ❛t ❡✐t❤❡r t❤❡ ❡❞❣❡✱ t❤❡ ❝r♦✇♥ ♦r ❜♦t❤ ❧♦❝❛t✐♦♥s ❛t t❤❡

s❛♠❡ t✐♠❡✳ ■♥ t❤❡ ❝♦♥t✐♥✉♦✉s ❝❛s❡✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ✐♥❝r❡❛s❡ t❤❡ ❝❛♣❛❝✐t② ✉♣ t♦

✽✵ t✐♠❡s ✇✐t❤ ❝♦rr✉❣❛t✐♦♥s ❛t ❜♦t❤ t❤❡ ❡❞❣❡s ❛♥❞ t❤❡ ❝r♦✇♥ ❢♦r ❛ ✶ ✪ ✐♥❝r❡❛s❡

✐♥ ✈♦❧✉♠❡✳ ❚❤❡ ❣❛✐♥ ✐♥ ❜✉❝❦❧✐♥❣ ❝❛♣❛❝✐t② ✐s ❧❡ss s✐❣♥✐✜❝❛♥t ❢♦r ❣r✐❞ s❤❡❧❧s ❜✉t

❛ s✐♠✐❧❛r ❜❡❤❛✈✐♦✉r ✐s ♦❜s❡r✈❡❞ ✭✉♣ t♦ ❛ ❢❛❝t♦r ♦❢ ✽ ❢♦r ❧❡ss t❤❛♥ ✸ ✪ ✐♥❝r❡❛s❡

✐♥ ✈♦❧✉♠❡✮✳ ❚❤❡ ❜✉❝❦❧✐♥❣ ❝❛♣❛❝✐t② ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ ❛ ❧✐♥❡❛r ❜✉❝❦❧✐♥❣ ❛♥❛❧②s✐s

✭❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠✮✱ ✇❤✐❝❤ ❢♦r t❤❡ ❜❛rr❡❧ ✈❛✉❧t ✐s s❤♦✇♥ t♦ ❜❡ ❛ ❝♦♥s❡r✈❛t✐✈❡

♠❡❛s✉r❡ ❝♦♠♣❛r❡❞ t♦ ❛ ♥♦♥✲❧✐♥❡❛r ❝♦❧❧❛♣s❡ ❛♥❛❧②s✐s✳

❚❤❡ st✉❞② s❤♦✇s ❤♦✇ ❞♦✉❜❧❡✲❝✉r✈❛t✉r❡ ❝❛♥ ❜❡ ✉s❡❞ ❛s ♠❡❛♥s ♦❢ st✐✛❡♥✐♥❣ s❤❡❧❧

str✉❝t✉r❡s ✭✐♥❝r❡❛s✐♥❣ t❤❡✐r ❜✉❝❦❧✐♥❣ ❝❛♣❛❝✐t②✮ ❛♥❞ ✐t s✉❝❝❡ss❢✉❧❧② ♣r♦✈✐❞❡s r✉❧❡s

♦❢ t❤✉♠❜ t♦ ✐♥❝❧✉❞❡ t❤❡s❡ ❝♦♥s✐❞❡r❛t✐♦♥s ✐♥ t❤❡ ❝♦♥❝❡♣t✉❛❧ ❞❡s✐❣♥ st❛❣❡✱ r❛t❤❡r

t❤❛♥ ♣♦st♣♦♥✐♥❣ ❜✉❝❦❧✐♥❣ ❛♥❛❧②s✐s ✉♥t✐❧ t❤❡ ✜♥❛❧ str✉❝t✉r❛❧ ✈❛❧✐❞❛t✐♦♥✳ ❇✉❝❦❧✐♥❣

♠❡❛s✉r❡♠❡♥ts r❡q✉✐r❡ ❛ s❡❝♦♥❞ ♦r❞❡r ❛♥❛❧②s✐s t♦ t❛❦❡ t❤❡ ❞❡❢♦r♠❡❞ s❤❛♣❡ ✭♦r

✐♥✐t✐❛❧ str❡ss st❛t❡✮ ✐♥t♦ ❛❝❝♦✉♥t✱ ✇❤✐❝❤ ✐♥ ❣❡♥❡r❛❧ r❡❞✉❝❡s t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧

s♣❡❡❞✳ ■♥ t❤❡ st✉❞② ❜② ▼❛❧❡❦ ✭✷✵✶✷✮✱ t❤❡ ✇♦r❦ ✢♦✇ t♦ ♦❜t❛✐♥ s✉❝❤ ❛ ♠❡❛s✲

✉r❡ ✉t✐❧✐s❡s ❛ ❜❡s♣♦❦❡ ▼❛t❧❛❜ s❝r✐♣t✱ ✇❤✐❝❤ ❢r♦♠ t❤❡ ✐♥✈❡st✐❣❛t❡❞ ♣❛r❛♠❡t❡rs

❣❡♥❡r❛t❡s ❛ t❡①t ✜❧❡ ✇✐t❤ t❤❡ ♥❡❝❡ss❛r② ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t ❣❡♦♠❡tr②✱ s✉♣♣♦rt

❝♦♥❞✐t✐♦♥s ❛♥❞ ❧♦❛❞s t♦ ✉s❡ ❛s ✐♥♣✉t ❢♦r t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t s♦❢t✇❛r❡ ❆❉■◆❆✳

❲❤✐❧❡ t❤✐s ✇♦r❦ ✢♦✇ ✐s s✉✣❝✐❡♥t t♦ s❡t ✉♣ ❛ ♥✉♠❜❡r ♦❢ ❞❡s✐❣♥ r✉❧❡s ❜❛s❡❞ ♦♥ ❛

♣❛r❛♠❡tr✐❝ st✉❞②✱ ✐t ✐s t♦♦ s❧♦✇ t♦ ♣r♦✈✐❞❡ ✉♣❢r♦♥t ❢❡❡❞❜❛❝❦ ✐♥ ❛ ❞❡s✐❣♥ ♣r♦❝❡ss
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♦r ✐♥t❡❣r❛t❡❞ ❛s ♣❛rt ♦❢ ❛♥ ♦♣t✐♠✐s❛t✐♦♥ ♣r♦❜❧❡♠✳ ❚❤❡ ✇♦r❦ ✢♦✇ ✐s ❢✉rt❤❡r♠♦r❡

❧✐♠✐t❡❞ t♦ s♣❡❝✐✜❝ t②♣❡s ♦❢ s❤❡❧❧s ❡✳❣✳ t❤❡ ❜❛rr❡❧ ✈❛✉❧t ❜✉t s❤♦✉❧❞ ✐❞❡❛❧❧② ❜❡ ❛❜❧❡

t♦ ✐♥tr♦❞✉❝❡ ❝♦rr✉❣❛t✐♦♥s t♦ ❛♥② t②♣❡ ♦❢ s❤❡❧❧✳

❚❤❡ ❝♦♥❝❡♣t ♦❢ ✉s✐♥❣ ❞♦✉❜❧❡ ❝✉r✈❛t✉r❡ t♦ st✐✛❡♥ s❤❡❧❧s ✐s ♥♦t ♥❡✇✳ ■♥ ❢❛❝t✱

t❤✐s t❡❝❤♥✐q✉❡ ❤❛s ❜❡❡♥ ✉s❡❞ ❜② ❢❛♠♦✉s ❛r❝❤✐t❡❝t✉r❛❧ ❡♥❣✐♥❡❡rs s✉❝❤ ❛s ❋❡❧✐①

❈❛♥❞❡❧❛ ✭✶✾✶✵✲✶✾✾✼✮ ❛♥❞ ❊❧❛❞✐♦ ❉✐❡st❡ ✭✶✾✶✼✲✷✵✵✵✮ ❛s s❡❡♥ ✐♥ ❋✐❣✉r❡ ✷✳✹✳✶✳ ❚❤❡

✐♥tr♦❞✉❝❡❞ ❞♦✉❜❧❡ ❝✉r✈❛t✉r❡ ❛❞❞s q✉❛❧✐t② t♦ ❜♦t❤ t❤❡ ❛❡st❤❡t✐❝ ❝❤❛r❛❝t❡r ❛♥❞ t❤❡

str✉❝t✉r❛❧ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ s❤❡❧❧✳ ❊✈❡♥ t❤♦✉❣❤ t❤✐s ✐s ❛♥ ❛♣♣❡❛❧✐♥❣ ♣r♦♣❡rt②✱

❧✐tt❧❡ r❡s❡❛r❝❤ ♦r ❞✐❣✐t❛❧ t♦♦❧s ❡①✐st t♦ ❡①♣❧♦r❡ ❛♥❞ ❡✈❛❧✉❛t❡ s❤❡❧❧s st✐✛❡♥❡❞ ❜②

t❤❡✐r ❝✉r✈❛t✉r❡✳

❋✐❣✉r❡ ✷✳✹✳✶ ✕ ❙❤❡❧❧ ❞❡s✐❣♥ ❜② ❊❧❛❞✐♦ ❉✐❡st❡ ❛♥❞ ❋❡❧✐① ❈❛♥❞❡❧❛✳ ❚♦♣✿ ■❣❧❡s✐❛ ❝r✐st♦ ♦❜r❡r♦ ❜②
❊✳ ❉✐❡st❡✱ ❯r✉❣✉❛② ✶✾✺✷ ✭❲❛③❡♦♥❡✱ ✷✵✶✵✮✳ ❇♦tt♦♠✿ ▲♦s ▼❛♥❛♥t✐❛❧❡s ❜② ❋✳ ❈❛♥❞❡❧❛✱ ▼❡①✐❝♦
✶✾✺✽ ✭▼✐❧❧❡r✱ ✷✵✶✹✮
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✷✳✺ ❚❤❡s✐s ❞✐r❡❝t✐♦♥

❚❤❡ ❧✐t❡r❛t✉r❡ r❡✈✐❡✇ ✐❞❡♥t✐✜❡s ❧✐tt❧❡ r❡s❡❛r❝❤ ❡①✐sts ✐♥t♦ s❤❡❧❧ s❤❛♣❡s ✐♥ r❡❧❛t✐♦♥

t♦ t❤❡✐r ❜✉❝❦❧✐♥❣ ❝❛♣❛❝✐t②✱ ❡✈❡♥ t❤♦✉❣❤ t❤✐s ✐s ❝♦♥s✐❞❡r❡❞ t❤❡ ❞♦♠✐♥❛♥t ❢❛✐❧✉r❡

♠♦❞❡ ❢♦r t❤❡s❡ str✉❝t✉r❡s ✭▼❛❧❡❦✱ ✷✵✶✷✮✳ ❊①♣❡r✐❡♥❝❡ ♦❢ tr❛❞✐t✐♦♥❛❧ ❢♦r♠✲✜♥❞✐♥❣

t❡❝❤♥✐q✉❡s✱ ♦❜s❡r✈❛t✐♦♥s ♦❢ ❤✐st♦r✐❝ ❜✉✐❧❞✐♥❣s ❛♥❞ ❛ ♥❡✇❧② ❝♦♥❞✉❝t❡❞ ♣❛r❛♠❡t✲

r✐❝ st✉❞② ❜② ▼❛❧❡❦ ✭✷✵✶✷✮ ❛❧❧ ♣♦✐♥t t♦✇❛r❞s t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ❝✉r✈❛t✉r❡ ❛s ❛♥

❡ss❡♥t✐❛❧ ❞❡s✐❣♥ ♣❛r❛♠❡t❡r t♦ ✐♥❝r❡❛s❡ t❤❡ s❤❡❧❧ st✐✛♥❡ss ❛♥❞ ❤❡♥❝❡ t❤❡ ❜✉❝❦❧✐♥❣

❝❛♣❛❝✐t②✳ ❚❤❡ ❞✐✣❝✉❧t✐❡s ♦❢ ♦❜t❛✐♥✐♥❣ ❛ ❜✉❝❦❧✐♥❣ ♠❡❛s✉r❡ ❤❛✈❡ ❝r❡❛t❡❞ ♦♣♣♦r✲

t✉♥✐t✐❡s ❢♦r ✇♦r❦ ✢♦✇ ✐♠♣r♦✈❡♠❡♥ts ❛♥❞ ✐♥ ❣❡♥❡r❛❧ t❤❡r❡ ❡①✐sts ❛ ♥❡❡❞ t♦ ❡①♣❛♥❞

t❤❡ ❝♦♥❝❧✉s✐♦♥s ♦✉t❧✐♥❡❞ ✐♥ t❤❡ ♣❛r❛♠❡tr✐❝ st✉❞② ♦❢ ▼❛❧❡❦ t♦ s❤❡❧❧ t②♣❡s ♦t❤❡r

t❤❛♥ t❤❡ ❜❛rr❡❧ ✈❛✉❧t✳

❚❤❡ ✇❛✈❡✲❧✐❦❡ s❤❛♣❡s ♦❢ t❤❡ ❤✐st♦r✐❝ ❝✉r✈❛t✉r❡ st✐✛❡♥❡❞ str✉❝t✉r❡s ✭❋✐❣✉r❡ ✷✳✹✳✶✮

✐♥t❡r❡st✐♥❣❧② ❧✐♥❦s t♦ t❤❡ ❡✐❣❡♥s❤❡❧❧ ♠❡t❤♦❞✱ ✇❤✐❝❤ ❡①❛❝t❧② ❣❡♥❡r❛t❡s ❢r❡❡✲❢♦r♠

s❤❛♣❡s ❜② ❝♦♠❜✐♥✐♥❣ ✇❛✈❡s ♦❢ ❞✐✛❡r❡♥t ❛♠♣❧✐t✉❞❡ ❛♥❞ ❢r❡q✉❡♥❝②✳ ❆s ❞✐s❝✉ss❡❞✱

t❤✐s str❛t❡❣② t♦ ♦❜t❛✐♥ ❛ ❧♦✇ ♣❛r❛♠❡tr✐s❛t✐♦♥ ✐♥ ❛♥ ❛r❝❤✐t❡❝t✉r❛❧ ❝♦♥t❡①t ❤❛s

♠❛♥② ✐♥t❡r❡st✐♥❣ ✉♥❡①♣❧♦r❡❞ ♣r♦♣❡rt✐❡s ❛♥❞ t❤❡ ♠❡s❤ r❡♣r❡s❡♥t❛t✐♦♥ ✐s ✉s❡❢✉❧ t♦

❝r❡❛t❡ ❛ ❞✐r❡❝t ❧✐♥❦ t♦ ❛ ❜✉❝❦❧✐♥❣ ❛♥❛❧②s✐s✳ ◆❯❘❇❙ ❛♥❞ s✉❜❞✐✈✐s✐♦♥ s✉r❢❛❝❡s ❤❛✈❡

❛❧r❡❛❞② ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ t❤♦r♦✉❣❤❧② ❛♥❞ ✐♥✈❡st✐❣❛t❡❞ ✐♥ ❛ str✉❝t✉r❛❧ ❝♦♥t❡①t✳

❚❤❡ s♣❡❝✐✜❝ ❞✐r❡❝t✐♦♥ ❢♦r t❤✐s r❡s❡❛r❝❤ ✐s t❤❡r❡❢♦r❡ ✜rst❧② t♦ ❡①♣❧♦r❡ ❛♥❞ ❢✉rt❤❡r

❞❡✈❡❧♦♣ t❤❡ ❡✐❣❡♥s❤❡❧❧ ♠❡t❤♦❞♦❧♦❣② t♦ ♦❜t❛✐♥ ❛ ❧♦✇ ♣❛r❛♠❡tr✐s❛t✐♦♥ ♦❢ ❛ s✉r❢❛❝❡

✇✐t❤ t❤❡ s❛♠❡ ✢❡①✐❜✐❧✐t② ❛♥❞ ❧❡✈❡❧ ♦❢ ✐♥t✉✐t✐♦♥ ❛s t❤❡ ◆❯❘❇❙ ❛♥❞ s✉❜❞✐✈✐s✐♦♥

s✉r❢❛❝❡ ❛♣♣r♦❛❝❤❡s✳ ❙❡❝♦♥❞❧②✱ t♦ ❡①♣❧♦✐t t❤❡ r❡s✉❧t✐♥❣ ✇❛✈❡✲❧✐❦❡ s❤❛♣❡ ✇✐t❤ ✐ts

✐♥❤❡r❡♥t ❞♦✉❜❧② ❝✉r✈❡❞ ♥❛t✉r❡ t♦ st✐✛❡♥ t❤❡ s❤❡❧❧ ❛❣❛✐♥st ❢❛✐❧✉r❡ ❜② ❜✉❝❦❧✐♥❣✳

✷✳✻ ❙♦❢t✇❛r❡ ❞❡✈❡❧♦♣♠❡♥t

■♥ ❛♥ ❛tt❡♠♣t t♦ r❡❛❝❤ ❛ ✇✐❞❡r ❛✉❞✐❡♥❝❡ ✭♥♦t ❧✐♠✐t❡❞ t♦ ❡♥❣✐♥❡❡rs ❛♥❞ ♣r♦✲

❣r❛♠♠❡rs ♦♥❧②✮✱ ❛♥❞ ❢♦r ❡❛s② ✐♥t❡❣r❛t✐♦♥ ✐♥ ♣r❛❝t✐❝❡✱ t❤❡ ❛✉t❤♦r ❤❛s ❝❤♦s❡♥ t♦

❞❡✈❡❧♦♣ t❤❡ s♦❢t✇❛r❡ t♦ ✐♥t❡r❢❛❝❡ ✇✐t❤ ▼❝◆❡❡❧✬s ✸❉ ♠♦❞❡❧❧✐♥❣ ♣r♦❣r❛♠ ♥❛♠❡❞

❘❤✐♥♦❝❡r♦s ✭▼❝◆❡❡❧✱ ✷✵✶✺❜✮✳ ❘❤✐♥♦❝❡r♦s ✐s ❛ ✇✐❞❡❧② ✉s❡❞ ♣r♦❣r❛♠ ✇✐t❤✐♥ ❛r✲

❝❤✐t❡❝t✉r❛❧ ♣r❛❝t✐❝❡s ❞✉❡ t♦ ✐ts ❡❛s❡ ♦❢ ✉s❡✱ ✢❡①✐❜✐❧✐t② ❛♥❞ ❤✐❣❤ ❛❝❝✉r❛❝② ❛ss♦✲

❝✐❛t❡❞ ✇✐t❤ t❤❡ ♠♦❞❡❧❧✐♥❣ ♦❢ s♣❛t✐❛❧ s❤❛♣❡s ❜② ♠❡❛♥s ♦❢ ◆❯❘❇❙ ❝✉r✈❡s ❛♥❞

s✉r❢❛❝❡s ✭▼❝◆❡❡❧✱ ✷✵✶✹❛✮✳ ❚r✐❛♥❣❧❡ ❛♥❞ q✉❛❞ ♠❡s❤❡s ❛r❡ ❛❧s♦ ❛♥ ✐♥t❡❣r❛❧ ♣❛rt

♦❢ t❤❡ s♦❢t✇❛r❡✱ ❡✈❡♥ t❤♦✉❣❤ t❤❡ ♠❡s❤ t♦♦❧s ❛r❡ ♠♦r❡ ❧✐♠✐t❡❞ ❝♦♠♣❛r❡❞ ✇✐t❤
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♦t❤❡r ♠♦❞❡❧❧✐♥❣ ♣r♦❣r❛♠s s✉❝❤ ❛s ❆✉t♦❞❡s❦ ▼❛②❛✳ ❘❤✐♥♦❝❡r♦s s✉♣♣♦rts ❝✉s✲

t♦♠✐s❛t✐♦♥ t❤r♦✉❣❤ t❤❡ ❝r❡❛t✐♦♥ ♦❢ ♣❧✉❣✲✐♥s✱ ✇❤✐❝❤ ❛r❡ ❜❛s❡❞ ♦♥ t❤❡ ♦♣❡♥ s♦✉r❝❡

❘❤✐♥♦❈♦♠♠♦♥ ❙♦❢t✇❛r❡ ❉❡✈❡❧♦♣♠❡♥t ❑✐t ✭❙❉❑✮✳ ❚❤❛t ✇❛② ✐t ✐s ♣♦ss✐❜❧❡✱ ✈✐❛

s❝r✐♣t✐♥❣✱ t♦ ❛❝❝❡ss ♣r❡❞❡✜♥❡❞ ❣❡♦♠❡tr② ❝❧❛ss❡s✱ t❛❦❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ❡①✐st✲

✐♥❣ ❣r❛♣❤✐❝❛❧ s②st❡♠ t♦ ❞✐s♣❧❛② ❛♥❞ ♥❛✈✐❣❛t❡ ❛r♦✉♥❞ t❤❡ ❣❡♦♠❡tr② ❛♥❞ ✉s❡ t❤❡

❣❡♥❡r❛❧ ❢✉♥❝t✐♦♥❛❧✐t② ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ❘❤✐♥♦❝❡r♦s t♦ ❛✈♦✐❞ ✇r✐t✐♥❣ ❡✈❡r② ♠❡t❤♦❞

❢r♦♠ s❝r❛t❝❤✳

●r❛ss❤♦♣♣❡r✸❉ ✐s ♦♥❡ s✉❝❤ ❢r❡❡ ♣❧✉❣✲✐♥ ❢♦r ❘❤✐♥♦❝❡r♦s ❞❡✈❡❧♦♣❡❞ ❜② ❉❛✈✐❞ ❘✉t✲

t❡♥ ✭▼❝◆❡❡❧✱ ✷✵✶✺❛✮✱ ✇❤✐❝❤ ❤❛s ❣❛✐♥❡❞ ♠✉❝❤ ♣♦♣✉❧❛r✐t② ✇✐t❤✐♥ t❤❡ ❧❛st t❡♥

②❡❛rs✳ ❉✉❡ t♦ t❤❡ ✇✐❞❡ ❛♣♣❧✐❝❛❜✐❧✐t② ♦❢ ●r❛ss❤♦♣♣❡r✱ t❤❡ ❘❤✐♥♦❝❡r♦s ♠♦❞❡❧❧✐♥❣

♣r♦❣r❛♠ ❤❛s st❛rt❡❞ t♦ ❣r♦✇ ✐♥t♦ t❤❡ ❡♥❣✐♥❡❡r✐♥❣✴❝♦♥tr❛❝t♦r ♣r❛❝t✐❝❡s ❛s ✇❡❧❧✳

❚❤✐s ♠❛❦❡s ❘❤✐♥♦❝❡r♦s✴●r❛ss❤♦♣♣❡r t❤❡ ✐❞❡❛❧ ♣❧❛t❢♦r♠ ❢♦r t❤✐s s♦❢t✇❛r❡ ♣r♦✲

❥❡❝t s✐♥❝❡ ✐t ❛✐♠s ❛t ❡♥❝♦✉r❛❣✐♥❣ t❤❡ ❞✐❛❧♦❣✉❡ ❜❡t✇❡❡♥ t❤❡ ❛r❝❤✐t❡❝t ❛♥❞ ❡♥❣✐♥❡❡r

✐♥ t❤❡ ❝♦♥❝❡♣t✉❛❧ ❞❡s✐❣♥ st❛❣❡✱ ✇❤✐❝❤ ✐s ❡♥❤❛♥❝❡❞ ❜② ✉s✐♥❣ t❤❡ s❛♠❡ s♦❢t✇❛r❡✳

❇❡s♣♦❦❡ ❝♦♠♣♦♥❡♥ts ❛r❡ ✇r✐tt❡♥ ❜② t❤❡ ❛✉t❤♦r ✐♥ t❤❡ ♦❜❥❡❝t✲♦r✐❡♥t❡❞ ❈★ ♣r♦✲

❣r❛♠♠✐♥❣ ❧❛♥❣✉❛❣❡ ✉s✐♥❣ ▼✐❝r♦s♦❢t ❱✐s✉❛❧ ❙t✉❞✐♦ ❞❡✈❡❧♦♣❡r ❡♥✈✐r♦♥♠❡♥t ❢♦r

❝♦♠♣✐❧✐♥❣ t❤❡ ♣r♦❣r❛♠s✳ ❋♦r ♥✉♠❡r✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥s ❛ ▼❛t❧❛❜ ❈❖▼ ✐♥t❡r❢❛❝❡ ✐s

✉s❡❞ ✐♥ ♦r❞❡r t♦ ❝❛❧❧ ▼❛t❧❛❜ ❢✉♥❝t✐♦♥s ❢r♦♠ ✇✐t❤✐♥ ●r❛ss❤♦♣♣❡r ✭▼❛t❤❲♦r❦s✱

✷✵✶✺✮✳

❙✐♥❝❡ t❤❡ ❤❛r♠♦♥✐❝ ♠♦❞❡❧❧✐♥❣ ❛♣♣r♦❛❝❤ ✉s❡s ❛ ♠❡s❤ r❡♣r❡s❡♥t❛t✐♦♥✱ ❛ ❞❛t❛ str✉❝✲

t✉r❡ t♦ st♦r❡ t❤❡ ♠❡s❤ ✐♥❢♦r♠❛t✐♦♥ ✐♥ ❛♥ ❡✣❝✐❡♥t ♠❛♥♥❡r ✐s ❡ss❡♥t✐❛❧✳ ❙❡✈❡r❛❧

❞✐✛❡r❡♥t str✉❝t✉r❡s ❡①✐st ❛♥❞ t❤❡② ❝♦♥s✐st ♦❢ t❤❡ s❛♠❡ ❣❡♥❡r❛❧ ❝❧❛ss❡s ✭✈❡rt❡①✱

❡❞❣❡✱ ❢❛❝❡ ❛♥❞ ♠❡s❤ ❝❧❛ss✮ ❜✉t ❞✐✛❡r ✐♥ t❤❡ ✇❛② t❤❡② st♦r❡ ❝♦♥♥❡❝t✐✈✐t② ✐♥❢♦r♠✲

❛t✐♦♥✳ ❋♦r t❤✐s t❤❡s✐s t❤❡ ❢♦❧❧♦✇✐♥❣ ♦❜s❡r✈❛t✐♦♥s ❛r❡ ♠❛❞❡✿

• ❖♥❧② ✷✲♠❛♥✐❢♦❧❞ ♠❡s❤❡s ❛r❡ ❝♦♥s✐❞❡r❡❞ ✐✳❡✳ ❡❛❝❤ ❡❞❣❡ ❝❛♥ ♦♥❧② ❤❛✈❡ t✇♦

❛❞❥❛❝❡♥t ❢❛❝❡s✳ ❚❤✐s ❡①❝❧✉❞❡s t✲❥✉♥❝t✐♦♥s ❛♥❞ ✐♥t❡r♥❛❧ ♣♦❧②❣♦♥s ✭▼❝●✉✐r❡✱

✷✵✵✵✮

• ❚❤❡ ♠❡s❤ ❝❛♥ ❜❡ ♦❢ ❛r❜✐tr❛r② t♦♣♦❧♦❣②

• ❊✣❝✐❡♥t ❛❞❥❛❝❡♥❝② q✉❡r✐❡s ❛r❡ ❛ ❤✐❣❤ ♣r✐♦r✐t② t♦ ✐♠♣r♦✈❡ ❝♦♠♣✉t❛t✐♦♥❛❧

s♣❡❡❞

❆ ❤❛❧❢❡❞❣❡ ❞❛t❛ str✉❝t✉r❡ s✉♣♣♦rts t❤❡s❡ t♦♣♦❧♦❣✐❝❛❧ ❛♥❞ ❛❧❣♦r✐t❤♠✐❝ r❡q✉✐r❡✲

♠❡♥ts ✭❇♦ts❝❤ ❡t ❛❧✳✱ ✷✵✶✵✮ ❛♥❞ ❤❛s r❡❝❡♥t❧② ❜❡❡♥ ✐♠♣❧❡♠❡♥t❡❞ ✉♥❞❡r t❤❡ ♣r♦❥❡❝t
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Chapter 2: Literature review

♥❛♠❡ ✏P❧❛♥❦t♦♥✑ ✐♥ t❤❡ ❝❤♦s❡♥ s♦❢t✇❛r❡ ♣❧❛t❢♦r♠ ✭P✐❦❡r ❛♥❞ P❡❛rs♦♥✱ ✷✵✶✺✮✳ ❋♦r

t❤❡s❡ r❡❛s♦♥s ❛ ❤❛❧❢❡❞❣❡ ♠❡s❤ str✉❝t✉r❡ ❢♦r♠s t❤❡ ❜❛s✐s ❢♦r t❤❡ ❢✉♥❝t✐♦♥❛❧✐t② ✐♠✲

♣❧❡♠❡♥t❛t✐♦♥ ❛s ♣❛rt ♦❢ t❤✐s t❤❡s✐s✳
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❈❤❛♣t❡r ✸

❍❛r♠♦♥✐❝ ♠♦❞❡❧❧✐♥❣

■♥ t❤✐s ❝❤❛♣t❡r t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❢r❛♠❡✇♦r❦ ❜❡❤✐♥❞ ♠♦❞❡❧❧✐♥❣ ✇✐t❤ ❤❛r♠♦♥✐❝s ✐s

❡①♣❧❛✐♥❡❞✳ ■♥✐t✐❛❧ t❡sts s❡r✈❡ t♦ ✈❡r✐❢② ❛ ❝♦rr❡❝t ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❛♥❞ t♦ ❞❡✈❡❧♦♣

❛♥ ✐♥t✉✐t✐✈❡ ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡ ❞❡s✐❣♥ t♦♦❧✳ ❋r♦♠ t❤❡ ❜❛s✐❝ ❢r❛♠❡✇♦r❦ ❢✉rt❤❡r

r❡✜♥❡♠❡♥ts ❛r❡ ✐♥tr♦❞✉❝❡❞✱ ❣✉✐❞❡❞ ❜② s❡✈❡r❛❧ s♠❛❧❧❡r ❡①❛♠♣❧❡s t♦ ♠❛❦❡ t❤❡ t♦♦❧

♠♦r❡ s✉✐t❛❜❧❡ ❢♦r ❛r❝❤✐t❡❝t✉r❛❧ ❛♥❞ ❡♥❣✐♥❡❡r✐♥❣ ❛♣♣❧✐❝❛t✐♦♥s✳

✸✳✶ ❋r❛♠❡✇♦r❦

❍❛r♠♦♥✐❝ ♠♦❞❡❧❧✐♥❣ ✐s ❡ss❡♥t✐❛❧❧② ❛ ♠❡t❤♦❞ ♦❢ ♣❡r❢♦r♠✐♥❣ ❋♦✉r✐❡r ❛♥❛❧②s✐s ♦♥

♠❡s❤❡s ✭▲é✈② ❛♥❞ ❩❤❛♥❣✱ ✷✵✵✾✮✳ ❚❤❡ r❡❛❞❡r ✐s r❡❢❡rr❡❞ t♦ ❆♣♣❡♥❞✐① ❆ ❢♦r ❛

♠♦r❡ ❞❡t❛✐❧❡❞ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤✐s t♦♣✐❝✳ ■t ✇❛s ♦r✐❣✐♥❛❧❧② ❞❡✈❡❧♦♣❡❞ ❜② ❚❛✉❜✐♥

✭✶✾✾✺✮ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ s✉r❢❛❝❡ ❢❛✐r✐♥❣ ❜✉t ❤❛s r❡❝❡♥t❧② ❢♦✉♥❞ s❡✈❡r❛❧ ♦t❤❡r

❛♣♣❧✐❝❛t✐♦♥s ✐♥❝❧✉❞✐♥❣ ♠❡s❤ q✉❛❞r❛♥❣✉❧❛t✐♦♥✱ ♠❡s❤ s❡❣♠❡♥t❛t✐♦♥ ❛♥❞ ❣❡♦♠❡tr②

❝♦♠♣r❡ss✐♦♥ ✭❩❤❛♥❣ ❡t ❛❧✳✱ ✷✵✶✵✮✳ ■♥ t❤✐s t❤❡s✐s t❤❡ ♠❡t❤♦❞ ✐s ✉s❡❞ t♦ ❛❝❤✐❡✈❡ ❛

❧♦✇ ♣❛r❛♠❡tr✐s❛t✐♦♥ ♦❢ ❛ ❣✐✈❡♥ ♠❡s❤✳

❚❤✐s ❧♦✇ ♣❛r❛♠❡tr✐s❛t✐♦♥ ✐s t❤❡ ❦❡② t♦ ❞❡✈❡❧♦♣✐♥❣ ❛ ❢r❡❡✲❢♦r♠ ♠♦❞❡❧❧✐♥❣ t♦♦❧

t❤❛t ❤♦❧❞s t❤❡ s❛♠❡ ❧❡✈❡❧ ♦❢ ✐♥t✉✐t✐♦♥ ❛♥❞ ❡❛s❡ ♦❢ ♠♦❞✐✜❝❛t✐♦♥ ❛s ◆❯❘❇❙ ❛♥❞

s✉❜❞✐✈✐s✐♦♥ s✉r❢❛❝❡s✳ ❚❤❡ ♠❛✐♥ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❧♦✇ ♣❛r❛♠❡tr✐s❛t✐♦♥ ✐s t❤❡r❡❢♦r❡

t♦ ❝r❡❛t❡ ❛ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ✈❡rt✐❝❡s ✐♥ t❤❡ ♠❡s❤ t♦ ❣✉❛r❛♥t❡❡ s♠♦♦t❤♥❡ss

❛♥❞ ❛t t❤❡ s❛♠❡ t✐♠❡ ♣r♦✈✐❞❡ s✉✣❝✐❡♥t ❞❡s✐❣♥ ✢❡①✐❜✐❧✐t②✱ ✐❞❡❛❧❧② s✉❝❤ t❤❛t ❛♥②

s❤❛♣❡ ❝❛♥ ❜❡ ♠♦❞❡❧❧❡❞✳ ❚❤❡ ❤❛r♠♦♥✐❝ ♠♦❞❡❧❧✐♥❣ ❛♣♣r♦❛❝❤ ✐s ❢✉♥❞❛♠❡♥t❛❧❧②

✷✺



Chapter 3: Harmonic modelling

❞✐✛❡r❡♥t ❢r♦♠ ◆❯❘❇❙ ♦r s✉❜❞✐✈✐s✐♦♥ s✉r❢❛❝❡s✳ ❋♦r t❤❡ ❧❛tt❡r✱ t❤❡ ❝♦♥tr♦❧ ♣♦❧②✲

❣♦♥ ❛♥❞ t❤✉s t❤❡ ♠♦❞✐✜❝❛t✐♦♥ ♦❢ s✉r❢❛❝❡s ❜❡❝♦♠❡s t❛♥❣✐❜❧❡ ❞✉❡ t♦ t❤❡ s♣❛t✐❛❧

❝♦♥✜❣✉r❛t✐♦♥ ✐t ♦♣❡r❛t❡s ♦♥✱ ✇❤❡r❡❛s t❤❡ ✈❛r✐❛❜❧❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❤❛r♠♦♥✐❝

♠♦❞❡❧❧✐♥❣ ❛r❡ ♥✉♠❡r✐❝❛❧ ✈❛❧✉❡s t❤❛t ❝♦♥tr♦❧ t❤❡ s✉♠♠❛t✐♦♥ ♦❢ ✇❛✈❡s ✇✐t❤ ❞✐❢✲

❢❡r❡♥t ❢r❡q✉❡♥❝②✳ ❚❤✐s ❝♦♥❝❡♣t ✐s ♠♦r❡ ❛❜str❛❝t ❜✉t ✐t ❤❛s ♦t❤❡r ❛❞✈❛♥t❛❣❡s✿

■t ✐s ❦♥♦✇♥ ❢r♦♠ ❋♦✉r✐❡r ❛♥❛❧②s✐s t❤❛t r❡♣r❡s❡♥t✐♥❣ ❛ ❢✉♥❝t✐♦♥ ✐♥ t❤❡ ❢r❡q✉❡♥❝②

❞♦♠❛✐♥ ♣r♦✈✐❞❡s ✐♥❢♦r♠❛t✐♦♥ t❤❛t ✐t ✐s ♥♦t ♣♦ss✐❜❧❡ t♦ ❡①tr❛❝t ❢r♦♠ t❤❡ s♣❛t✐❛❧

❞♦♠❛✐♥✱ ✇❤✐❝❤ ❡♥❤❛♥❝❡s t❤❡ ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ ✇❤❛t t❤❡ ❢✉♥❝t✐♦♥ ✐s ❝♦♠♣♦s❡❞

♦❢ ❛♥❞ t❤❡r❡❜② ❛❧❧♦✇s ❞❛t❛ ♠❛♥✐♣✉❧❛t✐♦♥✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❞❡s✐❣♥ ❧❛♥❣✉❛❣❡ ✐s

✈❡r② ❞✐✛❡r❡♥t ❞✉❡ t♦ t❤❡ s✉♠♠❛t✐♦♥ ♦❢ ✇❛✈❡s ❛♥❞ ✐♥ s♦♠❡ s✐t✉❛t✐♦♥s t❤✐s ♠❛② ❜❡

❜❡♥❡✜❝✐❛❧ t♦ ❜r♦❛❞❡♥ t❤❡ ❛r❝❤✐t❡❝t✉r❛❧ ❡①♣r❡ss✐♦♥ ♦❢ s❤❡❧❧s ❛♥❞ ♣r♦✈✐❞❡ ❡✣❝✐❡♥t

str✉❝t✉r❛❧ s♦❧✉t✐♦♥s✳

❇♦ts❝❤ ❡t ❛❧✳ ✭✷✵✶✵✮ ✐❞❡♥t✐❢② t❤❡ tr❛♥s❧❛t✐♦♥ ♦❢ t❤❡ t❤❡♦r② ❜❡❤✐♥❞ ❋♦✉r✐❡r ❛♥❛❧②s✐s

t♦ ❛r❜✐tr❛r② ♠❡s❤❡s ✐s ♥♦t ❞✐r❡❝t❧② ♣♦ss✐❜❧❡ ✇✐t❤♦✉t t❤❡ ♠✐ss✐♥❣ ❧✐♥❦ ♦❜s❡r✈❡❞

❜② ❚❛✉❜✐♥ ✭✶✾✾✺✮❀ ✏t❤❡ ❝❧❛ss✐❝❛❧ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ♦❢ ❛ s✐❣♥❛❧ ❝❛♥ ❜❡ s❡❡♥ ❛s t❤❡

❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ s✐❣♥❛❧ ✐♥t♦ ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ ❡✐❣❡♥✈❡❝t♦rs ♦❢ t❤❡

▲❛♣❧❛❝✐❛♥ ♦♣❡r❛t♦r✑✳ ▼❛t❤❡♠❛t✐❝❛❧❧②✱ t❤✐s ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s

▲ · ~v = λ · ~v ✭✸✳✶✳✶✮

❲❤❡r❡ ▲ ✐s t❤❡ ▲❛♣❧❛❝✐❛♥ ♠❛tr✐①✱ λ ❛r❡ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ❛♥❞ ~v ❛r❡ t❤❡ ❡✐❣❡♥✲

✈❡❝t♦r✳ ❚❤✐s ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ❤❛s ♠❛♥② s✐♠✐❧❛r✐t✐❡s ✇✐t❤ ❛ ✜♥✐t❡ ❡❧❡♠❡♥t

♠♦❞❛❧ ❛♥❛❧②s✐s✱ ✇❤✐❝❤ ♣❡r❢♦r♠s ❛♥ ❡✐❣❡♥❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ st✐✛♥❡ss ♠❛tr✐①

♦❢ ❛ str✉❝t✉r❡ ✐♥ ♦r❞❡r t♦ ❞❡s❝r✐❜❡ t❤❡ ✈✐❜r❛t✐♦♥❛❧ ♠♦❞❡s ✭❈♦♦❦✱ ✶✾✾✺✮✳ ❱❛r✐♦✉s

✐♥❢♦r♠❛t✐♦♥ s✉❝❤ ❛s ❝❤♦✐❝❡ ♦❢ ♠❛t❡r✐❛❧ ❛♥❞ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ❛r❡ ♥❡❝❡ss❛r② t♦

❝♦♥str✉❝t t❤✐s st✐✛♥❡ss ♠❛tr✐①✱ ✇❤✐❝❤ ✐s ✉♥❞❡s✐r❛❜❧❡ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❢r❡❡✲❢♦r♠

♠♦❞❡❧❧✐♥❣ ✐♥ t❤❡ ❝♦♥❝❡♣t✉❛❧ ❞❡s✐❣♥ st❛❣❡✳ ❚❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ▲❛♣❧❛❝✐❛♥ ♦♣❡r✲

❛t♦r ✐s t❤❛t ✐t ✐s ♣✉r❡❧② r❡❧❛t❡❞ t♦ ❣❡♦♠❡tr② ❜✉t ♥❡✈❡rt❤❡❧❡ss ✐t ❝❛♥ ❜❡ t❤♦✉❣❤t

♦❢ ❛s ❛ s✐♠♣❧✐✜❡❞ st✐✛♥❡ss ♠❛tr✐①✳ ❚❤✐s ❝♦❤❡r❡♥❝❡ ❣✐✈❡s ❛ ♣❤②s✐❝❛❧ ✐♥t❡r♣r❡t❛t✐♦♥

♦❢ t❤❡ ❡✐❣❡♥✈❡❝t♦rs ❛s t❤❡ ✈✐❜r❛t✐♦♥❛❧ ♠♦❞❡s ♦❢ ❛ ♠❡s❤ ❛♥❞ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ❛s

t❤❡ sq✉❛r❡❞ ❢r❡q✉❡♥❝✐❡s
√
λ = f ✭❉♦♥❣ ❡t ❛❧✳✱ ✷✵✵✻✮✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥s ❝♦♥t❛✐♥ ❛ ♠♦r❡ ❞❡t❛✐❧❡❞ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ▲❛♣❧❛❝✐❛♥

♦♣❡r❛t♦r✱ ✐ts ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❛♥❞ ❤♦✇ t♦ ♣❡r❢♦r♠ ❛♥ ❡✐❣❡♥❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥ ♦r❞❡r

t♦ ♦❜t❛✐♥ ❛ ♠♦r❡ ✐♥t✉✐t✐✈❡ ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡ ❢r❛♠❡✇♦r❦✳ ❙✉❜s❡q✉❡♥t❧②✱ t❤❡s❡

♣❛rts ❛r❡ ❝♦♠❜✐♥❡❞ t♦ ❢♦r♠ t❤❡ ❤❛r♠♦♥✐❝ ♠♦❞❡❧❧✐♥❣ s❡t✲✉♣✳
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✸✳✶✳✶ ❚❤❡ ❞✐s❝r❡t❡ ▲❛♣❧❛❝✐❛♥

❚❤❡ ▲❛♣❧❛❝✐❛♥ ✐s ❛ s❡❝♦♥❞ ♦r❞❡r ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦r ✐♥ ♥✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡

❞❡✜♥❡❞ ❜②

△ =
∂2

∂x2
1

+ . . .+
∂2

∂x2
n

✭✸✳✶✳✷✮

■t ❞❡s❝r✐❜❡s t❤❡ ❞✐✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❣r❛❞✐❡♥t✱ ✇❤✐❝❤ ❢♦r ♥♦♥✲♠❛t❤❡♠❛t✐❝✐❛♥s ❝❛♥

❜❡ t❤♦✉❣❤t ♦❢ ✐♥ ✸❉ ❛s ❤♦✇ ♠✉❝❤ ❣r❛❞✐❡♥t ❝♦♠❡s ✐♥t♦ ❛ ♣♦✐♥t ✭✐♥✜♥✐t❡s✐♠❛❧

❝✉❜❡✮✳ ❚♦ ❣❡t ❛ ❜❡tt❡r ❣❡♥❡r❛❧ ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡ ♦♣❡r❛t♦r t❤❡ r❡✇r✐t✐♥❣ ♦❢

t❤❡ s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡ ✭❍❡r❤♦❧③✱ ✷✵✶✷✮ ✐s ❤❡❧♣❢✉❧

∂2f

∂x2
= lim

h→∞

(

f(x+ h) + f(x− h)− 2f(x)

2h2

)

✭✸✳✶✳✸✮

❋r♦♠ t❤✐s ❡q✉❛t✐♦♥ ✐t ✐s s❡❡♥ t❤❛t t❤❡ ▲❛♣❧❛❝✐❛♥ ❞❡s❝r✐❜❡s t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥

❛ ❢✉♥❝t✐♦♥ ✈❛❧✉❡ ✐♥ ① ❛♥❞ t❤❡ ❛✈❡r❛❣❡ ♦❢ ❛ s♠❛❧❧ ♥❡✐❣❤❜♦✉r❤♦♦❞✳ ❋♦r ♠❡s❤❡s

t❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ❛ ❢✉♥❝t✐♦♥ ✈❛❧✉❡ ✐♥ ❛ s♣❡❝✐✜❝ ✈❡rt❡①

❛♥❞ t❤❡ ✭✇❡✐❣❤t❡❞✮ ❛✈❡r❛❣❡ ♦❢ t❤❡ ✶✲r✐♥❣ ♥❡✐❣❤❜♦✉r❤♦♦❞✳ ❚❤❡ ❞✐s❝r❡t❡ ▲❛♣❧❛❝✐❛♥

♦♣❡r❛t♦r ✐s ❞❡✜♥❡❞ ✭❘❡✉t❡r ❡t ❛❧✳✱ ✷✵✵✾✮ ❛s

△f(vi) =
1

di
·

∑

j∈N(i)

wij · (f(vi)− f(vj)) ✭✸✳✶✳✹✮

❍❡r❡ wij = wji ✐s ❛ s②♠♠❡tr✐❝ ❡❞❣❡ ✇❡✐❣❤t✱ N(i) ✐s t❤❡ s❡t ♦❢ ✈❡rt✐❝❡s ✐♥❝❧✉❞❡❞ ✐♥

t❤❡ ✶✲r✐♥❣ ♥❡✐❣❤❜♦✉r❤♦♦❞ ♦❢ ✈❡rt❡① vi ❛♥❞ di ✐s t❤❡ ♠❛ss ❛ss♦❝✐❛t❡❞ ✇✐t❤ ✈❡rt❡①

vi✳ ❊✈❡♥ t❤♦✉❣❤ t❤❡ ▲❛♣❧❛❝✐❛♥ ♦♥❧② ✐♥❝♦r♣♦r❛t❡s ❧♦❝❛❧ ✐♥❢♦r♠❛t✐♦♥ ✐t ✐s st✐❧❧

❝❛♣❛❜❧❡ ♦❢ ❛❝t✐♥❣ ❣❧♦❜❛❧❧② ❛♥❞ r❡✈❡❛❧s ♣r♦♣❡rt✐❡s t❤❛t ❛r❡ ✉♥✐q✉❡ t♦ t❤❡ ❣✐✈❡♥

♠❡s❤ ✭❩❤❛♥❣ ❡t ❛❧✳✱ ✷✵✵✼✮✳

❊q✉❛t✐♦♥ ✸✳✶✳✹ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ✐♥ ♠❛tr✐① ❢♦r♠ ❛s ❛♥ ♥ ① ♥ ♠❛tr✐① ✇❤❡r❡ ♥ ✐s t❤❡

♥✉♠❜❡r ♦❢ ✈❡rt✐❝❡s ✐♥ t❤❡ ♠❡s❤✳ ❱❛❧❧❡t ❛♥❞ ▲é✈② ✭✷✵✵✽✮ ❝♦♥❝❧✉❞❡ t❤❛t ❛ ❞✐s❝r❡t❡

▲❛♣❧❛❝✐❛♥ t❤❛t ♠❡❡ts ❛❧❧ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❝♦♥t✐♥✉♦✉s ♦♣❡r❛t♦r ❝❛♥♥♦t ❡①✐st

♦♥ ❣❡♥❡r❛❧ ♠❡s❤❡s✳ ❚❤❡r❡❢♦r❡ s❡✈❡r❛❧ ❞✐✛❡r❡♥t ❞✐s❝r❡t✐s❛t✐♦♥s ♦❢ t❤❡ ▲❛♣❧❛❝✐❛♥

❡①✐st✱ ✇❤❡r❡ ❡❛❝❤ ♦♥❡ tr✐❡s t♦ ❝❛♣t✉r❡ s♣❡❝✐✜❝ ♣r♦♣❡rt✐❡s✳ ❘❡✇r✐t✐♥❣ ❊q✉❛t✐♦♥

✸✳✶✳✹ ✐♥ ♠❛tr✐① ❢♦r♠ ❣❡♥❡r❛❧❧② ❞♦❡s ♥♦t r❡s✉❧t ✐♥ ❛ s②♠♠❡tr✐❝ ♠❛tr✐① ❞✉❡ t♦ t❤❡

♣♦ss✐❜❧② ♥♦♥✲✉♥✐❢♦r♠ ♠❛ss✳ ❍♦✇❡✈❡r✱ ❢♦r t❤❡ s❝♦♣❡ ♦❢ t❤✐s t❤❡s✐s t❤❡ s②♠♠❡tr②

27



Chapter 3: Harmonic modelling

♦❢ t❤❡ ▲❛♣❧❛❝✐❛♥ ♠❛tr✐① ✐s ❡ss❡♥t✐❛❧ t♦ ❣✉❛r❛♥t❡❡ r❡❛❧ ❡✐❣❡♥✈❡❝t♦rs t❤❛t ❝r❡❛t❡

❛♥ ♦rt❤♦❣♦♥❛❧ ❜❛s✐s✳ ❚❤✐s ♠❛tr✐① str✉❝t✉r❡ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

Lij =























−wij if i 6= j and vi is adjacent to vj
∑

j∈N(i)

wij if i = j

0 otherwise

✭✸✳✶✳✺✮

❍❡r❡ Lij ✐s ❛ s②♠♠❡tr✐❝ ♠❛tr✐① ✇❤❡r❡ ❡❛❝❤ r♦✇ ❛♥❞ ❝♦❧✉♠♥ s✉♠s ✉♣ t♦ ③❡r♦✳ ❚❤❡

s✐♠♣❧❡st ❞✐s❝r❡t✐s❛t✐♦♥ ♦❢ t❤❡ ♦♣❡r❛t♦r ✐s t❤❡ ❣r❛♣❤ ▲❛♣❧❛❝✐❛♥✱ ✇❤✐❝❤ ✐s ❞❡✜♥❡❞

❜② ❛♥ ❡❞❣❡ ✇❡✐❣❤t ❡q✉❛❧ t♦ ✶ ❛♥❞ ✇✐t❤ ❛ ✉♥✐❢♦r♠ ♠❛ss ❞✐str✐❜✉t✐♦♥✳ ■t ♠❡❛♥s

t❤❛t t❤❡ ♠❛tr✐① ❤❛s ✲✶ ✐♥ ♦✛✲❞✐❛❣♦♥❛❧ ❝❡❧❧s ✇❤❡r❡ t✇♦ ✈❡rt✐❝❡s ❛r❡ ❝♦♥♥❡❝t❡❞

❜② ❛♥ ❡❞❣❡✱ ❛♥❞ t❤❡ s✉♠ ♦❢ t❤❡ ❡❞❣❡ ✇❡✐❣❤ts ♦♥ t❤❡ ❞✐❛❣♦♥❛❧s t❤✉s r❡♣r❡s❡♥ts

t❤❡ ✈❛❧❡♥❝❡ ✭▼✐❝❤❛❧❛t♦s ❛♥❞ ❑❛✐❥✐♠❛✱ ✷✵✶✹✮✳ ●❡♦♠❡tr✐❝❛❧❧② t❤✐s ✐s ✐♥t❡r♣r❡t❡❞

❛s ❛ ✈❡❝t♦r ♣♦✐♥t✐♥❣ ❢r♦♠ ❛ ❣✐✈❡♥ ✈❡rt❡① t♦✇❛r❞s t❤❡ ❜❛r②❝❡♥tr❡ ♦❢ ✐ts ✶✲r✐♥❣

♥❡✐❣❤❜♦✉r❤♦♦❞✳

❚❤✐s ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❣r❛♣❤ ▲❛♣❧❛❝✐❛♥ ✇❛s t❤❡ ♦♥❡ ✐♥✐t✐❛❧❧② ✉s❡❞ ❜② ❚❛✉❜✐♥

✭✶✾✾✺✮ t♦ s❡t ✉♣ t❤❡ ❢r❛♠❡✇♦r❦✳ ❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❣r❛♣❤ ▲❛♣❧❛❝✐❛♥ ✐s ✈❡r②

s✐♠♣❧❡ ❛♥❞ ❡❛s② t♦ ❝♦♠♣✉t❡ ❛♥❞ ✐s ❛♣♣❧✐❝❛❜❧❡ t♦ ❛r❜✐tr❛r② ♠❡s❤ t♦♣♦❧♦❣✐❡s ❜✉t

t❤❡ ❞r❛✇❜❛❝❦ ✐s t❤❛t ✐t s♦❧❡❧② ❞❡♣❡♥❞s ♦♥ t❤❛t t♦♣♦❧♦❣②✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✐t ❞♦❡s

♥♦t ❛❞❛♣t t♦ ❛♥② ♥♦♥✲✉♥✐❢♦r♠ ♦r s♣❛t✐❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ✈❡rt✐❝❡s ❜✉t ✐t ♦♥❧②

❝❤❛♥❣❡s ✐❢ t❤❡ t♦♣♦❧♦❣② ✐s ♠♦❞✐✜❡❞✱ ✇❤✐❝❤ ♠❛❦❡s t❤❡ ✈❡rt❡① ✈❛❧❡♥❝❡ ❛ s❡♥s✐t✐✈❡

✐ss✉❡✳ ❆♥♦t❤❡r ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥ ✐s t❤❛t t❤❡ ▲❛♣❧❛❝✐❛♥ ✈❡❝t♦r ❝❛♥

❜❡ ♥♦♥✲③❡r♦ ❡✈❡♥ ❢♦r ❛ ✢❛t ♠❡s❤✳ ❍♦✇❡✈❡r✱ ✐♥ s✉❝❤ ❝♦♥✜❣✉r❛t✐♦♥ t❤❡ ▲❛♣❧❛❝✐❛♥

✐s ❡①♣❡❝t❡❞ t♦ ❜❡ ③❡r♦ s✐♥❝❡ ✐t r❡♣r❡s❡♥ts t❤❡ ❞✐✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❣r❛❞✐❡♥t ❛♥❞ t❤❡

❣r❛❞✐❡♥t ❢♦r ❛ ✢❛t ♠❡s❤ ✐s ③❡r♦✳ ❚❤✐s ♠♦t✐✈❛t❡s t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ▲❛♣❧❛❝✐❛♥✱

✇❤✐❝❤ ✐s ❜♦t❤ t♦♣♦❧♦❣② ❛♥❞ ❣❡♦♠❡tr② ❛✇❛r❡ ✇✐t❤ ③❡r♦ ✈❡❝t♦rs ❢♦r ✢❛t ♠❡s❤❡s✳

❆s ❛ r❡s✉❧t✱ P✐♥❦❛❧❧ ❛♥❞ P♦❧t❤✐❡r ✭✶✾✾✸✮ ❤❛✈❡ ❞❡r✐✈❡❞ t❤❡ ✇✐❞❡❧② ✉s❡❞ ❣❡♦♠❡tr✐❝

♠❡s❤ ▲❛♣❧❛❝✐❛♥ ✇✐t❤ ❝♦t❛♥❣❡♥t ✇❡✐❣❤ts ❜❛s❡❞ ♦♥ ♠❡s❤ ❡♥❡r❣② ❝♦♥s✐❞❡r❛t✐♦♥s✳ ❆

♠♦r❡ ✐♥t✉✐t✐✈❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ s❛♠❡ ❢♦r♠✉❧❛ ❜② ❉❡s❜r✉♥ ❡t ❛❧✳ ✭✶✾✾✾✮ ✉s❡s t❤❡

❣r❛❞✐❡♥t ♦❢ t❤❡ ❛r❡❛ ♦❢ ❛❧❧ t❤❡ tr✐❛♥❣❧❡s ✐♥ t❤❡ ✶✲r✐♥❣ ♥❡✐❣❤❜♦✉r❤♦♦❞ ♦❢ ❛ ✈❡rt❡①

t♦ ❛❝❤✐❡✈❡ t❤❡ ❞❡s❝r✐❜❡❞ ♣r♦♣❡rt②✳ ❚❤✐s ❞❡r✐✈❛t✐♦♥ ✐s ❜❛s❡❞ ♦♥ t❤❡ ♦❜s❡r✈❛t✐♦♥

t❤❛t t❤❡ ❛r❡❛ ❞♦❡s ♥♦t ❝❤❛♥❣❡ ✐❢ t❤❡ ❝❡♥tr❡ ✈❡rt❡① ♠♦✈❡s ✐♥✲♣❧❛♥❡ ✇❤❡r❡❛s ❛

♠♦✈❡♠❡♥t ♦✉t ♦❢ ♣❧❛♥❡ ✐♥❝r❡❛s❡s t❤❡ ❛r❡❛✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ❛r❡❛ ❢✉♥❝t✐♦♥

❤❛s ❛ ❧♦❝❛❧ ♠✐♥✐♠✉♠ ❢♦r ❛ ✢❛t ♠❡s❤ ❝♦♥✜❣✉r❛t✐♦♥ ❛♥❞ t❤❡r❡❢♦r❡ ❛ ③❡r♦ ❣r❛❞✐❡♥t

✈❛❧✉❡✳ ❍❡♥❝❡✱ t❤❡ ❞❡s✐r❡❞ ♣r♦♣❡rt② ♦❢ ❛ ③❡r♦ ▲❛♣❧❛❝✐❛♥ ✈❡❝t♦r ❢♦r ❧♦❝❛❧❧② ✢❛t

r❡❣✐♦♥s ✐s ♦❜t❛✐♥❡❞ ♥♦ ♠❛tt❡r t❤❡ ✈❡rt❡① ✈❛❧❡♥❝❡✱ ❡❞❣❡ ❧❡♥❣t❤s ♦r ❛s♣❡❝t r❛t✐♦ ♦❢
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❢❛❝❡s✳ ❚❤❡ ❝♦t❛♥❣❡♥t ❡❞❣❡ ✇❡✐❣❤ts ❛r❡ ❞❡✜♥❡❞ ❛s

wij = cot(αij) + cot(βij) ✭✸✳✶✳✻✮

❲❤❡r❡ αij ❛♥❞ βij ❛r❡ t❤❡ ❛♥❣❧❡s ♦♣♣♦s✐t❡ t❤❡ t❤❡ ❡❞❣❡ ❝♦♥♥❡❝t✐♥❣ t❤❡ ✈❡rt✐❝❡s

vi ❛♥❞ vj ❛s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✸✳✶✳✶✳ ■♥ ♦r❞❡r t♦ t❛❧❦ ❛❜♦✉t ❛♥ ♦♣♣♦s✐t❡ ❛♥❣❧❡

t❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡ ♠❡s❤ ✐s tr✐❛♥❣✉❧❛t❡❞✳ ❉✉❡ t♦ t❤❡ ♠✐ss✐♥❣ tr✐❛♥❣❧❡ ❢♦r ❛♥

❡❞❣❡ ❧♦❝❛t❡❞ ❛t t❤❡ ❜♦✉♥❞❛r② αij ♦r βij ✐s s❡t t♦ ③❡r♦ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ◆❡✉♠❛♥♥

❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✭❱❛❧❧❡t ❛♥❞ ▲é✈②✱ ✷✵✵✽✮✳

❋✐❣✉r❡ ✸✳✶✳✶ ✕ ❚❤❡ ❛♥❣❧❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ❝♦t❛♥❣❡♥t ✇❡✐❣❤ts

❆ ❣❡♦♠❡tr✐❝❛❧ ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ t❤❡ ❣r❛♣❤ ▲❛♣❧❛❝✐❛♥ ❛♥❞ t❤❡ ▲❛♣❧❛❝✐❛♥ ✇✐t❤

❝♦t❛♥❣❡♥t ✇❡✐❣❤ts ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✸✳✶✳✷✱ ✇❤✐❝❤ ❝♦♥✜r♠s t❤❡ ❞❡s✐r❡❞ ③❡r♦

✈❡❝t♦r ♣r♦♣❡rt② ❢♦r ✢❛t ♠❡s❤❡s✳ ❋r♦♠ t❤✐s ✐t ✐s ♥♦t s✉r♣r✐s✐♥❣ t❤❛t t❤❡ ❝♦t❛♥❣❡♥t

✇❡✐❣❤ts ❛r❡ ✉s❡❞ ✐♥ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ♠❡❛♥ ❝✉r✈❛t✉r❡ ♦❢ ♠❡s❤❡s ❛s ✇❡❧❧✳

❋✐❣✉r❡ ✸✳✶✳✷ ✕ ❆ ❣❡♦♠❡tr✐❝❛❧ ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ t❤❡ ❣r❛♣❤ ▲❛♣❧❛❝✐❛♥ ✭♦r❛♥❣❡✮ ❛♥❞ t❤❡
▲❛♣❧❛❝✐❛♥ ✇✐t❤ ❝♦t❛♥❣❡♥t ✇❡✐❣❤ts ✭❜❧✉❡✮

❚❤❡ ❞✐s❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ❝♦t❛♥❣❡♥t ✇❡✐❣❤ts ✐s t❤❛t ❢♦r ♦❜t✉s❡ tr✐❛♥❣❧❡s t❤❡ ✈❛❧✉❡

❜❡❝♦♠❡s ♥❡❣❛t✐✈❡✱ ✇❤✐❝❤ ❤❛✈❡ t❤❡ ♣♦t❡♥t✐❛❧ t♦ ❝❛✉s❡ ♣r♦❜❧❡♠s ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡
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❛♣♣❧✐❝❛t✐♦♥ ✭❇♦ts❝❤ ❡t ❛❧✳✱ ✷✵✶✵✮✳ ❆♥♦t❤❡r ❞✐s❛❞✈❛♥t❛❣❡ ♦❢ t❤✐s ❞✐s❝r❡t✐s❛t✐♦♥

♦❢ t❤❡ ▲❛♣❧❛❝✐❛♥ ✐s t❤❛t ✐t ❧❛❝❦s ❛ ♣r♦♣❡r ♠❛ss ✇❡✐❣❤t✐♥❣✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t

t❤❡ ✇❡✐❣❤ts ❛r❡ ❞❡♣❡♥❞❡♥t ♦♥ t❤❡ ♠❡s❤ ❞❡♥s✐t② ✭❘❡✉t❡r ❡t ❛❧✳✱ ✷✵✵✾✮✳ ❉❡s❜r✉♥

❡t ❛❧✳ ✭✶✾✾✾✮ s♦❧✈❡s t❤✐s ♣r♦❜❧❡♠ ❜② ✐♥tr♦❞✉❝✐♥❣ ♠❛ss ✇❡✐❣❤t✐♥❣s ❜❛s❡❞ ♦♥ t❤❡

❛r❡❛ ♦❢ ❛ ❧♦❝❛❧ ♥❡✐❣❤❜♦✉r❤♦♦❞ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❡❛❝❤ ✈❡rt❡①✳ ❚❤❡ ❜♦✉♥❞❛r② ♦❢

t❤✐s ♥❡✐❣❤❜♦✉r❤♦♦❞ ✐s ❝r❡❛t❡❞ ❜② str❛✐❣❤t ❧✐♥❡s ❝♦♥♥❡❝t✐♥❣ t❤❡ ♠✐❞♣♦✐♥ts ♦❢ t❤❡

r❛❞✐❛t✐♥❣ ❡❞❣❡s ❢r♦♠ ❛ ❣✐✈❡♥ ✈❡rt❡① ❛♥❞ t❤❡ ❜❛r②❝❡♥tr❡ ♦❢ t❤❡ ❛❞❥❛❝❡♥t ❢❛❝❡s

❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ s❛♠❡ ✈❡rt❡① t❤❡r❡❜② ❢♦r♠✐♥❣ s♦✲❝❛❧❧❡❞ ❜❛r②❝❡❧❧s ❛s s❡❡♥ ✐♥

❋✐❣✉r❡ ✸✳✶✳✸✳ ❇② ❞❡✜♥✐t✐♦♥ t❤✐s ❝♦♥str✉❝t✐♦♥ ♣❛rt✐t✐♦♥s ♦♥❡ tr✐❛♥❣❧❡ ✐♥t♦ t❤r❡❡

r❡❣✐♦♥s ♦❢ ❡q✉❛❧ ❛r❡❛ ♠❛❦✐♥❣ ✐t s✐♠♣❧❡ t♦ ❝♦♠♣✉t❡ t❤❡ ❛r❡❛ ♦❢ ❡❛❝❤ ❜❛r②❝❡❧❧ ❛s

s❡❡♥ ✐♥ ❋✐❣✉r❡ ✸✳✶✳✹❛✳ ❚❤❡ ❛r❡❛ ♦❢ ♦♥❡ tr✐❛♥❣❧❡ ✐s ❝❛❧❝✉❧❛t❡❞ ❛s ❤❛❧❢ t❤❡ ♠❛❣♥✐t✉❞❡

♦❢ t❤❡ ❝r♦ss ♣r♦❞✉❝t ♦❢ t✇♦ ❛❞❥❛❝❡♥t ❡❞❣❡ ✈❡❝t♦rs ✐♥ ❛ ❢❛❝❡✳ ▼❡②❡r ❡t ❛❧✳ ✭✷✵✵✷✮

♠♦❞✐✜❡s t❤✐s ❛♣♣r♦❛❝❤ ❜② ✉s✐♥❣ t❤❡ ❛r❡❛ ❝r❡❛t❡❞ ❜② str❛✐❣❤t ❧✐♥❡s ❝♦♥♥❡❝t✐♥❣

t❤❡ ♠✐❞♣♦✐♥ts ♦❢ t❤❡ r❛❞✐❛t✐♥❣ ❡❞❣❡s ❢r♦♠ ❛ ❣✐✈❡♥ ✈❡rt❡① ❛♥❞ t❤❡ ❝✐r❝✉♠❝❡♥t❡rs

♦❢ t❤❡ ❛❞❥❛❝❡♥t ❢❛❝❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ s❛♠❡ ✈❡rt❡① t❤❡r❡❜② ❢♦r♠✐♥❣ s♦✲❝❛❧❧❡❞

✈♦r♦♥♦✐ ❝❡❧❧s ❛s s❡❡♥ ✐♥ ❋✐❣✉r❡ ✸✳✶✳✸❜✲❝✳

■♥ ❜♦t❤ ❝❛s❡s ❛ ♣❡r❢❡❝t t✐❧✐♥❣ ♦❢ t❤❡ ♠❡s❤ ✐s ♦❜t❛✐♥❡❞ ♠❡❛♥✐♥❣ t❤❛t ♥♦ ♦✈❡r❧❛♣✲

♣✐♥❣ ♦r ♥♦♥✲❝♦✈❡r❡❞ ❛r❡❛s ❡①✐st ❜✉t ▼❡②❡r ❡t ❛❧✳ ✭✷✵✵✷✮ ❛r❣✉❡s t❤❛t t❤❡ ✈♦r♦♥♦✐

❝❡❧❧s ❣✐✈❡ ❛ ❜❡tt❡r ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ✈❛❧✉❡s ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ❝♦♥t✐♥✉♦✉s

▲❛♣❧❛❝✐❛♥ ♦♣❡r❛t♦r s✐♥❝❡ t❤❡ ✈♦r♦♥♦✐ ❝❡❧❧s ❡①❛❝t❧② ❝♦♥t❛✐♥ t❤❡ ❝❧♦s❡st ♣♦✐♥ts t♦

❡❛❝❤ ✈❡rt❡①✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡ ✈♦r♦♥♦✐ ❛r❡❛ ♦♥❧② ❞❡♣❡♥❞s ♦♥ ✈❡rt❡① ♣♦s✐t✐♦♥s

❛♥❞ ♥♦t t❤❡ ❝♦♥♥❡❝t✐✈✐t② ✭❏❛❝♦❜s♦♥✱ ✷✵✶✵✮✳ ❲♦r❦✐♥❣ ✇✐t❤ ✈♦r♦♥♦✐ ❛r❡❛s r❡q✉✐r❡

♠♦r❡ ❛tt❡♥t✐♦♥ ❛♥❞ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡ ❜❡❝❛✉s❡ ✐❢ ♦❜t✉s❡ tr✐❛♥❣❧❡s ❡①✐st ✐♥ t❤❡

♠❡s❤ t❤❡♥ t❤❡ ❝✐r❝✉♠❝❡♥t❡rs ❧✐❡ ♦✉ts✐❞❡ t❤❡ ❜♦✉♥❞❛r✐❡s ❝❛✉s✐♥❣ ♣r♦❜❧❡♠s ❢♦r t❤❡

❛r❡❛ ❝❛❧❝✉❧❛t✐♦♥✳ ▼❡②❡r ❡t ❛❧✳ ✭✷✵✵✷✮ ❤❛✈❡ ❞❡✈❡❧♦♣❡❞ ❛ ❤②❜r✐❞ ❛♣♣r♦❛❝❤ t♦ t❛❦❡

♦❜t✉s❡ tr✐❛♥❣❧❡s ✐♥t♦ ❛❝❝♦✉♥t ❜② ✜①✐♥❣ t❤❡ ❝✐r❝✉♠❝❡♥tr❡ t♦ t❤❡ ♠✐❞♣♦✐♥t ♦❢ t❤❡

❡❞❣❡ ♦♣♣♦s✐t❡ t♦ ❛♥ ♦❜t✉s❡ ❛♥❣❧❡ ✇❤❡r❡❜② ♦♥❡ ♦❢ t❤❡ ❡❞❣❡s ✐♥ t❤❡ ✈♦r♦♥♦✐ ❝❡❧❧

❝♦❧❧❛♣s❡s t♦ ❛ ♣♦✐♥t✳ ❚❤❡ ✈♦r♦♥♦✐ ❛r❡❛ ❝❛❧❝✉❧❛t✐♦♥ ❛r♦✉♥❞ ❡❛❝❤ ✈❡rt❡① t❤❡r❡❢♦r❡

✐♥❝❧✉❞❡s ❛ t❡st ♦❢ ❡❛❝❤ ❛❞❥❛❝❡♥t tr✐❛♥❣❧❡ s♣❡❝✐❢②✐♥❣ ✇❤❡t❤❡r ✐t ❝♦♥t❛✐♥s ❛♥ ♦❜t✉s❡

❛♥❣❧❡ ♦r ♥♦t✳ ❇❛s❡❞ ♦♥ t❤❛t ❡✈❛❧✉❛t✐♦♥ t❤❡ ❛r❡❛ ❝♦♥tr✐❜✉t✐♦♥ ❢r♦♠ ♦♥❡ tr✐❛♥❣❧❡

✐s ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ ✭r❡❢❡rr✐♥❣ t♦ ❋✐❣✉r❡ ✸✳✶✳✹❜✲❝✮

Av =



















1
8
·
(

‖ PR ‖2 · cot (∠Q)+ ‖ PQ ‖2 · cot (∠R)
)

non− obtuse

AT

2
obtuse and P ≥ π

2

AT

4
otherwise

✭✸✳✶✳✼✮
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Chapter 3: Harmonic modelling

❋✐❣✉r❡ ✸✳✶✳✸ ✕ ❛✮ ❜❛r②❝❡❧❧ ❛♥❞ ❜✮ ✈♦r♦♥♦✐ ❝❡❧❧ ❢♦r ❛ ✢❛t ❛♥❞ s♣❛t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥

❋✐❣✉r❡ ✸✳✶✳✹ ✕ ❆r❡❛ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ ❛✮ ❜❛r②❝❡❧❧✱ ❜✮ ✈♦r♦♥♦✐ ❝❡❧❧ ✭♦❜t✉s❡✴r✐❣❤t ❛♥❣❧❡✮ ❛♥❞ ❝✮
✈♦r♦♥♦✐ ❝❡❧❧ ✭♥♦♥✲♦❜t✉s❡✮

❚❤❡ ✈❡rt❡① ❛r❡❛s ❝❛♥ ❜❡ ✐♥❝❧✉❞❡❞ ✐♥ ❊q✉❛t✐♦♥ ✸✳✶✳✻ ✐♥ s❡✈❡r❛❧ ✇❛②s t♦ ❛❝❝♦✉♥t

❢♦r t❤❡ ♠❛ss ❤♦✇❡✈❡r ✐t ♦❢t❡♥ ❧❡❛❞s t♦ ❛♥ ❛s②♠♠❡tr✐❝ ♠❛tr✐① ❜❡❝❛✉s❡ t❤❡ ❛r❡❛

❛ss♦❝✐❛t❡❞ ✇✐t❤ ✈❡rt❡① vi ✐s ♥♦t ♥❡❝❡ss❛r✐❧② t❤❡ s❛♠❡ ❛s t❤❡ ❛r❡❛ ❛ss♦❝✐❛t❡❞ ✇✐t❤

t❤❡ ✈❡rt❡① vj ✳ ❱❛❧❧❡t ❛♥❞ ▲é✈② ✭✷✵✵✽✮ ♣r♦♣♦s❡ ❛ s②♠♠❡tr✐s❛t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠

❛♥❞ ✐t ✐s s❤♦✇♥ t❤❛t t❤✐s ✇❡✐❣❤t✐♥❣ ♠❡❡ts t❤❡ ❞❡s✐r❡❞ ♣r♦♣❡rt② ♦❢ ♠❛❦✐♥❣ t❤❡

▲❛♣❧❛❝✐❛♥ ♦♣❡r❛t♦r ♠❡s❤ ✐♥❞❡♣❡♥❞❡♥t ❜✉t ❝♦♠♣r♦♠✐s❡s t❤❡ ♣r♦♣❡rt② ♦❢ ❤❛✈✐♥❣
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❛ ③❡r♦ ▲❛♣❧❛❝✐❛♥ ✈❡❝t♦r ❢♦r ✢❛t ♠❡s❤ r❡❣✐♦♥s ✭♦♥❧② s♠❛❧❧ ❞❡✈✐❛t✐♦♥s✮✳ ❚❤❡ ❡❞❣❡

✇❡✐❣❤t ✐s ❞❡✜♥❡❞ ❛s

wij =
cot(αij) + cot(βij)

√

Ai ·Aj

✭✸✳✶✳✽✮

❚❤❡ ❝❤♦✐❝❡ ❜❡t✇❡❡♥ t❤❡ ❣r❛♣❤ ▲❛♣❧❛❝✐❛♥ ❛♥❞ t❤❡ ❝♦t❛♥❣❡♥t ▲❛♣❧❛❝✐❛♥ ❛♥❞ t❤❡

❞✐✛❡r❡♥t ❛r❡❛ ✇❡✐❣❤t✐♥❣ ♦♣t✐♦♥s ❢♦r t❤❡ ❧❛tt❡r ❞❡♣❡♥❞s ♦♥ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ❜✉t

✐t ✐s s✉♠♠❛r✐s❡❞ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦❜s❡r✈❛t✐♦♥s✳ ❚❤❡ ❣r❛♣❤ ▲❛♣❧❛❝✐❛♥ ❝❛♥ ❜❡

❝♦♥str✉❝t❡❞ ❢♦r ❛♥② ♠❡s❤ t♦♣♦❧♦❣②✱ ✐t ✐s ❝♦♠♣✉t❛t✐♦♥❛❧❧② ✈❡r② ❢❛st ❛♥❞ ♦♥❧②

♥❡❡❞s t♦ ❜❡ ❝❛❧❝✉❧❛t❡❞ ♦♥❝❡ ✭✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t t❤❡ ♠❡s❤ t♦♣♦❧♦❣②

r❡♠❛✐♥s ✉♥❝❤❛♥❣❡❞✮✳ ■t ♣❡r❢♦r♠s ✇❡❧❧ ✐❢ t❤❡ ♠❡s❤ ✐s ✈❡r② r❡❣✉❧❛r ✇✐t❤ s✐♠✐❧❛r

❡❞❣❡ ❧❡♥❣t❤s✳ ❚❤❡ ❞✐s❛❞✈❛♥t❛❣❡ ✐s ✐ts s❡♥s✐t✐✈✐t② t♦ ✈❡rt❡① ✈❛❧❡♥❝❡ ♠❡❛♥✐♥❣

t❤❛t ✈❡rt✐❝❡s ✇✐t❤ ❧♦✇ ✈❛❧❡♥❝❡ ❤❛✈❡ ❧❡ss ✏st✐✛♥❡ss✑✳ ❚❤❡ ❝♦t❛♥❣❡♥t ▲❛♣❧❛❝✐❛♥

✇♦r❦s ❢♦r tr✐❛♥❣✉❧❛t❡❞ ♠❡s❤❡s ♦♥❧② ❛♥❞ ✐s ❛❞✈❛♥t❛❣❡♦✉s ✐❢ ✐t ✐s ❞❡s✐r❛❜❧❡ t♦ ❧❡t

t❤❡ s♣❛t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ t❤❡ ♠❡s❤ ✐♥✢✉❡♥❝❡ t❤❡ r❡s✉❧t✳ ❚❤❡ ❛r❡❛ ✇❡✐❣❤t✐♥❣

♦♣t✐♦♥ ✐s ✉s❡❢✉❧ ✐❢ t❤❡ ❞❡♥s✐t② ♦❢ t❤❡ ✈❡rt✐❝❡s ✈❛r✐❡s ✇✐t❤✐♥ t❤❡ ♠❡s❤✱ ♦t❤❡r✇✐s❡

t❤❡ ❝♦t❛♥❣❡♥t ▲❛♣❧❛❝✐❛♥ ✇✐t❤♦✉t ❛♥② ❛r❡❛ ✇❡✐❣❤t✐♥❣ s✉✣❝❡s✳ ❚❤❡ ❛r❡❛ ✇❡✐❣❤t✐♥❣

✉s✐♥❣ ❜❛r②❝❡❧❧s ✐s ❧❡ss ❝♦♠♣✉t❛t✐♦♥❛❧❧② ❤❡❛✈② ❜✉t t❤❡ ✈♦r♦♥♦✐ ❝❡❧❧s ❛r❡ t❤❡ ❜❡tt❡r

❝❤♦✐❝❡ ✐❢ ✐t ✐s ❞❡s✐r❛❜❧❡ t♦ ❜❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ t♦♣♦❧♦❣② ♦❢ t❤❡ tr✐❛♥❣✉❧❛t❡❞

♠❡s❤✳

■♠♣❧❡♠❡♥t❛t✐♦♥ ❛♥❞ ✈❛❧✐❞❛t✐♦♥

❚❤❡ ❞✐✛❡r❡♥t ❞✐s❝r❡t✐s❛t✐♦♥s ♦❢ t❤❡ ▲❛♣❧❛❝✐❛♥ ❛s ❞✐s❝✉ss❡❞ ❛❜♦✈❡ ❛r❡ ✐♠♣❧❡♠❡♥t❡❞

✐♥ t✇♦ ●r❛ss❤♦♣♣❡r ❝♦♠♣♦♥❡♥ts ✭❣r❛♣❤ ▲❛♣❧❛❝✐❛♥ ❛♥❞ ❝♦t❛♥❣❡♥t ▲❛♣❧❛❝✐❛♥✮

✇❤❡r❡ t❤❡ ♦✉t♣✉t ✐♥ ❜♦t❤ ❝❛s❡s ✐s ❝❤❛r❛❝t❡r✐s❡❞ ❜② ❛ r❡❛❧ s②♠♠❡tr✐❝ ♥ ① ♥

♠❛tr✐①✳ ❉✉❡ t♦ t❤❡ ♠♦r❡ ❝♦♠♣❧❡① ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❝♦t❛♥❣❡♥t ▲❛♣❧❛❝✐❛♥ ❛ s♠❛❧❧

t❡st ❝❛s❡ ✐s ❝r❡❛t❡❞ t♦ ✈❛❧✐❞❛t❡ t❤❡ r❡s✉❧ts✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✸✳✶✳✺ ✳ ❚❤❡ ♦✉t♣✉t

❢r♦♠ t❤❡ ●r❛ss❤♦♣♣❡r ❝♦♠♣♦♥❡♥t ✇✐t❤ t❤❡ t❤r❡❡ ❞✐✛❡r❡♥t ❛r❡❛ ✇❡✐❣❤t✐♥❣ ♦♣t✐♦♥s

✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✸✳✶✳✻✳

❚❤✐s ♦✉t♣✉t ✐s ❝♦♠♣❛r❡❞ ✇✐t❤ r❡s✉❧ts ♦❜t❛✐♥❡❞ ❜② ❤❛♥❞✲❝❛❧❝✉❧❛t✐♦♥s ✉s✐♥❣ ❊q✉❛✲

t✐♦♥ ✸✳✶✳✻ ❛♥❞ ❊q✉❛t✐♦♥ ✸✳✶✳✽✳ ■♥✐t✐❛❧❧②✱ t❤❡ ❛r❡❛s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❡❛❝❤ ✈❡rt❡①

❛r❡ ❝♦♥str✉❝t❡❞ ♠❛♥✉❛❧❧② ❛♥❞ ♠❡❛s✉r❡❞ ✇✐t❤ ❘❤✐♥♦✬s ❜✉✐❧t✲✐♥ ❛r❡❛ ❢✉♥❝t✐♦♥ ✇✐t❤

t❤❡ r❡s✉❧ts s❤♦✇♥ ✐♥ ❚❛❜❧❡ ✸✳✶✳✶✳
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❋✐❣✉r❡ ✸✳✶✳✺ ✕ ❚❡st ❝❛s❡ t♦ ✈❛❧✐❞❛t❡ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ❞✐s❝r❡t❡ ▲❛♣❧❛❝✐❛♥

❋✐❣✉r❡ ✸✳✶✳✻ ✕ ●r❛ss❤♦♣♣❡r ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ❝♦t❛♥❣❡♥t ▲❛♣❧❛❝✐❛♥ ✇✐t❤ ❞✐✛❡r❡♥t ❛r❡❛
✇❡✐❣❤t✐♥❣ ♦♣t✐♦♥s
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✈ ★ Aii ✭❇❛r②❝❡❧❧✮ Aii ✭❱♦r♦♥♦✐ ❝❡❧❧✮

✵ ✸✸✳✺✽ ✹✷✳✵✽

✶ ✶✹✳✾✽ ✶✶✳✷✸

✷ ✶✹✳✶✹ ✶✹✳✷✸

✸ ✶✽✳✻✶ ✶✻✳✻✻

✹ ✶✾✳✹✹ ✶✻✳✺✺

❚❛❜❧❡ ✸✳✶✳✶ ✕ ❱❡rt❡① ❛r❡❛s ❢r♦♠ ♠❛♥✉❛❧❧② ❝♦♥str✉❝t❡❞ ✈♦r♦♥♦✐✲ ❛♥❞ ❜❛r②❝❡❧❧s

❚❤❡ ❛♥❣❧❡s ❛r❡ ♠❡❛s✉r❡❞ ✇✐t❤ ❘❤✐♥♦✬s ❛♥❣❧❡ ❞✐♠❡♥s✐♦♥ t♦♦❧ ❛♥❞ ✉s❡❞ ✐♥ t❤❡

❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ❝♦t❛♥❣❡♥t ❡❞❣❡ ✇❡✐❣❤ts ❛s s❡❡♥ ✐♥ ❚❛❜❧❡ ✸✳✶✳✷✳

❡ ★ ✈ ★ wij ✭✉♥✇❡✐❣❤t❡❞✮ wij ✭❇❛r②❝❡❧❧✮ wij ✭❱♦r♦♥♦✐ ❝❡❧❧✮

✵✱ ✶ ✵✱ ✶ ✸✳✽✷✺ ✵✳✶✼✶ ✵✳✶✼✻

✷✱ ✸ ✶✱ ✷ ✲✶✳✵✽✷ ✲✵✳✵✼✹ ✲✵✳✵✽✻

✹✱ ✺ ✵✱ ✷ ✸✳✶✽✸ ✵✳✶✹✻ ✵✳✶✸✵

✻✱ ✼ ✵✱ ✸ ✵✳✽✽✹ ✵✳✵✸✺ ✵✳✵✸✸

✽✱ ✾ ✷✱ ✸ ✵✳✽✽✼ ✵✳✵✺✺ ✵✳✵✺✽

✶✵✱ ✶✶ ✸✱ ✹ ✵✳✷✻✽ ✵✳✵✶✹ ✵✳✵✶✻

✶✷✱ ✶✸ ✵✱ ✹ ✷✳✵✻✺ ✵✳✵✽✶ ✵✳✵✼✽

✶✹✱ ✶✺ ✶✱ ✹ ✲✵✳✶✻✹ ✲✵✳✵✶✵ ✲✵✳✵✶✷

❚❛❜❧❡ ✸✳✶✳✷ ✕ ❈♦t❛♥❣❡♥t ❡❞❣❡ ✇❡✐❣❤ts ❢r♦♠ ❞✐✛❡r❡♥t ❛r❡❛ ♦♣t✐♦♥s

❚❤❡ ✈❡rt❡① ✇❡✐❣❤ts ❛r❡ s✉❜s❡q✉❡♥t❧② ❝❛❧❝✉❧❛t❡❞ ❛s t❤❡ s✉♠ ♦❢ t❤❡ ❛❞❥❛❝❡♥t ❡❞❣❡

✇❡✐❣❤ts ❛s s❡❡♥ ✐♥ ❚❛❜❧❡ ✸✳✶✳✸✳

✈ ★ ❡ ★ wii ✭✉♥✇❡✐❣❤t❡❞✮ wii ✭❇❛r②❝❡❧❧✮ wii ✭❱♦r♦♥♦✐ ❝❡❧❧✮

✵ ✵✱ ✺✱ ✼✱ ✶✸ ✾✳✾✻✵ ✵✳✹✸✸ ✵✳✹✶✽

✶ ✷✱ ✶✱ ✶✺ ✷✳✺✽✵ ✵✳✵✽✼ ✵✳✵✼✽

✷ ✸✱ ✹✱ ✽ ✷✳✾✾✵ ✵✳✶✷✼ ✵✳✶✵✷

✸ ✾✱ ✻✱ ✶✵ ✷✳✵✹✵ ✵✳✶✵✹ ✵✳✶✵✼

✹ ✶✶✱ ✶✷✱ ✶✹ ✷✳✶✼✵ ✵✳✵✽✺ ✵✳✵✽✷

❚❛❜❧❡ ✸✳✶✳✸ ✕ ❈♦t❛♥❣❡♥t ✈❡rt❡① ✇❡✐❣❤ts ❢r♦♠ ❞✐✛❡r❡♥t ❛r❡❛ ♦♣t✐♦♥s

❆ ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ t❤❡ ♦✛✲❞✐❛❣♦♥❛❧ ♠❛tr✐① ✈❛❧✉❡s ✐♥ ❋✐❣✉r❡ ✸✳✶✳✻ ❛♥❞ t❤❡

❡❞❣❡ ✇❡✐❣❤ts ❢r♦♠ ❚❛❜❧❡ ✸✳✶✳✷ ✭♥♦t❡ t❤❡ ♦♣♣♦s✐t❡ s✐❣♥ ❛❝❝♦r❞✐♥❣ t♦ ❊q✉❛t✐♦♥

✸✳✶✳✺✮ ❛s ✇❡❧❧ ❛s t❤❡ ❞✐❛❣♦♥❛❧ ♠❛tr✐① ✈❛❧✉❡s ✐♥ ❋✐❣✉r❡ ✸✳✶✳✻ ❛♥❞ t❤❡ ✈❡rt❡① ✇❡✐❣❤ts

❢r♦♠ ❚❛❜❧❡ ✸✳✶✳✸ s❤♦✇s ❝♦♠♣❧✐❛♥❝❡ ❛♥❞ t❤✉s ✈❛❧✐❞❛t❡s t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥✳ ❲✐t❤

t❤✐s ❝♦♥✜❞❡♥❝❡✱ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✐s r❡✜♥❡❞ t♦ ♠❛♣ t❤❡ ❝❛❧❝✉❧❛t❡❞ ❛r❡❛s ✐♥t♦
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❛ ♣r❡❞❡✜♥❡❞ r❛♥❣❡ ❢r♦♠ ✵✲✶✵ ✐♥ ♦r❞❡r t♦ ♠❛❦❡ t❤❡ ♦✉t♣✉t ✐♥❞❡♣❡♥❞❡♥t ♦♥ t❤❡

s❝❛❧❡ ♦❢ t❤❡ ♠❡s❤✳ ❚❤❡ ✉♣♣❡r ❧✐♠✐t ❡♥s✉r❡s t❤❛t r♦✉♥❞✐♥❣ ❡rr♦r ♣r♦❜❧❡♠s ✐♥

●r❛ss❤♦♣♣❡r ❛r❡ ❛✈♦✐❞❡❞ ✭r❡❢❡rr✐♥❣ t♦ ❊q✉❛t✐♦♥ ✸✳✶✳✽✮✳

✸✳✶✳✷ ❊✐❣❡♥❞❡❝♦♠♣♦s✐t✐♦♥

❆s t❤❡ ❞✐s❝r❡t❡ ▲❛♣❧❛❝✐❛♥ ♦♣❡r❛t♦r ✐s ❞❡✜♥❡❞ ❛s ❛ r❡❛❧ s②♠♠❡tr✐❝ ♠❛tr✐① ✐t ❤❛s

r❡❛❧ ❡✐❣❡♥✈❛❧✉❡s ❛♥❞ ❛ s❡t ♦❢ r❡❛❧ ❛♥❞ ♦rt❤♦❣♦♥❛❧ ❡✐❣❡♥✈❡❝t♦rs ✭▲é✈② ❛♥❞ ❩❤❛♥❣✱

✷✵✵✾✮✱ ✇❤✐❝❤ ❢♦r♠ t❤❡ ❞❡s✐r❡❞ ❜❛s✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❝♦♠♣❧❡① ❡①♣♦♥❡♥t✐❛❧ ❢✉♥❝✲

t✐♦♥ ✉s❡❞ ❢♦r t❤❡ ❋♦✉r✐❡r ❚r❛♥s❢♦r♠ ✭s❡❡ ❆♣♣❡♥❞✐① ❆✮✳ ❍♦✇❡✈❡r✱ ♦♥❡ ♥♦t❡✇♦rt❤②

❞✐st✐♥❝t✐♦♥ ✐s t❤❛t t❤❡ ❜❛s✐s ❢✉♥❝t✐♦♥s ❛r❡ ✜①❡❞ ❢♦r t❤❡ ❋♦✉r✐❡r ❚r❛♥s❢♦r♠ ❜✉t

❝❤❛♥❣❡ ❢♦r t❤❡ ❡①t❡♥s✐♦♥ t♦ ♠❡s❤❡s ❞❡♣❡♥❞✐♥❣ ♦♥ ♠❡s❤ ❝♦♥♥❡❝t✐✈✐t②✱ ❣❡♦♠❡tr②

❛♥❞ t②♣❡ ♦❢ ▲❛♣❧❛❝✐❛♥ ✭❩❤❛♥❣ ❡t ❛❧✳✱ ✷✵✵✼✮✳

❆s ♠❡♥t✐♦♥❡❞✱ t❤❡s❡ ❡✐❣❡♥✈❡❝t♦rs ❛r❡ ♣❤②s✐❝❛❧❧② ✐♥t❡r♣r❡t❡❞ ❛s t❤❡ ✈✐❜r❛t✐♦♥❛❧

♠♦❞❡s ♦❢ t❤❡ ♠❡s❤✱ ✇❤❡r❡❛s t❤❡ ❡✐❣❡♥✈❛❧✉❡s ❛r❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❢r❡q✉❡♥✲

❝✐❡s✳ ❚❤❡ ✜rst ❡✐❣❡♥✈❛❧✉❡ ✐s ❛❧✇❛②s ③❡r♦✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ ❛♥ ❡✐❣❡♥✈❡❝t♦r

♦❢ ❝♦♥st❛♥t ✈❛❧✉❡s ✐♠♣❧②✐♥❣ ❛ r✐❣✐❞ ❜♦❞② ♠♦t✐♦♥✳ ❚❤❡s❡ ♣❤②s✐❝❛❧ ♣r♦♣❡rt✐❡s ❛r❡

✐♠♣♦rt❛♥t ❜❡❝❛✉s❡ t❤❡② ❡♥❛❜❧❡ ❛ s♦rt✐♥❣ ♦❢ t❤❡ ❡✐❣❡♥✈❡❝t♦rs ❛❝❝♦r❞✐♥❣ t♦ t❤❡

❡✐❣❡♥✈❛❧✉❡s✱ s✉❝❤ t❤❛t t❤❡ ♠♦❞❡ ✇❤✐❝❤ r❡q✉✐r❡s t❤❡ ❧❡❛st ❡♥❡r❣② ❢♦r t❤❡ ♦r✐❣✐♥❛❧

s❤❛♣❡ t♦ ❞❡❢♦r♠ ✐♥t♦ ✭♦r ❣❡♦♠❡tr✐❝❛❧❧② s♣❡❛❦✐♥❣ t❤❡ ♠♦st s♠♦♦t❤ s❤❛♣❡✮ ✐s ❧✐s✲

t❡❞ ✜rst ❛♥❞ ✐t ✐s ❡①❛❝t❧② ✇❤❛t ♠❛❦❡s t❤✐s ♣❛rt✐❝✉❧❛r ❜❛s✐s ✐♥t❡r❡st✐♥❣ ❝♦♠♣❛r❡❞

t♦ ❛♥② ♦t❤❡r ♦rt❤♦❣♦♥❛❧ ❜❛s✐s✳

■♠♣❧❡♠❡♥t❛t✐♦♥ ❛♥❞ ✈❛❧✐❞❛t✐♦♥

❚♦ ❝❛❧❝✉❧❛t❡ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ❛♥❞ ❡✐❣❡♥✈❡❝t♦rs ♦❢ ❛ ♠❛tr✐① ✐♥ ●r❛ss❤♦♣♣❡r ✐t

✐s s❡♥s✐❜❧❡ t♦ ✉s❡ ❛♥ ❡①t❡r♥❛❧ ❧✐❜r❛r②✳ ❚❤❡ ❛✉t❤♦r ❤❛s ❝❤♦s❡♥ ▼❛t❧❛❜ ❢♦r t❤✐s

♣✉r♣♦s❡✱ ❜❛s❡❞ ♦♥ t❤❡ ❡①♣❡r✐❡♥❝❡ ❣❛✐♥❡❞ ❜② ●❡❜r❡✐t❡r ✭✷✵✶✷✮ ✐♥ ❤✐s ✇♦r❦ ♦♥ ♦❜✲

t❛✐♥✐♥❣ ❛ q✉❛❞r✐❧❛t❡r❛❧ ♠❡s❤ ❢r♦♠ ❛ s✐♠✐❧❛r s♣❡❝tr❛❧ ❛♣♣r♦❛❝❤✳ ▼❛t❧❛❜ ♣r♦✈✐❞❡s

❡✣❝✐❡♥t ✐t❡r❛t✐✈❡ ❛❧❣♦r✐t❤♠s t♦ ♣❡r❢♦r♠ ❛♥ ❡✐❣❡♥❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ❛ ❧❛r❣❡ s♣❛rs❡

♠❛tr✐① ❛♥❞ ✐t ❛❧❧♦✇s t❤❡ s♣❡❝✐✜❝❛t✐♦♥ ♦❢ ❛ ❞❡s✐r❡❞ ♥✉♠❜❡r ✭❦✮ ♦❢ ❡✐❣❡♥✈❛❧✲

✉❡s✴✈❡❝t♦rs t♦ ❜❡ ❝♦♠♣✉t❡❞ ❣✐✈❡♥ ❛ r❡❢❡r❡♥❝❡ ❡✐❣❡♥✈❛❧✉❡✳ ❇② ❞❡❢❛✉❧t✱ t❤❡ ❡✐✲

❣❡♥✈❡❝t♦rs ❛r❡ s♦rt❡❞ ✐♥ ❛s❝❡♥❞✐♥❣ ♦r❞❡r ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ❛♥❞ ♥♦r✲

♠❛❧✐s❡❞ t♦ ✉♥✐t ❧❡♥❣t❤✳

❚♦ ✈❡r✐❢② t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥✱ ❛ s✐♠♣❧❡ ✸ ① ✸ r❡❛❧ s②♠♠❡tr✐❝ ♠❛tr✐① ✐s ❞❡✜♥❡❞

❛s
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M =







1 2 3

2 2 1

3 1 5







❚❤❡ ❡✐❣❡♥✈❛❧✉❡s✴✈❡❝t♦rs ❛r❡ ❝❛❧❝✉❧❛t❡❞ ✉s✐♥❣ ❲♦❧❢r❛♠❆❧♣❤❛ ✭❲♦❧❢r❛♠❆❧♣❤❛✱

✷✵✶✺✮✱ ✇❤✐❝❤ ✐s ❛♥ ♦♥❧✐♥❡ ♠❛t❤❡♠❛t✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥ ❡♥❣✐♥❡✱ ❛♥❞ s✉❜s❡q✉❡♥t❧②

❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ✈❛❧✉❡s ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ✐♠♣❧❡♠❡♥t❡❞ ●r❛ss❤♦♣♣❡r ❝♦♠✲

♣♦♥❡♥t ✭❧✐♥❦✐♥❣ t♦ ▼❛t❧❛❜✮✳ ❙✐♥❝❡ ❲♦❧❢r❛♠❆❧♣❤❛ s❝❛❧❡s t❤❡ ❡✐❣❡♥✈❡❝t♦rs ✐♥ s✉❝❤

❛ ✇❛② t❤❛t t❤❡ ❧❛st ✈❛❧✉❡ ♦❢ ❡❛❝❤ ✈❡❝t♦r ❡q✉❛❧s ♦♥❡✱ ✐t ✐s ♥❡❝❡ss❛r② t♦ ✜♥❞ t❤❡

s❝❛❧❡ ❢❛❝t♦rs ❜❡t✇❡❡♥ t❤❡ t✇♦ ♦✉t♣✉ts ❢♦r ❝♦♠♣❛r✐s♦♥✳

❋✐❣✉r❡ ✸✳✶✳✼ ✕ ❈♦♠♣❛r✐s♦♥ ♦❢ ❡✐❣❡♥❞❡❝♦♠♣♦s✐t✐♦♥ r❡s✉❧ts ❜❡t✇❡❡♥ t❤❡ ✐♠♣❧❡♠❡♥t❡❞
●r❛ss❤♦♣♣❡r ❝♦♠♣♦♥❡♥t ✭❛✮ ❛♥❞ ❲♦❧❢r❛♠❆❧♣❤❛ ✭❜✮

❚❤❡ r❡s✉❧t ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✸✳✶✳✼✳ ❋♦r t❤❡ ●r❛ss❤♦♣♣❡r ❝♦♠♣♦♥❡♥t t❤❡ ❡✐❣❡♥✲

✈❛❧✉❡s ❛r❡ s❤♦✇♥ ✐♥ t❤❡ ✉♣♣❡r ❧✐st ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡✐❣❡♥✈❡❝t♦rs ✭❝♦❧✉♠♥s

♦❢ t❤❡ ♠❛tr✐①✮ ❛r❡ s❤♦✇♥ ✐♥ t❤❡ ♠❛tr✐① ❜❡❧♦✇✳ ❚❤❡ ❡✐❣❡♥✈❡❝t♦rs ❛r❡ s❝❛❧❡❞

s✐♠✐❧❛r❧② t♦ ❲♦❧❢r❛♠❆❧♣❤❛ ✇✐t❤ t❤❡ ❞✐s♣❧❛②❡❞ ❢❛❝t♦rs✳ ❚❤❡ ♣❛✐rs ♦❢ ❡✐❣❡♥✈❛❧✲

✉❡s✴✈❡❝t♦rs ❛r❡ s♦rt❡❞ ✐♥ ❛s❝❡♥❞✐♥❣ ♦r❞❡r ❢♦r t❤❡ ●r❛ss❤♦♣♣❡r ❝♦♠♣♦♥❡♥t ❛♥❞

✐♥ ❞❡s❝❡♥❞✐♥❣ ♦r❞❡r ❢♦r t❤❡ ❲♦❧❢r❛♠❆❧♣❤❛ r❡s✉❧ts✳ ❲✐t❤ t❤❛t ✐♥ ♠✐♥❞ ❢♦r t❤❡

❝♦♠♣❛r✐s♦♥✱ ✐t ✐s ❝❧❡❛r t❤❛t t❤❡ r❡s✉❧ts ❛r❡ ✐❞❡♥t✐❝❛❧✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡ s❡r✈❡s t♦ ❜✉✐❧❞ ❛ ❜❡tt❡r ✈✐s✉❛❧ ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡ ❞❡✲

s❝r✐❜❡❞ ❤❛r♠♦♥✐❝ ❜❡❤❛✈✐♦✉r ❢r♦♠ ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ❛ ▲❛♣❧❛❝✐❛♥ ♠❛tr✐① ❛ss♦✲

❝✐❛t❡❞ ✇✐t❤ ❛ str✐♥❣✳

❊①❛♠♣❧❡ ✲ ❡✐❣❡♥✈❡❝t♦rs ♦❢ ❛ str✐♥❣

❆ ❣r❛♣❤ r❡♣r❡s❡♥t✐♥❣ ❛ str✐♥❣ ✐s ❝♦♥str✉❝t❡❞ ❢r♦♠ ✽ ❡q✉❛❧❧② s♣❛❝❡❞ ✈❡rt✐❝❡s ✇✐t❤

❡❞❣❡s ❝♦♥♥❡❝t✐♥❣ t❤❡♠✳ ❚❤❡ ●r❛♣❤ ▲❛♣❧❛❝✐❛♥ ✐s ❞❡✜♥❡❞ ❛s
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L =

































1 −1 0 0 0 0 0 0

−1 2 −1 0 0 0 0 0

0 −1 2 −1 0 0 0 0

0 0 −1 2 −1 0 0 0

0 0 0 −1 2 −1 0 0

0 0 0 0 −1 2 −1 0

0 0 0 0 0 −1 2 −1

0 0 0 0 0 0 −1 1

































❚❤❡ r❡s✉❧t ♦❢ ❝♦♠♣✉t✐♥❣ t❤❡ ❡✐❣❡♥❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤✐s ♠❛tr✐① ❛♥❞ ♣❧♦tt✐♥❣ t❤❡

✜rst ✻ ❡✐❣❡♥✈❡❝t♦rs s❡♣❛r❛t❡❧② ❛s t❤❡ ✈❡rt✐❝❛❧ ❞✐s♣❧❛❝❡♠❡♥t ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡

✸✳✶✳✽✳ ❚❤❡ ❞✐s♣❧❛❝❡❞ ✈❡rt✐❝❡s ❛r❡ ✐♥ ❡❛❝❤ ❝❛s❡ ❝♦♥♥❡❝t❡❞ ❜② ❛ ♣♦❧②❧✐♥❡ ❛♥❞

❝♦♠♣❛r❡❞ t♦ ❛ s✐♥✉s♦✐❞ ✇✐t❤ t❤❡ s❛♠❡ ✇❛✈❡ ❧❡♥❣t❤ ❛♥❞ ❛♠♣❧✐t✉❞❡ ✐❢ ♣♦ss✐❜❧❡✳

❋✐❣✉r❡ ✸✳✶✳✽ ✕ ❚❤❡ ✜rst s✐① ♠♦❞❡s ♦❢ ❛ ✽✲✈❡rt❡① str✐♥❣ ✭❜❧✉❡✮ ❝♦♠♣❛r❡❞ ✇✐t❤ s✐♥✉s♦✐❞s ♦❢
s✐♠✐❧❛r ❛♠♣❧✐t✉❞❡ ❛♥❞ ❢r❡q✉❡♥❝② ✭❣r❡②✮

❚❤❡ ✜❣✉r❡ ❝❧❡❛r❧② ✐❧❧✉str❛t❡s t❤❡ ❤❛r♠♦♥✐❝ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ❡✐❣❡♥✈❡❝t♦rs ❛♥❞

t❤✉s t❤❡ ❝♦❤❡r❡♥❝❡ ✇✐t❤ t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠✳ ❚❤❡ str✐♥❣ ♥✐❝❡❧② ❛♣♣r♦①✐♠❛t❡s

❛ ❝♦♥t✐♥✉♦✉s s✐♥✉s♦✐❞ ♦❢ t❤❡ s❛♠❡ ✇❛✈❡ ❧❡♥❣t❤ ❛♥❞ ❛♠♣❧✐t✉❞❡ ❢♦r t❤❡ ✜rst ✹

♠♦❞❡s ❜✉t ❛s t❤❡ ❢r❡q✉❡♥❝② ✐♥❝r❡❛s❡s✱ t❤❡ s♣❛❝✐♥❣ ❜❡t✇❡❡♥ t❤❡ s❛♠♣❧❡ ♣♦✐♥ts

❜❡❝♦♠❡s t♦♦ ❜✐❣ t♦ ❝❛♣t✉r❡ t❤❡ ❞❡t❛✐❧s✳ ❍❡♥❝❡✱ t❤❡ ❧♦❝❛t✐♦♥ ♦❢ t❤❡ ✈❡rt✐❝❡s ❛♥❞

♦✈❡r❛❧❧ r❡✜♥❡♠❡♥t ♦❢ t❤❡ str✐♥❣ ❛r❡ ✐♠♣♦rt❛♥t t♦ ❝❛♣t✉r❡ t❤❡ ♣❡❛❦s ❛♥❞ tr♦✉❣❤s

❛♥❞ ❡♥s✉r❡ s②♠♠❡tr② ♦❢ t❤❡ s♦❧✉t✐♦♥✳
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✸✳✶✳✸ ❍❛r♠♦♥✐❝ s❤❛♣❡ ❣❡♥❡r❛t✐♦♥

❲❤❡♥ ✇♦r❦✐♥❣ ✐♥ ✸❉ ✇✐t❤ ♠❡s❤❡s✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ♠♦✈❡ ❡❛❝❤ ✈❡rt❡① ✐♥ t❤❡ ①✱ ②

❛♥❞ ③ ❞✐r❡❝t✐♦♥s ✐♥ ♦r❞❡r t♦ ❝♦♥tr♦❧ ✐ts ♣♦s✐t✐♦♥✳ ❆♥ ✐♠♣♦rt❛♥t ❞❡s✐❣♥ ❞❡❝✐s✐♦♥

t❤❡r❡❢♦r❡ ✐s t♦ ❝❤♦♦s❡ t❤❡ ♥✉♠❜❡r ♦❢ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ t♦ ❜❡ ❝♦♥tr♦❧❧❡❞ ❜② t❤❡

❤❛r♠♦♥✐❝ ♠♦❞❡❧❧✐♥❣ t♦♦❧✳ ■❢ ❛❧❧ t❤r❡❡ tr❛♥s❧❛t✐♦♥❛❧ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ❛r❡ t♦ ❜❡

❝♦♥tr♦❧❧❛❜❧❡✱ ✐t ♠❡❛♥s t❤❛t ❡❛❝❤ ❡✐❣❡♥✈❡❝t♦r ❤❛s t♦ ❜❡ r❡♣❧✐❝❛t❡❞ t❤r❡❡ t✐♠❡s ✐♥

♦r❞❡r t♦ ❛ss✐❣♥ ♦♥❡ ❡✐❣❡♥✈❡❝t♦r t♦ t❤❡ ♠♦✈❡♠❡♥t ✐♥ t❤❡ ①✱ ② ❛♥❞ ③ ❞✐r❡❝t✐♦♥s

r❡s♣❡❝t✐✈❡❧②✱ ✇❤✐❝❤ ✐♥ ❡✛❡❝t tr✐♣❧❡s t❤❡ ♥✉♠❜❡r ♦❢ ✈❛r✐❛❜❧❡s✳ ❯♥❢♦rt✉♥❛t❡❧②✱

t❤❡ ❡✐❣❡♥✈❡❝t♦r r❡♣❧✐❝❛t✐♦♥ ❞♦❡s ♥♦t t❛❦❡ t❤❡ st✐✛♥❡ss ♦❢ t❤❡ str✉❝t✉r❡ ✐♥ ❡❛❝❤

❞✐r❡❝t✐♦♥ ✐♥t♦ ❛❝❝♦✉♥t ❛♥❞ t❤❡r❡❢♦r❡ ✐♥tr♦❞✉❝❡s ✉♥❞❡s✐r❛❜❧❡ ✐♥✲♣❧❛♥❡ ✈✐❜r❛t✐♦♥❛❧

♠♦❞❡s ❛s ♣❛rt ♦❢ t❤❡ ❧♦✇❡r ❢r❡q✉❡♥❝② ❞♦♠❛✐♥✳ ■♥ ❝♦♠♣❛r✐s♦♥✱ t❤❡ st✐✛♥❡ss

♠❛tr✐① ✐♥ ❛ ✜♥✐t❡ ❡❧❡♠❡♥t ❛♥❛❧②s✐s t❛❦❡s t❤r❡❡ tr❛♥s❧❛t✐♦♥❛❧ ❛♥❞ t❤r❡❡ r♦t❛t✐♦♥❛❧

❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ✐♥t♦ ❛❝❝♦✉♥t ❛♥❞ t❤❡r❡❢♦r❡ ❤♦❧❞s ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ❛①✐❛❧

❛♥❞ ❜❡♥❞✐♥❣ st✐✛♥❡ss ♦❢ ❡❛❝❤ ❡❧❡♠❡♥t ✐♥ r❡❧❛t✐♦♥ t♦ ❣❧♦❜❛❧ ❞✐r❡❝t✐♦♥s✳ ❆s ❛

r❡s✉❧t✱ t❤❡ str✉❝t✉r❡ ❜❡❝♦♠❡s ♠✉❝❤ st✐✛❡r ✐♥✲♣❧❛♥❡ t❤❛♥ ♦✉t✲♦❢✲♣❧❛♥❡✱ ✇❤✐❝❤ ✐♥

❡✛❡❝t ♠❛❦❡s t❤❡ ✐♥✲♣❧❛♥❡ ✈✐❜r❛t✐♦♥❛❧ ♠♦❞❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❤✐❣❤❡r ❢r❡q✉❡♥❝✐❡s

♦♥❧②✳ ❋r♦♠ t❤❡s❡ ❝♦♥s✐❞❡r❛t✐♦♥s✱ ❛♥❞ t♦ ♠❛❦❡ t❤❡ ❞❡s✐❣♥ t♦♦❧ ♠♦r❡ ✐♥t✉✐t✐✈❡

❜② ❤❛✈✐♥❣ ❢❡✇❡r ✈❛r✐❛❜❧❡s✱ t❤❡ ❛✉t❤♦r ❤❛s ❝❤♦s❡♥ t♦ ✐♠♣❧❡♠❡♥t ❛ s✐♥❣❧❡ ❞❡❣r❡❡

♦❢ ❢r❡❡❞♦♠ ❛♣♣r♦❛❝❤✳ ❚♦ ❜❡ ❛s ✈❡rs❛t✐❧❡ ❛s ♣♦ss✐❜❧❡ ✇✐t❤✐♥ t❤✐s r❡str✐❝t✐♦♥✱

t❤❡ ✈❡rt❡① ♥♦r♠❛❧s ❛r❡ ❝❤♦s❡♥ ❛s t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ ♠♦✈❡♠❡♥t✳ ❊❛❝❤ ♥♦r♠❛❧ ✐s

❝❛❧❝✉❧❛t❡❞ ❛s t❤❡ ✇❡✐❣❤t❡❞ ❛✈❡r❛❣❡ ♦❢ t❤❡ ❛❞❥❛❝❡♥t ❢❛❝❡ ♥♦r♠❛❧s✱ ✇❤❡r❡ ❡❛❝❤

❢❛❝❡ ♥♦r♠❛❧ ✐s ❝♦♠♣✉t❡❞ ❛s t❤❡ ❛✈❡r❛❣❡ ♦❢ t❤❡ ❝r♦ss ♣r♦❞✉❝ts ♦❢ ❛❧❧ ❡❞❣❡ ♣❛✐r

✈❡❝t♦rs ✐♥ t❤❛t ❢❛❝❡✳ ❚❤❡ ❢❛❝❡ ♥♦r♠❛❧s ❛r❡ ♥♦t ♥♦r♠❛❧✐s❡❞ s✐♥❝❡ t❤❡② ❝♦♥t❛✐♥

✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ❢❛❝❡ ❛r❡❛s ❢r♦♠ t❤❡✐r ❧❡♥❣t❤s✳ ❚❤✉s✱ ❢♦r ❡❛❝❤ ✈❡rt❡① t❤❡

❛❞❥❛❝❡♥t ❢❛❝❡ ♥♦r♠❛❧s ❛r❡ s✉♠♠❡❞ ✉♣ ❛♥❞ ❡✈❡♥t✉❛❧❧② ♥♦r♠❛❧✐s❡❞✳ ❙♦♠❡ ♦❢ t❤❡

❧✐♠✐t❛t✐♦♥s ❞✉❡ t♦ t❤✐s s✐♥❣❧❡ ❞❡❣r❡❡ ♦❢ ❢r❡❡❞♦♠ ❛♣♣r♦❛❝❤ ❛r❡ ❞✐s❝✉ss❡❞ ❧❛t❡r ✐♥

t❤✐s ❝❤❛♣t❡r✳

❚❤❡ ❦❡② ❝♦♥❝❡♣t ❜❡❤✐♥❞ t❤❡ ♠♦❞❡❧❧✐♥❣ ✇✐t❤ ❤❛r♠♦♥✐❝s ✐s t❤❛t ❛♥② ♥✲❞✐♠❡♥s✐♦♥❛❧

✈❡❝t♦r ✭r❡♣r❡s❡♥t✐♥❣ t❤❡ ♥♦r♠❛❧ ❞✐s♣❧❛❝❡♠❡♥ts✮ ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ❛s ❛ ❧✐♥❡❛r

❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ ❝♦♠♣✉t❡❞ ❡✐❣❡♥✈❡❝t♦r ❜❛s✐s✳ ❚❤❡ ❝♦❡✣❝✐❡♥t ✭r❡❢❡rr❡❞ t♦ ❛s

❛ ✇❡✐❣❤t✮ r❡❧❛t❡❞ t♦ ❡❛❝❤ ❡✐❣❡♥✈❡❝t♦r ❞❡t❡r♠✐♥❡s t❤❡ ❛♠♣❧✐t✉❞❡ ♦❢ t❤❛t ✇❛✈❡ ✐♥

t❤❡ t♦t❛❧ s❤❛♣❡✳ ❆ ❧♦✇ ♣❛r❛♠❡tr✐s❛t✐♦♥ ♦❢ t❤❡ ♠❡s❤ ✐s ♦❜t❛✐♥❡❞ ✇❤❡♥ ❛ ❝❡rt❛✐♥

❛♠♦✉♥t ♦❢ t❤❡ ❤✐❣❤❡r ♦r❞❡r ❢r❡q✉❡♥❝✐❡s ❛r❡ ❝✉t ♦✛ ✐♥ ♦r❞❡r t♦ ♦♥❧② ❣❡♥❡r❛t❡

s♠♦♦t❤ s❤❛♣❡s✳ ❚❤❡r❡❜② t❤❡ ♥✉♠❜❡r ♦❢ ✈❛r✐❛❜❧❡s ✐s r❡❞✉❝❡❞ ❢r♦♠ ♦♥❡ ✈❛❧✉❡ ♣❡r

♥♦❞❡ t♦ ♦♥❡ ✇❡✐❣❤t ♣❡r ✐♥❝❧✉❞❡❞ ♠♦❞❡✦
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▼❛t❤❡♠❛t✐❝❛❧❧②✱ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❛ ♥❡✇ ♥✲❞✐♠❡♥s✐♦♥❛❧ ✈❡❝t♦r ~v ❢r♦♠ ❛ ❝♦❧✲

❧❡❝t✐♦♥ ♦❢ ❡✐❣❡♥♠♦❞❡s ✐s ❡①♣r❡ss❡❞ ❜②

~v = wa ·



















e0,a

e1,a
✳✳✳

en−2,a

en−1,a



















+ wb ·



















e0,b

e1,b
✳✳✳

en−2,b

en−1,b



















+ . . .+ wc ·



















e0,c

e1,c
✳✳✳

en−2,c

en−1,c



















✭✸✳✶✳✾✮

❲❤❡r❡ wa ✐s t❤❡ ✇❡✐❣❤t ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❡✐❣❡♥✈❡❝t♦r ~ea ❛♥❞ a, b, c ∈ Z | 0 ≤
a, b, c < n✳ ❚❤✐s ✈❡❝t♦r ❞❡s❝r✐❜❡s t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ ♠♦✈❡♠❡♥t ♦❢ t❤❡ ✈❡rt✐❝❡s

❛❧♦♥❣ t❤❡✐r ♥♦r♠❛❧s✳ ❚❤❡ ✇❡✐❣❤ts ❛r❡ ❧✐♠✐t❡❞ t♦ ❛ r❛♥❣❡ ❜❡t✇❡❡♥ ✲✶ ❛♥❞ ✶ ✭❛

♠✐♥✉s ✈❛❧✉❡ r❡✈❡rs❡s t❤❡ ✇❛✈❡✮ ❛♥❞ ❛♥ ♦✈❡r❛❧❧ s❝❛❧❡ ❢❛❝t♦r ✐s ✐♥tr♦❞✉❝❡❞ t♦ r❡s✐③❡

t❤❡ s❤❛♣❡ ❛s ❞❡s✐r❡❞✳

■♠♣❧❡♠❡♥t❛t✐♦♥ ❛♥❞ ✈❛❧✐❞❛t✐♦♥

❚❤✐s ❢✉♥❝t✐♦♥❛❧✐t② ♦❢ tr❛♥s❧❛t✐♥❣ t❤❡ ❝♦♠♣✉t❡❞ ❡✐❣❡♥✈❡❝t♦rs ✐♥t♦ ♥♦r♠❛❧ ❞✐s✲

♣❧❛❝❡♠❡♥ts ❜② s♣❡❝✐❢②✐♥❣ t❤❡ ✇❡✐❣❤ts ❢♦r ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ✐s ✐♠♣❧❡♠❡♥t❡❞

✐♥ ❛ ♥❡✇ ●r❛ss❤♦♣♣❡r ❝♦♠♣♦♥❡♥t ❛s s❡❡♥ ✐♥ ❋✐❣✉r❡ ✸✳✶✳✾✳ ■♥ ♦r❞❡r t♦ r❡❞✉❝❡

t❤❡ ♥✉♠❜❡r ♦❢ ✈❛r✐❛❜❧❡s✱ ❛♥ ❛❞❞✐t✐♦♥❛❧ ❝♦♠♣♦♥❡♥t ✐s ✐♠♣❧❡♠❡♥t❡❞ t♦ ❡①tr❛❝t t❤❡

❞❡s✐r❡❞ ❦ ❡✐❣❡♥✈❡❝t♦rs ✭❝♦❧✉♠♥s✮ ❢r♦♠ t❤❡ ❡♥t✐r❡ ♥ ① ♥ ♠❛tr✐①✳ ❚❤❡ ✐♥✐t✐❛❧ ♠❡s❤✱

r❡❞✉❝❡❞ ❡✐❣❡♥✈❡❝t♦r ♠❛tr✐①✱ ✈❡rt❡① ♥♦r♠❛❧s✱ ✇❡✐❣❤ts ❛♥❞ s❝❛❧❡ ❢❛❝t♦r ❛r❡ ❣✐✈❡♥

❛s ✐♥♣✉t t♦ t❤❡ ❝♦♠♣♦♥❡♥t ❛♥❞ t❤❡ ♠❡s❤ ✇✐t❤ ❛❞❥✉st❡❞ ✈❡rt❡① ♣♦s✐t✐♦♥s ✐s ♦✉t✲

♣✉t✳ ❚❤❡ ♠❡s❤ ✐s ❝♦❧♦✉r❡❞ t♦ ❢✉rt❤❡r ✈✐s✉❛❧✐s❡ ❤♦✇ t❤❡ ♥❡✇ s❤❛♣❡ ✐s ❣❡♥❡r❛t❡❞

❜② ♠❛♣♣✐♥❣ ❡❛❝❤ ✈❛❧✉❡ ❢r♦♠ t❤❡ ✈❡❝t♦r r❡s✉❧t✐♥❣ ❢r♦♠ t❤❡ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥

✐♥t♦ t❤❡ ✐♥t❡❣❡r ✐♥t❡r✈❛❧ ❢r♦♠ ✵ ✲ ✷✺✺ ✉s❡❞ ❢♦r ❣r❡② s❝❛❧❡✳ ■❢ t❤❡ r❛♥❣❡ ♦❢ t❤❡

✈❛❧✉❡s ✐♥ t❤❡ ✈❡❝t♦r ✐s ③❡r♦ ✭❝♦♥st❛♥t ✈❡❝t♦r ✈❛❧✉❡s✮ t❤❡♥ ❛❧❧ ✈❡rt✐❝❡s ❛r❡ ❛ss✐❣♥❡❞

❛ ❜❧❛❝❦ ❝♦❧♦✉r✳

❇② ♦♥❧② ❡①tr❛❝t✐♥❣ ♦♥❡ ❡✐❣❡♥✈❡❝t♦r ❡❛❝❤ ♠♦❞❡ ❝❛♥ ❜❡ ✈✐s✉❛❧✐s❡❞ s❡♣❛r❛t❡❧②✳

❆❧t❡r♥❛t✐✈❡❧②✱ t❤✐s ❝❛♥ ❛❧s♦ ❜❡ ❛❝❤✐❡✈❡❞ ❜② ❡①tr❛❝t✐♥❣ t❤❡ ✜rst ❦ ❡✐❣❡♥✈❡❝t♦rs t♦

❦❡❡♣ t❤❡ ♥✉♠❜❡r ♦❢ ✈❛r✐❛❜❧❡s ✜①❡❞ ❛♥❞ s✉❜s❡q✉❡♥t❧② ❛ss✐❣♥ ♦♥❡ ✇❡✐❣❤t ✇✐t❤ ❛

✈❛❧✉❡ ♦❢ ✶ ✭♦r ✲✶✮ ❛♥❞ s❡t t❤❡ r❡st t♦ ③❡r♦✳ ❚❤✐s ✐s ✉s❡❢✉❧ t♦ ✈❡r✐❢② t❤❛t t❤❡ r❡s✉❧ts

❝♦rr❡s♣♦♥❞ t♦ t❤❡ ♦♥❡s ❢♦✉♥❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳

❆ ♣❧❛♥❛r sq✉❛r❡ ♠❡s❤ ❝♦♥s✐st✐♥❣ ♦❢ ✶✵①✶✵ q✉❛❞r✐❧❛t❡r❛❧ ❢❛❝❡s ✐s ✉s❡❞ ❛s ❜❛s✐s

❢♦r s✉❝❤ ❛ ❝♦♠♣❛r✐s♦♥ ❚❤❡ ✜rst ♥✐♥❡ ❡✐❣❡♥✈❡❝t♦rs ❛r❡ ❝❛❧❝✉❧❛t❡❞ ✭♦✉t ♦❢ t❤❡
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✶✷✶ ♣♦ss✐❜❧❡✮ ❢r♦♠ t❤❡ ❣r❛♣❤ ▲❛♣❧❛❝✐❛♥ ♠❛tr✐① t♦ ✐❧❧✉str❛t❡ t❤❡ ✜rst ❡✐❣❤t ♥♦♥✲

❝♦♥st❛♥t ♠♦❞❡s ✭t❤❡ ✜rst ♠♦❞❡ ✐s ❛ ♣✉r❡ tr❛♥s❧❛t✐♦♥✮✳ ❚❤❡ r❡s✉❧t ✐s s❡❡♥ ✐♥

❋✐❣✉r❡ ✸✳✶✳✾ ❛♥❞ ✐t ❝♦rr❡s♣♦♥❞s ✇❡❧❧ ✇✐t❤ t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ❜② ❉♦♥❣ ❡t ❛❧✳

✭✷✵✵✻✮ ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✸✳✶✳✶✵✳ ❚❤❡ ♦♥❧② ♥♦t✐❝❡❛❜❧❡ ❞✐✛❡r❡♥❝❡ ✐s t❤❛t ♠♦❞❡ ✹

❛♥❞ ✺ ❤❛✈❡ s✇✐t❝❤❡❞ ♣❧❛❝❡s ❜✉t ❛ ❢✉rt❤❡r ✐♥✈❡st✐❣❛t✐♦♥ s❤♦✇s t❤❛t t❤❡ ❡✐❣❡♥✈❛❧✲

✉❡s✴❢r❡q✉❡♥❝✐❡s ❛r❡ t❤❡ s❛♠❡ ❢♦r t❤❡s❡ t✇♦ ♠♦❞❡s ❛♥❞ t❤❡ s♦rt✐♥❣ t❤✉s ❜❡❝♦♠❡s

❛r❜✐tr❛r②✳

❋✐❣✉r❡ ✸✳✶✳✾ ✕ ❚❤❡ ✜rst ✽ ♥♦♥✲❝♦♥st❛♥t ♠♦❞❡ s❤❛♣❡s ♦❢ ❛ ✢❛t sq✉❛r❡ ♠❡s❤ r❡s✉❧t✐♥❣ ❢r♦♠
t❤❡ ●r❛ss❤♦♣♣❡r ✐♠♣❧❡♠❡♥t❛t✐♦♥

❋✐❣✉r❡ ✸✳✶✳✶✵ ✕ ❚❤❡ ✜rst ✽ ♥♦♥✲❝♦♥st❛♥t ♠♦❞❡ s❤❛♣❡s ❝❛❧❝✉❧❛t❡❞ ❜② ❉♦♥❣ ❡t ❛❧✳ ✭✷✵✵✻✮

❱✐s✉❛❧✐s❛t✐♦♥

❆s ♠♦st s❤❛♣❡s ✇✐❧❧ ❜❡ ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ♠♦❞❡s r❛t❤❡r t❤❛♥ ❛♥ ✐♥❞✐✈✐❞✉❛❧ ♠♦❞❡

✐t ✐s ✐♠♣♦rt❛♥t t♦ ❡♥❤❛♥❝❡ t❤❡ ✐♥t✉✐t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♠♦❞❡❧❧✐♥❣ s✉❝❤ t❤❛t
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✐t ❜❡❝♦♠❡s ♠♦r❡ ✐♥st✐♥❝t✐✈❡ t♦ ❝❤♦♦s❡ ❛♥❞ ❝♦♠❜✐♥❡ ♠♦❞❡s ❛s ✇❡❧❧ ❛s ❛❞❥✉st t❤❡

❝♦rr❡s♣♦♥❞✐♥❣ ✇❡✐❣❤ts✳ ❋♦r t❤✐s ♣✉r♣♦s❡ t✇♦ ✈✐s✉❛❧✐s❛t✐♦♥ ●r❛ss❤♦♣♣❡r ❝♦♠✲

♣♦♥❡♥ts ❛r❡ ❞❡✈❡❧♦♣❡❞✳ ❖♥❡ ❢❛❝✐❧✐t❛t❡s t❤❡ ❞✐s♣❧❛② ♦❢ ❛ s♣❡❝✐✜❡❞ r❛♥❣❡ ♦❢ t❤❡

♠♦❞❡s ❛rr❛♥❣❡❞ ✐♥ ❛ ❣r✐❞ str✉❝t✉r❡ ✐♥ t❤❡ ❘❤✐♥♦ ✈✐❡✇♣♦rt ❛s s❡❡♥ ✐♥ ❋✐❣✉r❡

✸✳✶✳✶✶✳ ❚❤✐s ♠♦❞❡ ❝❛t❛❧♦❣✉❡ ✐s ✉s❡❢✉❧ ❢♦r ❛ ❣❡♥❡r❛❧ ♦✈❡r✈✐❡✇ t♦ ❜❡tt❡r ✜♥❞ t❤❡

❞❡s✐r❛❜❧❡ ♠♦❞❡s t♦ ✐♥❝❧✉❞❡✳ ❚❤❡ s❡❝♦♥❞ ❝♦♠♣♦♥❡♥t ❢❛❝✐❧✐t❛t❡s t❤❡ ❞✐s♣❧❛② ♦❢

s❡❧❡❝t❡❞ ♠♦❞❡s ♦♥ t❤❡ ●r❛ss❤♦♣♣❡r ❝❛♥✈❛s ❜② ♣r♦✈✐❞✐♥❣ t❤❡ ♥❡❝❡ss❛r② ✐♥♣✉t ❢♦r

t❤❡ ✏❙q✉✐❞✑ ♣❧✉❣✲✐♥ ✭❩✇✐❡r③②❝❦✐✱ ✷✵✶✺✮✳ ❚❤✐s ✈✐s✉❛❧✐s❛t✐♦♥ ❝♦♠♣♦♥❡♥t ✐s ♠♦st❧②

✉s❡❢✉❧ ✇❤❡♥ t❤❡ ❞❡s✐r❛❜❧❡ ♠♦❞❡s ❤❛✈❡ ❛❧r❡❛❞② ❜❡❡♥ ❝❤♦s❡♥ ✭s❡❡ ❋✐❣✉r❡ ✸✳✶✳✶✷✮✳

❚❤❡ ♠♦❞❡s ❛r❡ ❞✐s♣❧❛②❡❞ ♥❡①t t♦ t❤❡ s❧✐❞❡r ✇❡✐❣❤ts s✉❝❤ t❤❛t t❤❡ ✉s❡r ❦♥♦✇s

✇❤❛t ✐s ❜❡✐♥❣ ❝♦♥tr♦❧❧❡❞ ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✸✳✶✳✶✸✳

❋✐❣✉r❡ ✸✳✶✳✶✶ ✕ ❚❤❡ ✐♠♣❧❡♠❡♥t❡❞ ●r❛ss❤♦♣♣❡r ❝♦♠♣♦♥❡♥t t♦ ✈✐s✉❛❧✐s❡ ❛ s❡❧❡❝t❡❞ r❛♥❣❡ ♦❢
t❤❡ ♠♦❞❡ ❝❛t❛❧♦❣✉❡ ✐♥ t❤❡ ❘❤✐♥♦ ✈✐❡✇♣♦rt

❋✐❣✉r❡ ✸✳✶✳✶✷ ✕ ❚❤❡ ✐♠♣❧❡♠❡♥t❡❞ ●r❛ss❤♦♣♣❡r ❝♦♠♣♦♥❡♥t t♦ ✈✐s✉❛❧✐s❡ s♦♠❡ s❡❧❡❝t❡❞ ♠♦❞❡s
♦♥ t❤❡ ❝❛♥✈❛s t♦ ❛❝❝♦♠♣❛♥② t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✇❡✐❣❤ts
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❋✐❣✉r❡ ✸✳✶✳✶✸ ✕ ▼♦❞❡ ✇✐t❤ ❝♦rr❡s♣♦♥❞✐♥❣ ✇❡✐❣❤t s❧✐❞❡r s♦ t❤❡ ✉s❡r ❦♥♦✇s ✇❤❛t ✐s ❜❡✐♥❣
❝♦♥tr♦❧❧❡❞

❚❤❡ ♠❡s❤❡s s❤♦✇♥ ✐♥ t❤❡ ❘❤✐♥♦ ✈✐❡✇♣♦rt ❛r❡ ❝♦❧♦✉r❡❞ ♣❡r ✈❡rt❡① ❛♥❞ ❛ ❣r❛❞✐❡♥t

s❝❤❡♠❡ ❡♥s✉r❡s ❛ s♠♦♦t❤ ❝♦❧♦✉r ♣❡r❝❡♣t✐♦♥ ✇❤❡r❡❛s t❤❡ ♠♦r❡ r♦✉❣❤ ❝♦❧♦✉r✐♥❣

♦❢ t❤❡ ♠❡s❤❡s ♦♥ t❤❡ ●r❛ss❤♦♣♣❡r ❝❛♥✈❛s ✐s ❞✉❡ t♦ ❛ ❢❛❝❡ ❜❛s❡❞ s❝❤❡♠❡ ✭❛✈❡r❛❣❡

♦❢ ❢❛❝❡ ✈❡rt❡① ❝♦❧♦✉rs✮✳

✸✳✷ ❘❡✜♥❡♠❡♥ts

❚❤❡ ❢r❛♠❡✇♦r❦ ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ♠❛❦❡s ✐t ♣♦ss✐❜❧❡ t♦ ❣❡♥❡r✲

❛t❡ ❤❛r♠♦♥✐❝ s❤❛♣❡s ❢r♦♠ ❛ st❛rt✐♥❣ ♠❡s❤✱ ♦♥❧② ❜② ❝♦♥tr♦❧❧✐♥❣ ❛ ❢❡✇ ✇❡✐❣❤t

♣❛r❛♠❡t❡rs ❛♥❞ ❛♥ ♦✈❡r❛❧❧ s❝❛❧❡ ❢❛❝t♦r✳ ❍♦✇❡✈❡r✱ ✐t ✐s ❡ss❡♥t✐❛❧ t♦ ❜❡ ❛❜❧❡ t♦

❝♦♥tr♦❧ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✐♥ ♦r❞❡r ❢♦r t❤✐s ♠❡t❤♦❞ t♦ ❜❡ ❛♣♣❧✐❝❛❜❧❡ ✐♥

❛♥ ❛r❝❤✐t❡❝t✉r❛❧ ♦r ❡♥❣✐♥❡❡r✐♥❣ ❝♦♥t❡①t✳ ❚❤✐s ✐s t❤❡r❡❢♦r❡ t❤❡ ♠❛✐♥ ❢♦❝✉s ♦❢

t❤❡ r❡✜♥❡♠❡♥ts✳ ❆❞❞✐t✐♦♥❛❧❧②✱ t❤❡ ❝♦❤❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❤❛r♠♦♥✐❝ ♠♦❞❡❧❧✐♥❣

❛♣♣r♦❛❝❤ ❛♥❞ t❤❡ ❋♦✉r✐❡r ❚r❛♥s❢♦r♠ ✐s ❢✉rt❤❡r ❡①♣❧♦r❡❞ ✇✐t❤ t❤❡ ✐♥t❡♥t✐♦♥ t♦

❛♣♣r♦①✐♠❛t❡✱ ❛♥❛❧②s❡ ❛♥❞ r❡♠♦✈❡ ♥♦✐s❡ ❢r♦♠ ❡①✐st✐♥❣ s✉r❢❛❝❡s✳

✸✳✷✳✶ ❇♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s

❉✉❡ t♦ t❤❡ s✐♥❣❧❡ ❞❡❣r❡❡ ♦❢ ❢r❡❡❞♦♠ ❞❡s✐❣♥ ❛♣♣r♦❛❝❤ ✐t ✐s ♦♥❧② ♣♦ss✐❜❧❡ t♦ ❝♦♥tr♦❧

✇❤❡t❤❡r ❛ ✈❡rt❡① ✐s ✜①❡❞ ♦r ♥♦t✱ ❤❡♥❝❡ ♥♦ s❧✐❞✐♥❣ ❜♦✉♥❞❛r② s✉♣♣♦rts ❝❛♥ ❜❡
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❛♣♣❧✐❡❞✳ ❚❤❡ ♣r♦❜❧❡♠ ❜❡❝♦♠❡s t♦ ♠❛♥✐♣✉❧❛t❡ t❤❡ ▲❛♣❧❛❝✐❛♥ ♠❛tr✐① ✐♥ s✉❝❤ ❛

✇❛② t❤❛t t❤✐s ❝♦♥tr♦❧ ✐s ❛❝q✉✐r❡❞✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ❤♦✇ t♦ ❛rt✐✜❝✐❛❧❧② ♠❛♥✐♣✉❧❛t❡

t❤❡ ✈❛❧✉❡s ✐♥ t❤❡ ♠❛tr✐① s✉❝❤ t❤❛t t❤❡ ✈❛❧✉❡s ✐♥ t❤❡ ❝♦♠♣✉t❡❞ ❡✐❣❡♥✈❡❝t♦rs

❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ✜①❡❞ ✈❡rt✐❝❡s ❡q✉❛❧ ③❡r♦ ❛♥❞ t❤❡ ♥❡✐❣❤❜♦✉r✐♥❣ ✈❡rt✐❝❡s ❛r❡

❛❞❥✉st❡❞ ❛❝❝♦r❞✐♥❣❧②✳ ❚❤✐s ♣r♦♣❡rt② ✐s ❛❝❤✐❡✈❡❞ ❜② ❝♦♥str✉❝t✐♥❣ t❤❡ ▲❛♣❧❛❝✐❛♥

♠❛tr✐① ❛❝❝♦r❞✐♥❣ t♦ ✐ts ❣❡♥❡r❛❧ ❞❡✜♥✐t✐♦♥ ✭❊q✉❛t✐♦♥ ✸✳✶✳✺✮ ❢♦r t❤❡ ❡♥t✐r❡ ♠❡s❤

❛♥❞ t❤❡♥ s✉❜s❡q✉❡♥t❧② ✐♥❝r❡❛s❡ t❤❡ ❞✐❛❣♦♥❛❧ ✈❛❧✉❡s r❡❧❛t❡❞ t♦ t❤❡ ✜①❡❞ ✈❡rt✐❝❡s

t♦ ❛ ❧❛r❣❡ ♥✉♠❜❡r ❡✳❣✳ ✶✵✵✱✵✵✵✳ ❚❤❛t ✇❛② t❤❡ ❝♦♥♥❡❝t✐✈✐t② ✐♥❢♦r♠❛t✐♦♥ ✐s ❦❡♣t

✐♥t❛❝t ❛♥❞ t❤❡ ❧❛r❣❡ r❛t✐♦ ❜❡t✇❡❡♥ t❤❡ ❛rt✐✜❝✐❛❧ ✈❡rt❡① st✐✛♥❡ss ❛♥❞ t❤❡ r❡st ♦❢

t❤❡ ✈❛❧✉❡s ✐♥ t❤❡ ♠❛tr✐① ❡♥s✉r❡s t❤❛t t❤❡ ♠♦❞❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ♠♦✈❡♠❡♥t ♦❢

t❤❡ ✈❡rt✐❝❡s ✐♥t❡♥❞❡❞ t♦ ❜❡ ✜①❡❞ ❛♣♣❡❛r ❧❛st ✐♥ t❤❡ ❡✐❣❡♥✈❡❝t♦r ❧✐st ❜❡❝❛✉s❡ t❤❡②

r❡q✉✐r❡ t❤❡ ♠♦st ❡♥❡r❣②✳ ■t ♠❡❛♥s t❤❛t t❤❡s❡ ♠♦❞❡s st✐❧❧ ❡①✐st ❜✉t ❛r❡ ❡①❝❧✉❞❡❞

❜② ♦♥❧② ❛s❦✐♥❣ ❢♦r t❤❡ ✜rst ❦ ♠♦❞❡s✱ ✇❤❡r❡ ❦ ✐s ❞❡✜♥❡❞ ❛s

k ≤ n− c ✭✸✳✷✳✶✮

❍❡r❡ ♥ ✐s t❤❡ ♥✉♠❜❡r ♦❢ ✈❡rt✐❝❡s ❛♥❞ ❝ ✐s t❤❡ ♥✉♠❜❡r ♦❢ ✐♠♣♦s❡❞ ❝♦♥str❛✐♥ts✳

❚❤❡ r❡s✉❧t ♦❢ t❤✐s ❛❝t✐♦♥ ✐s ✈✐s✉❛❧✐s❡❞ ❢♦r ❛ ✶✺✲✈❡rt❡① str✐♥❣ ✐♥ ❋✐❣✉r❡ ✸✳✷✳✶ ❛♥❞ ✐t

❞❡♠♦♥str❛t❡s ❤♦✇ t❤❡ ❡♥❞s ❛r❡ s✉❝❝❡ss❢✉❧❧② ✜①❡❞ ✇❤✐❧❡ t❤❡ ♠♦❞❡ s❤❛♣❡s ❛t t❤❡

s❛♠❡ t✐♠❡ ❝❧♦s❡❧② ❛♣♣r♦①✐♠❛t❡ s✐♥✉s♦✐❞s ♦❢ s✐♠✐❧❛r ❢r❡q✉❡♥❝② ❛♥❞ ❛♠♣❧✐t✉❞❡✳

❋✐❣✉r❡ ✸✳✷✳✶ ✕ ❚❤❡ ✜rst ❢♦✉r ❞✐s♣❧❛❝❡♠❡♥t ❡✐❣❡♥❢✉♥❝t✐♦♥s ♦❢ ❛ ✶✺✲✈❡rt❡① str✐♥❣ ✇✐t❤ ✜①❡❞
❡♥❞s ✭❜❧✉❡✮ ✐♥ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ ❝♦♥t✐♥✉♦✉s s✐♥✉s♦✐❞s ♦❢ s✐♠✐❧❛r ✇❛✈❡ ❧❡♥❣t❤s ❛♥❞ ❛♠♣❧✐t✉❞❡s
✭❣r❡②✮

❚❤✐s ♠❡t❤♦❞♦❧♦❣② ✐s s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ❞❡s❝r✐❜❡❞ ❜② ▼✐❝❤❛❧❛t♦s ❛♥❞ ❑❛✐❥✐♠❛
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✭✷✵✶✹✮ ❛s ♦✉t❧✐♥❡❞ ✐♥ ❈❤❛♣t❡r ✷✳ ❍♦✇❡✈❡r✱ ❛ ♠♦r❡ ❞❡t❛✐❧❡❞ st✉❞② ♦❢ t❤❡ ❜♦✉♥❞❛r②

❝♦♥❞✐t✐♦♥s s❤♦✇s t❤❛t ❛❞❞✐♥❣ ❛ ✈❛❧✉❡ ♦❢ ✶ t♦ t❤❡ ❞✐❛❣♦♥❛❧s ♦❢ t❤❡ ▲❛♣❧❛❝✐❛♥

♠❛tr✐① ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ✜①❡❞ ✈❡rt✐❝❡s ✐s ✐♥s✉✣❝✐❡♥t ❢♦r t❤❡ ♣✉r♣♦s❡ ♦❢ t❤✐s

t❤❡s✐s ✭s❡❡ ❆♣♣❡♥❞✐① ❇✮✳

■♠♣❧❡♠❡♥t❛t✐♦♥ ❛♥❞ ✈❛❧✐❞❛t✐♦♥

❚❤❡ ❞❡s❝r✐❜❡❞ ♠❡t❤♦❞♦❧♦❣② ✐s ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ❛ ●r❛ss❤♦♣♣❡r ❝♦♠♣♦♥❡♥t ❛♥❞

t❤❡ ✜rst ❡✐❣❤t ♠♦❞❡s ♦❢ ❛ ✢❛t sq✉❛r❡ ♠❡s❤ ✜①❡❞ ❛❧♦♥❣ ✐ts ❜♦✉♥❞❛r② ✉s✐♥❣ t❤❡

❣r❛♣❤ ▲❛♣❧❛❝✐❛♥ ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✸✳✷✳✷✳ ❚❤❡ ❝♦♠♣♦♥❡♥t r❡❝❡✐✈❡s ❛ ❧✐st ♦❢

♣♦✐♥ts ✇❤✐❝❤ ❛r❡ ✐♥t❡♥❞❡❞ t♦ ❜❡ ✜①❡❞✱ s❡❛r❝❤❡s ❢♦r t❤❡♠ ❛♠♦♥❣st t❤❡ ✈❡rt✐❝❡s

♦❢ t❤❡ ♠❡s❤ t♦ ✜♥❞ t❤❡✐r ✐♥❞❡①❡s ❛♥❞ ❡✈❡♥t✉❛❧❧② r❡♣❧❛❝❡s t❤❡ ❝✉rr❡♥t ❞✐❛❣♦♥❛❧

✈❛❧✉❡s ✇✐t❤ ❛ ❤✐❣❤ st✐✛♥❡ss ✈❛❧✉❡ ❛t t❤❡s❡ ✐♥❞❡①❡s ✐♥ t❤❡ ▲❛♣❧❛❝✐❛♥ ♠❛tr✐①✳

❋✐❣✉r❡ ✸✳✷✳✷ ✕ ❚❤❡ ✜rst ❡✐❣❤t ♠♦❞❡s ♦❢ ❛ ✢❛t sq✉❛r❡ ♠❡s❤ ✇✐t❤ ✜①❡❞ ❜♦✉♥❞❛r✐❡s✳ ❚❤❡
●r❛ss❤♦♣♣❡r ❝♦♠♣♦♥❡♥t✱ ✇❤✐❝❤ ✐♠♣♦s❡s t❤❡ ❝♦♥str❛✐♥ts ✐s ❤✐❣❤❧✐❣❤t❡❞ ✐♥ ❜❧✉❡

❚♦ ✈❛❧✐❞❛t❡ t❤❡ r❡s✉❧ts✱ t❤❡ ♠♦❞❡s ❛r❡ ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ❢r♦♠ ❛

♠♦❞❛❧ ❛♥❛❧②s✐s ✐♥ ❆✉t♦❞❡s❦ ❘♦❜♦t ✭❆✉t♦❞❡s❦✱ ✷✵✶✺❜✮✳ ❆ ✶✵①✶✵ ♠ ♣❧❛t❡ ♠❡s❤❡❞

✐♥t♦ ❛ ✶✵①✶✵ ❣r✐❞ ❢♦r♠s t❤❡ ❢♦✉♥❞❛t✐♦♥ ❢♦r t❤❡ ❛♥❛❧②s✐s✳ ■♥ ♦r❞❡r t♦ ♣❡r❢♦r♠ ❛

♠♦❞❛❧ ❛♥❛❧②s✐s ✐♥ ❘♦❜♦t t❤❡ ♣❧❛t❡ ✐s ❛ss✐❣♥❡❞ ❛ ❝♦♥❝r❡t❡ ♠❛t❡r✐❛❧ ♦❢ t❤❡ t②♣❡

❈✷✺✴✸✵✱ ❛ t❤✐❝❦♥❡ss ♦❢ ✷✵✵ ♠♠ ❛♥❞ ♣✐♥♥❡❞ s✉♣♣♦rts ❛❧♦♥❣ ✐ts ❜♦✉♥❞❛r②✳ ❊✈❡♥

t❤♦✉❣❤ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ✐♥ ❘♦❜♦t ✐s ❜❛s❡❞ ♦♥ ❛ ❞✐✛❡r❡♥t ♠❛tr✐① ✇✐t❤ ✻ t✐♠❡s ♠♦r❡

❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠✱ ❛ ❝♦❤❡r❡♥❝❡ ✇✐t❤ t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ❢r♦♠ ●r❛ss❤♦♣♣❡r ✐s

❡①♣❡❝t❡❞ ❜❡❝❛✉s❡ t❤❡ s❛♠❡ ♠❡s❤ ✐s ✉s❡❞ ✇❤❡r❡ t❤❡ ✉♥✐❢♦r♠ ❡❞❣❡ ❧❡♥❣t❤s ❢♦r t❤❡

❣r❛♣❤ ▲❛♣❧❛❝✐❛♥ ❛♣♣r♦❛❝❤ ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ✐s♦tr♦♣✐❝ ♠❛t❡r✐❛❧ ♣r♦♣❡rt✐❡s ❛♥❞

✉♥✐❢♦r♠ t❤✐❝❦♥❡ss ✐♥ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ❛♣♣r♦❛❝❤✳ ❚❤✐s ✐s ❛❧s♦ s❡❡♥ ❢r♦♠ ❋✐❣✉r❡

✸✳✷✳✸ ✭t❤❡ s❝❛❧❡ ✐s ❛r❜✐tr❛r②✮✳
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❋✐❣✉r❡ ✸✳✷✳✸ ✕ ❈♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ t❤❡ ✜rst ❡✐❣❤t ♠♦❞❡ s❤❛♣❡s ♦❢ ❛ ✢❛t sq✉❛r❡ ♠❡s❤
❝❛❧❝✉❧❛t❡❞ ❢r♦♠ ❛♥ ❡✐❣❡♥❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ❣r❛♣❤ ▲❛♣❧❛❝✐❛♥ ✭❧❡❢t✮ ❛♥❞ ❛ ♠♦❞❛❧ ❛♥❛❧②s✐s ✐♥
❆✉t♦❞❡s❦ ❘♦❜♦t ✭r✐❣❤t✮
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❋✐❣✉r❡ ✸✳✷✳✹ ✕ ❋r❡q✉❡♥❝② ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ❢r♦♠ ❛ ♠♦❞❛❧ ❛♥❛❧②s✐s ✐♥
❆✉t♦❞❡s❦ ❘♦❜♦t ❛♥❞ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ❢r♦♠ ❛♥ ❡✐❣❡♥❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ❞✐✛❡r❡♥t ❞✐s❝r❡t✐s❛✲
t✐♦♥s ♦❢ t❤❡ ▲❛♣❧❛❝✐❛♥ ♠❛tr✐① ❢♦r t❤❡ t❡♥ ✜rst ♠♦❞❡s ♦❢ ❛ ✢❛t sq✉❛r❡ ♠❡s❤✳ ❆ ❧✐♥❡❛r r❡❧❛t✐♦♥
✐s ♦❜s❡r✈❡❞

❚❤❡ ❢r❡q✉❡♥❝✐❡s ❛r❡ ❛❧s♦ ❝♦♠♣❛r❡❞ ❛♥❞ ❛ ❧✐♥❡❛r r❡❧❛t✐♦♥ ✐s ♦❜s❡r✈❡❞ ❛s s❤♦✇♥

✐♥ ❋✐❣✉r❡ ✸✳✷✳✹✳ ❚❤✐s ✐s ❛ s✉r♣r✐s✐♥❣ r❡s✉❧t✱ ❛s ❉♦♥❣ ❡t ❛❧✳ ✭✷✵✵✻✮ ✐❞❡♥t✐❢② t❤❛t

t❤❡ ❡✐❣❡♥✈❛❧✉❡s r❡♣r❡s❡♥t t❤❡ sq✉❛r❡❞ ❢r❡q✉❡♥❝✐❡s✱ ✇❤✐❝❤ ✐s ❛ r❡❛s♦♥❛❜❧❡ ❡①♣❡❝t✲

❛t✐♦♥ s✐♥❝❡ t❤❡ ♥❛t✉r❛❧ ❢r❡q✉❡♥❝✐❡s ♦❢ ❛ str✉❝t✉r❡ ✐♥ ❛ ✜♥✐t❡ ❡❧❡♠❡♥t ❛♥❛❧②s✐s ❛r❡

❝❛❧❝✉❧❛t❡❞ ❜② ✭❈♦♦❦✱ ✶✾✾✺✮

[

K− ω2
M

]

~d = 0 ✭✸✳✷✳✷✮

✇❤❡r❡K ✐s t❤❡ st✐✛♥❡ss ♠❛tr✐①✱ M ✐s t❤❡ ♠❛ss ♠❛tr✐①✱ ω ✐s t❤❡ ♥❛t✉r❛❧ ❢r❡q✉❡♥❝②

❛♥❞ ~d ✐s t❤❡ ✈✐❜r❛t✐♦♥ ♠♦❞❡✳ ❙✐♥❝❡ ❜♦t❤ ♠❡t❤♦❞s ❛r❡ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠s ❜❛s❡❞

♦♥ ❛ st✐✛♥❡ss ♠❛tr✐① ✐t ✐s ❡①♣❡❝t❡❞ t❤❛t ω ❛♥❞ λ ❛r❡ ❞✐r❡❝t❧② ❝♦♠♣❛r❛❜❧❡✳ ❍♦✇✲

❡✈❡r✱ t❤❡ ✉♥❡①♣❡❝t❡❞ ❧✐♥❡❛r r❡❧❛t✐♦♥ ✐s ♠♦st ❧✐❦❡❧② ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❞✐✛❡r❡♥t

str❛t❡❣✐❡s t♦ ✐♥❝❧✉❞❡ t❤❡ ♠❛ss✱ ✇❤✐❝❤ ❛❣❛✐♥ r❡❧❛t❡s t♦ t❤❡ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ♦❢

t❤❡ ❡♥t✐r❡ s②st❡♠✳ ❲❤✐❧❡ t❤❡ ❛r❡❛ ✇❡✐❣❤t✐♥❣ ♦❢ t❤❡ ❝♦t❛♥❣❡♥t ▲❛♣❧❛❝✐❛♥ ♠✐♠✐❝s

t❤❡ ♠❛ss ♠❛tr✐① ✐♥ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞✱ ✐t ✐s ✉♥❧✐❦❡❧② t❤❛t t❤❡ ❝❤♦s❡♥

s②♠♠❡tr✐s❛t✐♦♥ ♠❡t❤♦❞ ✭❊q✉❛t✐♦♥ ✸✳✶✳✽✮ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ♠❛ss ♠❛tr✐① ❝♦♥✲

str✉❝t❡❞ ❢r♦♠ s❤❛♣❡ ❢✉♥❝t✐♦♥s ❛♥❞ t❤✉s ❛❧s♦ ✐♥❝❧✉❞❡s r♦t❛r② ✐♥❡rt✐❛✳ ❆♥♦t❤❡r

❡✛❡❝t ♦❢ t❤✐s ♠❡t❤♦❞♦❧♦❣✐❝❛❧ ✈❛r✐❛t✐♦♥ ✐s ❡✈✐❞❡♥t ❢r♦♠ st✉❞②✐♥❣ t❤❡ ♠♦❞❡ s❤❛♣❡s
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❝❧♦s❡ t♦ t❤❡ ❜♦✉♥❞❛r✐❡s✳ ■♥ t❤❡s❡ r❡❣✐♦♥s ♥♦♥✲s♠♦♦t❤ tr❛♥s✐t✐♦♥s ❛r❡ ♦❜s❡r✈❡❞

❡✈❡♥ t❤♦✉❣❤ t❤❡ ♣✉r♣♦s❡ ♦❢ t❤❡ ❛r❡❛ ✇❡✐❣❤t✐♥❣ ♦❢ t❤❡ ❝♦t❛♥❣❡♥t ▲❛♣❧❛❝✐❛♥ ✐s

t♦ ♠❛❦❡ t❤❡ r❡s✉❧ts ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ♠❡s❤ t♦♣♦❧♦❣② ✭s❡❡ ❋✐❣✉r❡ ✸✳✷✳✺✮✳ ❚❤✐s

❜❡❤❛✈✐♦✉r ♦♥❧② ❛r✐s❡s ✇❤❡♥ ❜♦✉♥❞❛r② ❝♦♥str❛✐♥ts ❛r❡ ✐♠♣♦s❡❞ ❛♥❞ ✐t ✐s ❛ ❝♦♥✲

s❡q✉❡♥❝❡ ♦❢ ❛♥ ✐♥❝r❡❛s❡❞ st✐✛♥❡ss ♦❢ t❤❡ ❡❞❣❡s ❝♦♥♥❡❝t✐♥❣ t❤❡ ❜♦✉♥❞❛r② ✈❡rt✐❝❡s

✇✐t❤ t❤❡ ✐♥t❡r♥❛❧ ✈❡rt✐❝❡s✳ ❆s t❤❡ ❛r❡❛ s✉rr♦✉♥❞✐♥❣ ❛ ❜♦✉♥❞❛r② ✈❡rt❡① ✐s s♠❛❧❧❡r

t❤❛♥ t❤❡ ❛r❡❛ s✉rr♦✉♥❞✐♥❣ ❛♥ ✐♥t❡r♥❛❧ ✈❡rt❡①✱ t❤❡ ❛r❡❛ ♣r♦❞✉❝t ✐s s♠❛❧❧❡r ✇❤✐❝❤

✐♥ t✉r♥ ✐♥❝r❡❛s❡s t❤❡ ❡❞❣❡ ✇❡✐❣❤t✳ ■♥ ❡✛❡❝t✱ t❤❡ ✈❡rt✐❝❡s ❝♦♥♥❡❝t❡❞ t♦ t❤❡ ❜♦✉♥❞✲

❛r✐❡s ❛r❡ ♣✉❧❧❡❞ t♦♦ ❢❛r ❞♦✇♥ ❝♦♠♣❛r❡❞ t♦ t❤❡ ✐♥t❡r♥❛❧ ✈❡rt✐❝❡s✳ ❚❤✐s ❜❡❤❛✈✐♦✉r

❞♦❡s ♥♦t ♦❝❝✉r ✇✐t❤ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞✱ ✇❤✐❝❤ ❡♠♣❤❛s✐s❡s t❤❡ ♥❡❡❞ ❢♦r

❢✉rt❤❡r r❡✜♥❡♠❡♥ts ✐♥ r❡❧❛t✐♦♥ t♦ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳

❋✐❣✉r❡ ✸✳✷✳✺ ✕ ◆♦♥✲s♠♦♦t❤ ❜♦✉♥❞❛r② tr❛♥s✐t✐♦♥ ❢♦r ❛r❡❛✲✇❡✐❣❤t❡❞ ❝♦t❛♥❣❡♥t ▲❛♣❧❛❝✐❛♥✳

❲❤✐❧❡ t❤❡ ❡✐❣❡♥✈❛❧✉❡s t❤❡r❡❢♦r❡ ❤❛✈❡ t♦ ❜❡ tr❛♥s❧❛t❡❞ ✐♥t♦ ♥❛t✉r❛❧ ❢r❡q✉❡♥❝✐❡s

✇✐t❤ ❝❛✉t✐♦♥✱ t❤❡② ❛r❡ st✐❧❧ ✉s❡❢✉❧ ❛s ❛ ♠❡❛♥s ♦❢ s♦rt✐♥❣ t❤❡ ♠♦❞❡s ❛❝❝♦r❞✐♥❣

t♦ q✉❛♥t✐❢② ❤♦✇ ♥♦✐s② t❤❡② ❛r❡✳ ❘❡❣❛r❞❧❡ss ♦❢ t❤❡ ❢r❡q✉❡♥❝② r❡❧❛t✐♦♥✱ t❤❡ ✐♠✲

♣❧❡♠❡♥t❛t✐♦♥ ♣r♦✈✐❞❡s s✉✣❝✐❡♥t ❛❝❝✉r❛❝② t♦ ❛♥s✇❡r t❤❡ q✉❡st✐♦♥ ✏❈❛♥ ♦♥❡ ❤❡❛r

t❤❡ s❤❛♣❡ ♦❢ ❛ ❞r✉♠❄✑ ❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡ s❤♦✇s✳

❊①❛♠♣❧❡ ✲ ❈❛♥ ♦♥❡ ❤❡❛r t❤❡ s❤❛♣❡ ♦❢ ❛ ❞r✉♠❄

❑❛❝ ✭✶✾✻✻✮ r❛✐s❡❞ t❤✐s q✉❡st✐♦♥ ❜❛s❡❞ ♦♥ t❤❡ ♦❜s❡r✈❛t✐♦♥ t❤❛t t❤❡ t♦♥❡s ❢r♦♠

❛ ❞r✉♠ ❞❡♣❡♥❞ ♦♥ t❤❡ ❢r❡q✉❡♥❝② ❛t ✇❤✐❝❤ t❤❡ ♠❡♠❜r❛♥❡ ✈✐❜r❛t❡s✳ ❚❤❡ q✉❡s✲

t✐♦♥ ❝❛♥ ❜❡ r❡❢♦r♠✉❧❛t❡❞ ❛s ✏❆r❡ t❤❡ ❢r❡q✉❡♥❝✐❡s ❛♥❞ t❤✉s t❤❡ t♦♥❡s ♦❢ ❛ ❞r✉♠

✉♥✐q✉❡ t♦ ✐ts s❤❛♣❡❄✑✳ ❖♥❧② ✐♥ ✶✾✾✷ ✇❡r❡ t✇♦ ❞✐✛❡r❡♥t ✷❉ s❤❛♣❡s ✇✐t❤ ✐❞❡♥t✐❝❛❧

❢r❡q✉❡♥❝✐❡s s✉❝❝❡ss❢✉❧❧② ❝♦♥str✉❝t❡❞ ✭❲✐❦✐♣❡❞✐❛✱ ✷✵✶✺❛✮✱ ✇❤✐❝❤ ♣r♦✈❡❞ t❤❛t ✐t

✐s ♥♦t ♣♦ss✐❜❧❡ t♦ ❤❡❛r t❤❡ s❤❛♣❡ ♦❢ ❛ ❞r✉♠✳ ❚❤❡ t♦♦❧ ❞❡✈❡❧♦♣❡❞ ❢♦r t❤✐s t❤❡s✐s

✈❡r✐✜❡s t❤✐s r❡s✉❧t ❜② ✉s✐♥❣ t❤❡ ♣❧❛♥❡r ❣❡♦♠❡tr✐❡s ❢r♦♠ ✶✾✾✷✱ ❝r❡❛t✐♥❣ ❛ ♠❡s❤

❢r♦♠ t❤❡♠✱ ✜①✐♥❣ t❤❡ ♠❡s❤❡s ❛❧♦♥❣ t❤❡✐r ❜♦✉♥❞❛r✐❡s✱ ❞❡✜♥✐♥❣ t❤❡ ▲❛♣❧❛❝✐❛♥

♠❛tr✐① ✭❝♦t❛♥❣❡♥t ✇✐t❤♦✉t ❛r❡❛ ✇❡✐❣❤t✐♥❣✮ ✐♥ ❡❛❝❤ ❝❛s❡ ❛♥❞ ❝❛❧❝✉❧❛t✐♥❣ t❤❡ ❡✐✲

❣❡♥❞❡❝♦♠♣♦s✐t✐♦♥✳ ❚❤❡ ❧✐st ♦❢ ✭✈❡r② ❝❧♦s❡ t♦✮ ✐❞❡♥t✐❝❛❧ ❢r❡q✉❡♥❝✐❡s✱ ❛s ✇❡❧❧ ❛s
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t❤❡ ✜rst ♠♦❞❡ s❤❛♣❡ ♦❢ ❡❛❝❤ ❞r✉♠✱ ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✸✳✷✳✻✳

❋✐❣✉r❡ ✸✳✷✳✻ ✕ ❚✇♦ ❞✐✛❡r❡♥t s❤❛♣❡s ✇✐t❤ ✐❞❡♥t✐❝❛❧ ❢r❡q✉❡♥❝✐❡s

❈♦♥✈❡r❣❡♥❝❡

❲✐t❤ ✐♠♣♦s❡❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✐t ✐s ♦❜s❡r✈❡❞ t❤❛t s♦♠❡ ♠♦❞❡s ✈❛r② ❛s t❤❡

♠❡s❤ ✐s r❡✜♥❡❞ ❛s s❤♦✇♥ ❢♦r ❛ sq✉❛r❡ ♠❡s❤ ✇✐t❤ ✜①❡❞ ❜♦✉♥❞❛r✐❡s ✐♥ ❋✐❣✉r❡

✸✳✷✳✼✳ ❋♦r ❛ ❝♦❛rs❡ ♠❡s❤ ✐t ❛♣♣❡❛rs t❤❛t ❛ ❞✐❛❣♦♥❛❧ ❞✐r❡❝t✐♦♥ ✐s ❢❛✈♦✉r❡❞ ✇❤✐❧❡ ❛

str❛✐❣❤t ♦r✐❡♥t❛t✐♦♥ ❜❡❝♦♠❡s ♠♦r❡ s✐❣♥✐✜❝❛♥t ✇✐t❤ t❤❡ ♠❡s❤ r❡✜♥❡♠❡♥t ✭❡✈✐❞❡♥t

❢r♦♠ ♠♦❞❡ ✷✱ ✸✱ ✾✱ ✶✵✮✳ ❚❤❡ s♦rt✐♥❣ ♦❢ ♠♦❞❡ ✺ ❛♥❞ ✻ ✐s ❛r❜✐tr❛r② s✐♥❝❡ t❤❡② ❤❛✈❡

t❤❡ s❛♠❡ ❢r❡q✉❡♥❝②✳

❚❤❡ r❡❛s♦♥ ❢♦r t❤✐s ❜❡❤❛✈✐♦✉r ❝❛♥ ❜❡ ❡①♣❧❛✐♥❡❞ ❢r♦♠ ❋✐❣✉r❡ ✸✳✷✳✽✱ ✇❤❡r❡ t❤❡

❜❧✉❡ ❝✐r❝❧❡s ✐♥❞✐❝❛t❡ t❤❡ ✏❢r❡❡❞♦♠✑ ♦❢ ❡❛❝❤ ✈❡rt❡① ♠❡❛s✉r❡❞ ❛s ✐ts ❞✐st❛♥❝❡ t♦

t❤❡ ❜♦✉♥❞❛r②✳ ❋♦r t❤❡ ❝♦❛rs❡ ♠❡s❤ ✭❧❡❢t✮ t❤❡ ♣❛t❤s ✇✐t❤ t❤❡ ♠♦st ❢r❡❡❞♦♠ ❛r❡

t❤r♦✉❣❤ t❤❡ ❞✐❛❣♦♥❛❧s ✇❤❡r❡ t❤❡ ❝✐r❝❧❡s ❛r❡ ❧❛r❣❡st✳ ❚❤❡ ♠♦❞❡ s❤❛♣❡s t❤❡r❡❢♦r❡

❢❛✈♦✉r t❤✐s ❞✐r❡❝t✐♦♥ ✐♥ ❛♥ ❛tt❡♠♣t t♦ ♠✐♥✐♠✐s❡ t❤❡ ❡♥❡r❣② t♦ ❞❡❢♦r♠ ❢r♦♠ ✐ts

♦r✐❣✐♥❛❧ st❛t❡✳ ❆s t❤❡ ♠❡s❤ ✐s r❡✜♥❡❞ ✭r✐❣❤t✮✱ ♠♦r❡ ✏❢r❡❡❞♦♠✑ ✐s ♣✉s❤❡❞ t♦✇❛r❞s

t❤❡ ❜♦✉♥❞❛r✐❡s✱ ✇❤✐❝❤ ❛❧❧♦✇s ♠♦r❡ ✢❡①✐❜✐❧✐t② ✐♥ ❛ str❛✐❣❤t ❞✐r❡❝t✐♦♥✳

▼♦❞❡ s❤❛♣❡ ✈❛r✐❛t✐♦♥s ❛r❡ s✐♠✐❧❛r❧② ♦❜s❡r✈❡❞ ✇❤❡♥ ♣❡r❢♦r♠✐♥❣ ♠♦❞❛❧ ❛♥❛❧②s❡s

✐♥ ❆✉t♦❞❡s❦ ❘♦❜♦t ❛♥❞ ✐t ✐s t❤❡r❡❢♦r❡ ❡✈❛❧✉❛t❡❞ t♦ ❜❡ ❛ ♥❛t✉r❛❧ ♣❤❡♥♦♠❡♥♦♥

t❤❛t ✐s ♥♦t ❛ s✐❞❡✲❡✛❡❝t ♦❢ t❤❡ ❛rt✐✜❝✐❛❧ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳
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❋✐❣✉r❡ ✸✳✷✳✼ ✕ ▼♦❞❡ ❝♦♥✈❡r❣❡♥❝❡ ❢r♦♠ ♠❡s❤ r❡✜♥❡♠❡♥t ✭✶✵①✶✵✱ ✷✵①✷✵✱ ✸✵①✸✵✮✳ ❚❤❡
❝♦❧♦✉r✐♥❣ ✐s ❜❛s❡❞ ♦♥ ❛❜s♦❧✉t❡ ✈❛❧✉❡s ♦❢ t❤❡ ✈❡rt❡① ❞✐s♣❧❛❝❡♠❡♥ts✳
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❋✐❣✉r❡ ✸✳✷✳✽ ✕ ❉✐❛❣♦♥❛❧ ✈❡rs✉s str❛✐❣❤t ♠♦❞❡ ❜❡❤❛✈✐♦✉r ❢r♦♠ ♠❡s❤ r❡✜♥❡♠❡♥t✳ ❚❤❡ ❞♦tt❡❞
❧✐♥❡s ❛r❡ s②♠♠❡tr② ❛①❡s ❛♥❞ t❤❡ ❜❧✉❡ ❝✐r❝❧❡s ✐♥❞✐❝❛t❡ t❤❡ ✏❢r❡❡❞♦♠✑ ♦❢ ❡❛❝❤ ✈❡rt❡① ♠❡❛s✉r❡❞
❛s ✐ts ❞✐st❛♥❝❡ t♦ t❤❡ ❜♦✉♥❞❛r②

▲✐♠✐t❛t✐♦♥s

❉✉❡ t♦ t❤❡ s✐♥❣❧❡ ❞❡❣r❡❡ ♦❢ ❢r❡❡❞♦♠ ❞❡s✐❣♥ ❛♣♣r♦❛❝❤ ✐t ✐s ♥♦t ♣♦ss✐❜❧❡ t♦ ❞❡✜♥❡

s❧✐❞✐♥❣ s✉♣♣♦rts ♦r ❝♦♥tr♦❧ t❤❡ r♦t❛t✐♦♥ ❛t t❤❡s❡ ❧♦❝❛t✐♦♥s✳ ❚❤❡ ❧❛tt❡r ✐s ✉s❡❢✉❧

t♦ s♣❡❝✐❢② t❤❡ t❛♥❣❡♥❝② ❛t t❤❡ ❜♦✉♥❞❛r✐❡s✱ ✇❤✐❝❤ ✐s ❛ ❞❡s✐r❛❜❧❡ ❞❡s✐❣♥ ❤❛♥❞❧❡✳

❆♥ ❛tt❡♠♣t t♦ ❛❝q✉✐r❡ t❤✐s ❝♦♥tr♦❧ ❝❛♥ ❜❡ t❤♦✉❣❤t ♦❢ ❛s ❝♦✉♣❧✐♥❣ ✈❡rt✐❝❡s ✐♥ t❤❡

♠❡s❤ t♦❣❡t❤❡r s✉❝❤ t❤❛t t❤❡② ♠♦✈❡ t❤❡ s❛♠❡ ❛♠♦✉♥t✳ ❖♥❡ ✐♠♠❡❞✐❛t❡ ❧✐♠✐t✲

❛t✐♦♥ ❤❡r❡♦❢ ✐s t❤❛t ✐t ✇✐❧❧ ♦♥❧② ✇♦r❦ ❢♦r ❛ ♣❧❛♥❡✱ ❝②❧✐♥❞❡r ♦r s♣❤❡r❡ ✭❝♦♥st❛♥t

❝✉r✈❛t✉r❡✮ ❜❡❝❛✉s❡ t❤❡ ✈❛❧✉❡s ✐♥ t❤❡ ❡✐❣❡♥✈❡❝t♦rs ❛r❡ tr❛♥s❧❛t❡❞ ✐♥t♦ ♥♦r♠❛❧

❞✐s♣❧❛❝❡♠❡♥ts✳ ❚❤❡♦r❡t✐❝❛❧❧②✱ ✐❞❡♥t✐❝❛❧ ✈❛❧✉❡s ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ❜② ✐♥❝r❡❛s✐♥❣ t❤❡

✈❡rt❡① st✐✛♥❡ss ❢♦r ❞✐❛❣♦♥❛❧ ✈❛❧✉❡s ✐♥ L ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❝♦✉♣❧❡❞ ✈❡rt❡① ♣❛✐r

❛♥❞ r❡♣❧❛❝✐♥❣ t❤❡ ♦✛✲❞✐❛❣♦♥❛❧ ❡❞❣❡ ✇❡✐❣❤ts ✭❡✳❣✳ ✲✶✮ ✇✐t❤ ❛ s✐♠✐❧❛r❧② ❤✐❣❤ st✐✛✲

♥❡ss ✈❛❧✉❡ ♦❢ ♦♣♣♦s✐t❡ s✐❣♥ s✉❝❤ t❤❛t t❤❡ r♦✇s ❛♥❞ ❝♦❧✉♠♥s st✐❧❧ s✉♠ ✉♣ t♦ ③❡r♦✳

■♥ ❋✐❣✉r❡ ✸✳✷✳✾ t❤❡ ✜rst ❢♦✉r ♠♦❞❡s ♦❢ ❛ ✶✺✲✈❡rt❡① str✐♥❣ ❛r❡ ✐❧❧✉str❛t❡❞✱ ✇❤✐❝❤

tr✐❡s t♦ ♠✐♠✐❝ r❡✢❡❝t✐✈❡ s②♠♠❡tr② ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦❢ ❛ s✐♠♣❧② s✉♣♣♦rt❡❞

❜❡❛♠✳ ❲❤✐❧❡ t❤❡ ❤♦r✐③♦♥t❛❧ t❛♥❣❡♥t ✐s ♠❛✐♥t❛✐♥❡❞✱ t❤❡ tr❛♥s✐t✐♦♥ t♦ t❤❡ ✐♥t❡r♥❛❧

✈❡rt✐❝❡s ✐s ♥♦t t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ❛♥❞ ❛s ❛ r❡s✉❧t ❥✉st ♣♦st♣♦♥❡s t❤❡ ♣r♦❜❧❡♠s t♦

t❤❡ ✈❡rt❡① ♥❡✐❣❤❜♦✉rs✳ ■♥ ❝♦♥tr❛st✱ t❤❡ ✻ t✐♠❡s ❧❛r❣❡r st✐✛♥❡ss ♠❛tr✐① ✐♥ ✜♥✐t❡

❡❧❡♠❡♥t ❛♥❛❧②s✐s✱ ✇❤✐❝❤ ✐♥❝❧✉❞❡s r♦t❛t✐♦♥❛❧ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ♠❛❦❡s ✐t ♣♦ss✐❜❧❡

t♦ ❛❞❥✉st t❤❡ ✈❡rt❡① ♣♦s✐t✐♦♥s s✉❝❤ t❤❛t ❛ s♠♦♦t❤ tr❛♥s✐t✐♦♥ ♦❝❝✉rs✳
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❋✐❣✉r❡ ✸✳✷✳✾ ✕ ❘♦t❛t✐♦♥❛❧ ❞✳♦✳❢✳✬s ❜② ✈❡rt❡① ❝♦✉♣❧✐♥❣✳ ❙❤♦✇✐♥❣ t❤❡ ✜rst ❢♦✉r ♠♦❞❡s ♦❢ ❛ ✶✺
✈❡rt❡① str✐♥❣ ✭❜❧✉❡✮ ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ❡①♣❡❝t❡❞ r❡s✉❧t ✭❣r❡②✮ ❢♦r ❛ s✐♠♣❧② s✉♣♣♦rt❡❞ ❜❡❛♠
✇✐t❤ r❡✢❡❝t✐✈❡ s②♠♠❡tr② ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s

✸✳✷✳✷ ❚❛r❣❡t ❛♣♣r♦①✐♠❛t✐♦♥ ❛♥❞ s❤❛♣❡ ❛♥❛❧②s✐s

❋✐❣✉r❡ ✸✳✷✳✶✵ ✕ ❙❛✈✐❧❧❡ ●❛r❞❡♥ ❝♦♥❝❡♣t✉❛❧ s❦❡t❝❤ ✭❝♦♣②r✐❣❤t ●❧❡♥♥ ❍♦✇❡❧✮

❲✐t❤ t❤❡ ❣✐✈❡♥ s❡t✲✉♣✱ ✐t ✐s ❣❡♥❡r❛❧❧② ❤❛r❞ t♦ ✜♥❞ t❤❡ ❞❡s✐r❛❜❧❡ ♠♦❞❡s ✐♥ t❤❡

♠♦❞❡ ❝❛t❛❧♦❣✉❡ ❛♥❞ t♦ ♠✐① t❤❡♠ ✇✐t❤ ♣r♦♣❡r ✇❡✐❣❤ts t♦ ♠❛t❝❤ ❡✳❣✳ ❛ s❦❡t❝❤❡❞

s❤❛♣❡ ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✸✳✷✳✶✵ ❢♦r t❤❡ ❙❛✈✐❧❧❡ ●❛r❞❡♥ ●r✐❞s❤❡❧❧✳ ❚❤✉s✱ t❤❡

❢♦❧❧♦✇✐♥❣ q✉❡st✐♦♥ ❛r✐s❡s✿ ✏●✐✈❡♥ ❛ st❛rt✐♥❣ ♠❡s❤✱ ✐s ✐t ♣♦ss✐❜❧❡ t♦ ❜❛❝❦✲❝❛❧❝✉❧❛t❡

✇❤✐❝❤ ♠♦❞❡s t♦ ✉s❡ ❛♥❞ t❤❡✐r ❝♦rr❡s♣♦♥❞✐♥❣ ✇❡✐❣❤ts ✐♥ ♦r❞❡r t♦ r❡❛❝❤ ❛ t❛r❣❡t

s✉r❢❛❝❡❄✑

❆♥ ✐♥✐t✐❛❧ ❛♣♣r♦❛❝❤ ♠❛② ❜❡ t♦ ❞❡✜♥❡ t❤❡ ♣r♦❜❧❡♠ ❛s ❛♥ ♦♣t✐♠✐s❛t✐♦♥ ❡①❡r❝✐s❡

❛♥❞ ✉s❡ ❛ ❝❡rt❛✐♥ ❞✐st❛♥❝❡ ♠❡❛s✉r❡♠❡♥t ❢r♦♠ t❤❡ ❣❡♥❡r❛t❡❞ ♠❡s❤ t♦ t❤❡ t❛r❣❡t

s✉r❢❛❝❡ ❛s t❤❡ ♦❜❥❡❝t ❢✉♥❝t✐♦♥ t♦ ❜❡ ♠✐♥✐♠✐s❡❞✳ ■♥ ♦r❞❡r t♦ ♦❜t❛✐♥ r❡❛s♦♥❛❜❧❡

r❡s✉❧ts✱ ✐t ✐s ♥❡❝❡ss❛r② t♦ ❧✐♠✐t t❤❡ ♥✉♠❜❡r ♦❢ ✈❛r✐❛❜❧❡s s✐❣♥✐✜❝❛♥t❧② ❛s t❤❡ ❞❡s✐❣♥
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s♣❛❝❡ t♦ s❡❛r❝❤ ✐s t♦♦ ❜✐❣ ✇✐t❤ ❛s ♠❛♥② ✈❛r✐❛❜❧❡s ❛s t❤❡r❡ ❛r❡ ✈❡rt✐❝❡s ✐♥ t❤❡

♠❡s❤✳ ❍♦✇❡✈❡r✱ t❤❡r❡ ✐s ♥♦ ✐♥❞✐❝❛t✐♦♥ ♦❢ ✇❤✐❝❤ ♠♦❞❡s t♦ ❧♦♦❦ ❢♦r ✐♥ t❤❡ ♠♦❞❡

❝❛t❛❧♦❣✉❡ ❛♥❞ t❤❡ ♠❡t❤♦❞ ✐s t❤❡r❡❢♦r❡ ♥♦t ✈❡r② s✉✐t❛❜❧❡✳

❋♦rt✉♥❛t❡❧②✱ ❛♥ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ t♦ t❤✐s q✉❡st✐♦♥ ✐s s✉r♣r✐s✐♥❣❧② s✐♠♣❧❡ ✲ t❤❡

❜❡❛✉t② ♦❢ ♠❛t❤❡♠❛t✐❝s✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ t❛r❣❡t ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s ❛ s✐❣♥❛❧

✇❤✐❝❤ r❡❧❛t❡s t♦ t❤❡ ✐♥✐t✐❛❧ ♠❡s❤✳ ❙✐♥❝❡ t❤❡ ✈❡rt✐❝❡s ♦❢ t❤❡ ♠❡s❤ ❛r❡ ❞✐s♣❧❛❝❡❞

✐♥ t❤❡ ♥♦r♠❛❧ ❞✐r❡❝t✐♦♥✱ t❤❡ s✐❣♥❛❧ ✐s ❡①❛❝t❧② ❣✐✈❡♥ ❛s t❤❡ ✈❡❝t♦r t❤❛t ❝♦♥t❛✐♥s

♥ ♥♦r♠❛❧ ❞✐st❛♥❝❡ ✈❛❧✉❡s ♠❡❛s✉r❡❞ ❢r♦♠ t❤❡ ♥ ✈❡rt✐❝❡s ✐♥ t❤❡ ✐♥✐t✐❛❧ ♠❡s❤ t♦

t❤❡ t❛r❣❡t s✉r❢❛❝❡✳ Pr♦❥❡❝t✐♥❣ t❤✐s s✐❣♥❛❧ ♦♥t♦ ❡❛❝❤ ❡✐❣❡♥✈❡❝t♦r ✉s✐♥❣ t❤❡ ❞♦t

♣r♦❞✉❝t ❣✐✈❡s t❤❡ ✇❡✐❣❤ts ✭♦♥❡ ✇❡✐❣❤t ♣❡r ♠♦❞❡✮ ❛♥❞ ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s t❤❡

❛♠♣❧✐t✉❞❡ ♦❢ ❛ s♣❡❝✐✜❝ ✇❛✈❡ t❤❛t ❡①✐sts ✐♥ t❤❡ ❣✐✈❡♥ s✐❣♥❛❧✳ ❚❤❡ t❤❡♦r❡t✐❝❛❧

❜❛❝❦❣r♦✉♥❞ ❢♦r t❤✐s ♦❜s❡r✈❛t✐♦♥ ✐s ❢✉rt❤❡r ❡①♣❧❛✐♥❡❞ ✐♥ ❆♣♣❡♥❞✐① ❆✳ ❇② s♦rt✐♥❣

t❤❡ ♠♦❞❡s ❛❝❝♦r❞✐♥❣ t♦ t❤❡✐r ❝♦rr❡s♣♦♥❞✐♥❣ ✇❡✐❣❤ts ✐♥ ❞❡s❝❡♥❞✐♥❣ ♦r❞❡r s✉❝❤

t❤❛t t❤❡ ♠♦❞❡s ✇✐t❤ t❤❡ ❤✐❣❤❡st ✇❡✐❣❤ts ✭❛❜s♦❧✉t❡ ✈❛❧✉❡✮ ❛r❡ ❧✐st❡❞ ✜rst✱ ✐t

✐s ♣♦ss✐❜❧❡ t♦ ❡①tr❛❝t ✉s❡❢✉❧ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ♣r✐♠❛r② ✐♥❣r❡❞✐❡♥ts ♦❢ t❤❡

t❛r❣❡t s✉r❢❛❝❡ ❛♥❞ t♦ s✐❣♥✐✜❝❛♥t❧② r❡❞✉❝❡ t❤❡ ♥✉♠❜❡r ♦❢ ✈❛r✐❛❜❧❡s✳ ❚❤❡ r❡❞✉❝t✐♦♥

♦❢ ✈❛r✐❛❜❧❡s ✐s ♣♦ss✐❜❧❡ ❜❡❝❛✉s❡ ♠❛♥② ♦❢ t❤❡ ♠♦❞❡s ❞♦ ♥♦t ❡①✐st ✐♥ t❤❡ ❞❡✜♥❡❞

s✐❣♥❛❧ ✭♦r ♦♥❧② ✇✐t❤ ✈❡r② s♠❛❧❧ ✇❡✐❣❤ts✮ ❛♥❞ t❤✉s t❤❡✐r ✇❡✐❣❤ts ❝❛♥ ❜❡ r♦✉♥❞❡❞

♦✛ t♦ ③❡r♦✳ ❚❤✐s ❡♥❛❜❧❡s ❛ s♦rt✐♥❣ ♦❢ t❤❡ ♠♦❞❡s ❛❝❝♦r❞✐♥❣ t♦ t❤❡✐r s✐❣♥✐✜❝❛♥❝❡

✐♥ r❡❧❛t✐♦♥ t♦ t❤❡ t❛r❣❡t s✉r❢❛❝❡✱ ✇❤✐❝❤ ✐s ✉s❡❢✉❧ t♦ ♦❜t❛✐♥ ❛ ❧♦✇ ♣❛r❛♠❡tr✐s❛t✐♦♥

✇✐t❤ ❛ ❣♦♦❞ ❛♣♣r♦①✐♠❛t✐♦♥ ❜✉t ❛❧s♦ ❤❡❧♣s t♦ ✉♥❞❡rst❛♥❞ ✇❤❛t t❤❡ t❛r❣❡t s✉r❢❛❝❡

✐s ❜✉✐❧t ✉♣ ❢r♦♠ ❛♥❞ ❣✐✈❡s t❤❡ ❞❡s✐❣♥❡r ❝♦♥tr♦❧ t♦ r❡♠♦✈❡ ✉♥❞❡s✐r❛❜❧❡ ♥♦✐s②

✐♥❣r❡❞✐❡♥ts✳

❲❤✐❧❡ t❤✐s ♠❡t❤♦❞ s✉❝❝❡ss❢✉❧❧② s♦❧✈❡s t❤❡ ✐♥✐t✐❛❧ ❣♦❛❧ ♦❢ ❛♣♣r♦①✐♠❛t✐♥❣ ❛ t❛r❣❡t

s✉r❢❛❝❡✱ t✇♦ q✉❡st✐♦♥s ♠❛② r❡♠❛✐♥ ✉♥❝❧❡❛r ✐♥ t❤❡ ❧❛r❣❡r ♣✐❝t✉r❡ ♦❢ ❢r❡❡✲❢♦r♠

♠♦❞❡❧❧✐♥❣ ❛♥❞ ❛r❡ t❤✉s ♦✉t❧✐♥❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳

✶✳ ■❢ ❛ t❛r❣❡t s✉r❢❛❝❡ ❛❧r❡❛❞② ❡①✐sts✱ ✇❤② ♥♦t ❥✉st ✉s❡ t❤❛t ❢♦r t❤❡ ❞❡s✐❣♥❄

❆s t❤✐s t♦♦❧ ✐s ✐♥t❡♥❞❡❞ ❢♦r t❤❡ ❡❛r❧② ❝♦♥❝❡♣t✉❛❧ ❞❡s✐❣♥ st❛❣❡✱ ✇❤❡r❡ ♥♦

✜♥❛❧ s❤❛♣❡ ②❡t ❡①✐sts✱ t❤✐s ♠❡t❤♦❞ ♦♣❡♥s ✉♣ ❢♦r ♥❡✇ ✐♥s♣✐r❛t✐♦♥❛❧ ❢♦r♠s

❡♠❛♥❛t✐♥❣ ❢r♦♠ t❤❡ ✐♥✐t✐❛❧ t❛r❣❡t✳ ❚❤❡r❡❜② ♥❡✇ s❤❛♣❡s ❝❛♥ ❜❡ ❡①♣❧♦r❡❞

✇✐t❤✐♥ ❛ ♠♦r❡ r❡str✐❝t❡❞ ❞❡s✐❣♥ s♣❛❝❡✳

✷✳ ❲❤② ✐s ✐t ✉s❡❢✉❧ t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ t❛r❣❡t s✉r❢❛❝❡ ❢r♦♠ ❛ ❞✐✛❡r❡♥t st❛rt✐♥❣

♠❡s❤ ✐♥st❡❛❞ ♦❢ ❥✉st ❝♦♥✈❡rt✐♥❣ t❤❡ s✉r❢❛❝❡ ✐♥t♦ ❛ ♠❡s❤ ❛♥❞ ✉s✐♥❣ t❤❛t ❞✐r✲

❡❝t❧② ✇✐t❤ ✐ts r✐❣❤t s♣❛t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥❄ ❚❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❛♣♣r♦❛❝❤ ❤❛s

t❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ ♠❛❦✐♥❣ s❤❛♣❡ ❛♥❛❧②s✐s ♣♦ss✐❜❧❡ ❛s ♣❛rt ♦❢ t❤❡ ♠♦❞❡❧❧✐♥❣
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♣r♦❝❡ss ✐ts❡❧❢✳ ❚❤❛t ✇❛② ♥♦✐s❡ ❝❛♥ ❜❡ r❡♠♦✈❡❞ t♦ ❝r❡❛t❡ ❝❧❡❛♥❡r ❣❡♦♠❡t✲

r✐❡s ❛♥❞ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ t❛r❣❡t ✐♥t♦ ✐ts ❤❛r♠♦♥✐❝ ❝♦♠♣♦♥❡♥ts ✐♥

r❡❧❛t✐♦♥ t♦ ❡✳❣✳ ❛ ✢❛t str✉❝t✉r❡ ❣✐✈❡s ❛♥ ❡♥r✐❝❤❡❞ ❣❡♦♠❡tr✐❝❛❧ ✉♥❞❡rst❛♥❞✲

✐♥❣ ♦❢ t❤❡ s❤❛♣❡✳ ■t ✐s ❛❧s♦ ♣♦ss✐❜❧❡ t♦ ✉s❡ t❤❡ str✉❝t✉r❡ ❛s st❛rt✐♥❣ ♠❡s❤

❛♥❞ t❤❡♥ ❛♣♣r♦①✐♠❛t❡ t❤❡ t❛r❣❡t s✉r❢❛❝❡ r❡♣r❡s❡♥t✐♥❣ t❤❡ ❢❛ç❛❞❡ ❢r♦♠ t❤✐s

❝♦♥✜❣✉r❛t✐♦♥ t♦ ❡✳❣✳ ❞❡t❡r♠✐♥❡ t❤❡ ❧❡♥❣t❤s ♦❢ t❤❡ st✐❝❦s t♦ ❛tt❛❝❤ t❤❡ t✇♦

♣❛rts✳

■♠♣❧❡♠❡♥t❛t✐♦♥

❚❤❡ ❢✉♥❝t✐♦♥❛❧✐t② ♦❢ ❜❛❝❦✲❝❛❧❝✉❧❛t✐♥❣ t❤❡ s✐❣♥✐✜❝❛♥t ♠♦❞❡s ✇✐t❤ t❤❡✐r ✇❡✐❣❤ts

t♦ ❛♣♣r♦①✐♠❛t❡ ❛ t❛r❣❡t ✐s ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ❛ ●r❛ss❤♦♣♣❡r ❝♦♠♣♦♥❡♥t ❛s s❤♦✇♥

✐♥ ❋✐❣✉r❡ ✸✳✷✳✶✶✳ ❚❤❡ ✐♥✐t✐❛❧ ♠❡s❤✱ t❛r❣❡t s✉r❢❛❝❡✱ ✈❡rt❡① ♥♦r♠❛❧s✱ ❡✐❣❡♥✈❡❝t♦rs✱

♥✉♠❜❡r ♦❢ ✈❛r✐❛❜❧❡s✱ s♦rt✐♥❣ ♦♣t✐♦♥ ❛♥❞ ♣r❡✲s❡t s❧✐❞❡r ✈❛❧✉❡ ♦♣t✐♦♥ ❛r❡ ❣✐✈❡♥ ❛s

✐♥♣✉t✳ ❚❤❡ t❛r❣❡t ✐s r❡♣r❡s❡♥t❡❞ ❛s ❛ ◆❯❘❇❙ s✉r❢❛❝❡ ❛s t❤❡ ❛✉t❤♦r ❝♦♥s✐❞❡r❡❞

t❤✐s t♦ ❜❡ t❤❡ ♠♦st ❝♦♠♠♦♥ ❝❛s❡ ✐♥ ♣r❛❝t✐❝❡✳

❋✐❣✉r❡ ✸✳✷✳✶✶ ✕ ❚❤❡ ✐♠♣❧❡♠❡♥t❡❞ ●r❛ss❤♦♣♣❡r ❝♦♠♣♦♥❡♥t t♦ ❜❛❝❦✲❝❛❧❝✉❧❛t❡ t❤❡ ♥❡❝❡ss❛r②
✇❡✐❣❤ts ❛♥❞ t❤❡✐r ❝♦rr❡s♣♦♥❞✐♥❣ ♠♦❞❡s t♦ ❛♣♣r♦①✐♠❛t❡ ❛ ❝✉❜❡

❆s ❞❡s❝r✐❜❡❞✱ ❛ ❞✐st❛♥❝❡ s✐❣♥❛❧ ✐s ❡ss❡♥t✐❛❧ t♦ t❤❡ ❜❛❝❦✲❝❛❧❝✉❧❛t✐♦♥ ♣r♦❝❡ss✳ ❚❤❡

❝♦♥str✉❝t✐♦♥ ♦❢ t❤✐s s✐❣♥❛❧ ✐♥✈♦❧✈❡s ♠♦r❡ st❡♣s t♦ t❛❦❡ s❡✈❡r❛❧ s❝❡♥❛r✐♦s ✐♥t♦

❛❝❝♦✉♥t❀ ✜rst❧② t❤❡ ❝❧♦s❡st ♣♦✐♥t ♦♥ t❤❡ t❛r❣❡t s✉r❢❛❝❡ ❢r♦♠ ❛ ❣✐✈❡♥ ✈❡rt❡① ✐s

❢♦✉♥❞ ❛♥❞ ✐❢ t❤❡ ❞✐st❛♥❝❡ ✐❢ ❧❡ss t❤❛♥ ❛ t❤r❡s❤♦❧❞ ✐t ✐s ❛ss✉♠❡❞ t♦ ❛❧r❡❛❞② ❧✐❡ ♦♥

t❤❡ s✉r❢❛❝❡ ❛♥❞ t❤❡ ❞✐st❛♥❝❡ ✐s t❤❡r❡❢♦r❡ ③❡r♦✳ ■❢ ✐t ❞♦❡s ♥♦t ❛❧r❡❛❞② ❧✐❡ ♦♥ t❤❡

s✉r❢❛❝❡ ❛ ✏❘❛②❙❤♦♦t✑ ♠❡t❤♦❞ ❢r♦♠ t❤❡ ❘❤✐♥♦❈♦♠♠♦♥ ❙❉❑ ✭▼❝◆❡❡❧✱ ✷✵✶✹❜✮

✐s ✉s❡❞ t♦ ✜♥❞ t❤❡ ✜rst ✐♥t❡rs❡❝t✐♦♥ ✇✐t❤ t❤❡ t❛r❣❡t s✉r❢❛❝❡ ❜② s❤♦♦t✐♥❣ ❛ r❛②

♣♦✐♥t✐♥❣ ❢r♦♠ ❛ ❣✐✈❡♥ ✈❡rt❡① ✐♥ t❤❡ ♥♦r♠❛❧ ❞✐r❡❝t✐♦♥ ❛♥❞ ❛❢t❡r✇❛r❞s ❝❛❧❝✉❧❛t✐♥❣

t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ✈❡rt❡① ❛♥❞ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♣♦✐♥t ✭❋✐❣✉r❡ ✸✳✷✳✶✷ ❛✮✳
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❚❤❡ s❤♦♦t✐♥❣ ❞✐r❡❝t✐♦♥ ✐s r❡✈❡rs❡❞ ✐❢ ♥♦ ✐♥t❡rs❡❝t✐♦♥ ♣♦✐♥t ✐s ❢♦✉♥❞ ❢r♦♠ t❤❡

✜rst ❛tt❡♠♣t ✭❋✐❣✉r❡ ✸✳✷✳✶✷ ❜✮✳ ❆♥ ❡rr♦r ♦❝❝✉rs ✐❢ st✐❧❧ ♥♦ ✐♥t❡rs❡❝t✐♦♥ ♣♦✐♥t ✐s

❞❡t❡❝t❡❞ ❛♥❞ ✐t ✐♥❞✐❝❛t❡s t❤❛t t❤❡ ✐♥✐t✐❛❧ ♠❡s❤ ❤❛s t♦ ❤❛✈❡ ❛ ♣r♦♣❡r r❡❧❛t✐♦♥ t♦

t❤❡ t❛r❣❡t s✉r❢❛❝❡ ✭❋✐❣✉r❡ ✸✳✷✳✶✷ ❝✮✳ ❖♥❡ ❧✐♠✐t❛t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤✐s ♠❡t❤♦❞

✐s t❤❡r❡❢♦r❡ t❤❛t ♦♥❧② t❤❡ ✜rst ✐♥t❡rs❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ t❛r❣❡t s✉r❢❛❝❡ ❛♥❞ ❛

r❛② ✐s ❞❡t❡❝t❡❞✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t ✐t ✐s ♥♦t ♣♦ss✐❜❧❡ t♦ ❛♣♣r♦①✐♠❛t❡ ❛ ❞♦✉❜❧❡

❧❛②❡r❡❞ s✉r❢❛❝❡✳ ❖✈❡r❤❛♥❣s ❝❛♥ ❜❡ ❤❛♥❞❧❡❞ t♦ ❛ ❝❡rt❛✐♥ ❞❡❣r❡❡ ❜② ❛❞❥✉st✐♥❣

t❤❡ ✐♥✐t✐❛❧ ♠❡s❤ t♦ ❢♦❧❧♦✇ t❤❡ t❛r❣❡t ✐♥ ❛ ❜❡tt❡r ✇❛②✳ ❚❤✉s✱ ✐t ✐s ❡✈❛❧✉❛t❡❞ t❤❛t

t❤✐s ❧✐♠✐t❛t✐♦♥ ❞♦❡s ♥♦t ✐♠♣♦s❡ ❛♥② s✐❣♥✐✜❝❛♥t r❡str✐❝t✐♦♥s ❢♦r ❢r❡❡✲❢♦r♠ s✉r❢❛❝❡

❞❡s✐❣♥ s❡❡♥ ❢r♦♠ ❛♥ ❛r❝❤✐t❡❝t✉r❛❧ ♣❡rs♣❡❝t✐✈❡✳

❋✐❣✉r❡ ✸✳✷✳✶✷ ✕ ❘❛②s❤♦♦t ♠❡t❤♦❞ t♦ ❝r❡❛t❡ ❛ ❞✐st❛♥❝❡ t♦ t❛r❣❡t s✐❣♥❛❧✳ ❛✮ ❚❤❡ ✜rst
✐♥t❡rs❡❝t✐♦♥ ✇✐t❤ t❤❡ s✉r❢❛❝❡ ❢r♦♠ ❛ r❛② ✐♥ t❤❡ ♥♦r♠❛❧ ❞✐r❡❝t✐♦♥✳ ❜✮ ❚❤❡ ✜rst ✐♥t❡rs❡❝t✐♦♥ ✇✐t❤
t❤❡ s✉r❢❛❝❡ ✐♥ t❤❡ r❡✈❡rs❡❞ ♥♦r♠❛❧ ❞✐r❡❝t✐♦♥ s✐♥❝❡ t❤❡ ✜rst ❛tt❡♠♣t ❢❛✐❧❡❞✳ ❝✮ ◆♦ ✐♥t❡rs❡❝t✐♦♥
❜❡t✇❡❡♥ t❤❡ s✉r❢❛❝❡ ❛♥❞ t❤❡ r❛② ✐♥ ❜♦t❤ ❞✐r❡❝t✐♦♥s ✐s ❞❡t❡❝t❡❞✱ ✇❤✐❝❤ ❝❛✉s❡s ❛♥ ❡rr♦r t♦ ❜❡
r❛✐s❡❞

❚❤❡ ❝♦♠♣♦♥❡♥t ♦✉t♣✉ts t❤❡ ♥❡❝❡ss❛r② ✐♥❢♦r♠❛t✐♦♥ ✭♠♦❞❡ ✐♥❞❡①❡s✱ ✇❡✐❣❤ts ❛♥❞

s❝❛❧❡ ❢❛❝t♦r✮ ❢♦r t❤❡ ❡✐❣❡♥❢✉♥❝t✐♦♥ ❝♦♠♣♦♥❡♥t t♦ tr❛♥s❧❛t❡ ✐t ✐♥t♦ ❛ ♥♦r♠❛❧ ❞✐s✲

♣❧❛❝❡♠❡♥t ♦❢ t❤❡ ✈❡rt✐❝❡s ✭t♦ ❜❡ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ❡①✐st✐♥❣ ✇♦r❦ ✢♦✇✮✳ ❚❤❡

❛♣♣r♦①✐♠❛t✐♦♥ r❡s✉❧t ✐s ❡✈❛❧✉❛t❡❞ ❜② ♠❡❛♥s ♦❢ ❛ r♦♦t ♠❡❛♥ sq✉❛r❡ ✭❘▼❙✮ ✈❛❧✉❡

♦❢ t❤❡ ❞✐st❛♥❝❡s ❢r♦♠ ❡❛❝❤ ✈❡rt❡① ✐♥ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♠❡s❤ t♦ t❤❡ t❛r❣❡t s✉r✲
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❢❛❝❡ ♠❡❛s✉r❡❞ ✐♥ t❤❡ ♥♦r♠❛❧ ❞✐r❡❝t✐♦♥ ❢r♦♠ t❤❡ ✐♥✐t✐❛❧ ♠❡s❤ ✭✐✳❡✳ ✐♥ t❤❡ ❞✐r❡❝t✐♦♥

♦❢ t❤❡ ♠♦✈❡♠❡♥t✮✳

❆❝❝✉r❛❝②

❋r♦♠ ❋♦✉r✐❡r ❛♥❛❧②s✐s ✐t ✐s ✇❡❧❧✲❦♥♦✇♥ t❤❛t ❛ ❜❡tt❡r ❣❧♦❜❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢

t❤❡ t❛r❣❡t ❢✉♥❝t✐♦♥ ✐s ❛❝❤✐❡✈❡❞ ❜② ✐♥❝r❡❛s✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ♠♦❞❡s t❤❛t ❛r❡

✐♥❝❧✉❞❡❞ ✐♥ t❤❡ s✉♠♠❛t✐♦♥✳ ❙✐♠✐❧❛r❧②✱ ✐t ✐s ❡①♣❡❝t❡❞ t❤❛t ❛♥ ✐♥❝r❡❛s✐♥❣ ♥✉♠❜❡r

♦❢ ♠♦❞❡s ✇✐t❤ ❝♦rr❡s♣♦♥❞✐♥❣ ✇❡✐❣❤ts r❡s✉❧ts ✐♥ ❛ ❜❡tt❡r ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡

t❛r❣❡t s✉r❢❛❝❡ ❡✈✐❞❡♥t ❢r♦♠ ❛ ❞❡❝r❡❛s✐♥❣ ❘▼❙ ✈❛❧✉❡✳ ■♥ t❤❡ ❞✐s❝r❡t❡ s❡tt✐♥❣

♦♥❧② ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ♠♦❞❡s ❛r❡ ❛✈❛✐❧❛❜❧❡ ✭❡q✉❛❧ t♦ t❤❡ ♥✉♠❜❡r ♦❢ ✈❡rt✐❝❡s✮

❛♥❞ ❛s s❤♦✇♥ ❢r♦♠ t❤❡ sq✉❛r❡ ✇❛✈❡ ❡①❛♠♣❧❡ ✐♥ ❆♣♣❡♥❞✐① ❆ ❛♥ ❛❝❝✉r❛t❡ r❡s✉❧t✱

✇❤✐❝❤ ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ s❛♠♣❧❡ ♣♦✐♥ts ✭❞✐st❛♥❝❡ s✐❣♥❛❧✮ ✐s ♦❜t❛✐♥❡❞ ✇❤❡♥ ❛❧❧ t❤❡

❛✈❛✐❧❛❜❧❡ ✇❛✈❡s ❛r❡ ✐♥❝❧✉❞❡❞✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ❛ ❘▼❙ ✈❛❧✉❡ ♦❢ ③❡r♦ ✐s ❡①♣❡❝t❡❞

✐❢ ❛❧❧ t❤❡ ♠♦❞❡s ✇✐t❤ t❤❡✐r ❝❛❧❝✉❧❛t❡❞ ✇❡✐❣❤ts ❛r❡ ❝♦♠❜✐♥❡❞✳ ❚❤✐s ♣r♦♣❡rt② ✐s

♠♦st❧② ✉s❡❢✉❧ t♦ ✈❛❧✐❞❛t❡ t❤❡ ❝♦rr❡❝t♥❡ss ♦❢ t❤❡ t❤❡♦r② ❛♥❞ ✐♠♣❧❡♠❡♥t❛t✐♦♥✳ ■♥

♣r❛❝t✐❝❡ t❤❡ ❛✐♠ ✐s r❛t❤❡r t♦ ♦❜t❛✐♥ ❛ ❧♦✇ ♣❛r❛♠❡tr✐s❛t✐♦♥ ♦❢ t❤❡ ♠❡s❤ ✐♥ ✇❤✐❝❤

❝❛s❡ ❛ ♣❧♦t ♦❢ t❤❡ ❘▼❙ ✈❛❧✉❡ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❝❧✉❞❡❞ ♠♦❞❡s ❤❡❧♣s

t♦ ✉♥❞❡rst❛♥❞ t❤✐s tr❛❞❡✲♦✛ ❛♥❞ ❞❡❝✐❞❡ ❛ ❝✉t✲♦✛ ❧✐♠✐t✳ ■♥ t❤✐s ❝♦♥t❡①t✱ ❜♦✉♥❞❛r②

❝♦♥❞✐t✐♦♥s ❛r❡ ✉s❡❢✉❧ ❜❡❝❛✉s❡ t❤❡② ❤❡❧♣ t♦ ❛❝❤✐❡✈❡ ❛ ❜❡tt❡r ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡

t❛r❣❡t ✇✐t❤ ❢❡✇❡r ✈❛r✐❛❜❧❡s✳

❙✐♠♣❧❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❝❛s❡s ♦❢ ❛ ❝♦♥❡✱ ❝②❧✐♥❞❡r ❛♥❞ ❝✉❜❡ ❛r❡ ✉s❡❞ t♦ ✈❡r✐❢②

t❤❛t t❤❡ ♠❡t❤♦❞ ❡①❤✐❜✐ts t❤❡ ❡①♣❡❝t❡❞ ❜❡❤❛✈✐♦✉r ❛♥❞ t❤❡r❡❜② ❞❡♠♦♥str❛t❡s t❤❡

❋♦✉r✐❡r tr❛♥s❢♦r♠ ❡①t❡♥❞❡❞ t♦ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ♠❡s❤❡s✳

❊①❛♠♣❧❡ ✲ ❆♣♣r♦①✐♠❛t✐♦♥ ♦❢ ❛ ❝♦♥❡✱ ❝②❧✐♥❞❡r ❛♥❞ ❝✉❜❡

❆ ✢❛t ❝✐r❝✉❧❛r ♠❡s❤ ❞✐✈✐❞❡❞ ✐♥ r❛❞✐❛❧ ❛♥❞ t❛♥❣❡♥t✐❛❧ ❞✐r❡❝t✐♦♥s ✐s ✉s❡❞ ❛s t❤❡

✐♥✐t✐❛❧ ♠❡s❤ ❢♦r t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ❛ ❝♦♥❡ ❛♥❞ ❛ ❝②❧✐♥❞❡r r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡

❝♦♥❡ s✉r❢❛❝❡ ✐s ♠♦❞❡❧❧❡❞ ✇✐t❤ t❤❡ s❛♠❡ r❛❞✐✉s ❛♥❞ ❛♥ ❛r❜✐tr❛r② ❤❡✐❣❤t✳ ❚❤❡

❝②❧✐♥❞❡r ✐s ♠♦❞❡❧❧❡❞ ❛s ❛ tr❛♥s❧❛t❡❞ ❞✐s❝ s✐♥❝❡ ❛ ❝②❧✐♥❞❡r ❝❛♥♥♦t ❜❡ r❡♣r❡s❡♥t❡❞

❛s ❛ s✐♥❣❧❡ ◆❯❘❇❙ s✉r❢❛❝❡ ♣❛t❝❤✳ ❚❤❡ ❜♦✉♥❞❛r② ✈❡rt✐❝❡s ❛r❡ ✜①❡❞ ❛♥❞ t❤❡ ❣r❛♣❤

▲❛♣❧❛❝✐❛♥ ✐s ✉s❡❞ t♦ ❝r❡❛t❡ t❤❡ ♥❡❝❡ss❛r② ♠❛tr✐① s✐♥❝❡ t❤❡ ♠❡s❤ ❝♦♥s✐sts ♦❢ ♥♦♥✲

tr✐❛♥❣✉❧❛r ❢❛❝❡s✳ ❚❤❡ ❤❛r♠♦♥✐❝ s❤❛♣❡s ❣❡♥❡r❛t❡❞ ❢r♦♠ ❛♥ ✐♥❝r❡❛s✐♥❣ ♥✉♠❜❡r ♦❢

t❤❡ ♠♦st s✐❣♥✐✜❝❛♥t ♠♦❞❡s ❛r❡ ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✸✳✷✳✶✸ ❛♥❞ ❋✐❣✉r❡ ✸✳✷✳✶✹✳
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❋✐❣✉r❡ ✸✳✷✳✶✸ ✕ ❆♣♣r♦①✐♠❛t✐♦♥ r❡s✉❧t ❢♦r ❛ ❝♦♥❡

❋✐❣✉r❡ ✸✳✷✳✶✹ ✕ ❆♣♣r♦①✐♠❛t✐♦♥ r❡s✉❧t ❢♦r ❛ ❝②❧✐♥❞❡r

❆ ✢❛t q✉❛❞r❛♥❣✉❧❛r ♠❡s❤ ✐s ✉s❡❞ ❛s t❤❡ ✐♥✐t✐❛❧ ♠❡s❤ ❢♦r t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢

❛ ❝✉❜❡✳ ❙✐♠✐❧❛r t♦ t❤❡ ❝②❧✐♥❞❡r✱ t❤❡ ❝✉❜❡ ✐s ♠♦❞❡❧❧❡❞ ❛s ❛ tr❛♥s❧❛t❡❞ sq✉❛r❡✳

❚❤❡ ❜♦✉♥❞❛r② ✈❡rt✐❝❡s ❛r❡ ✜①❡❞ ❛♥❞ t❤❡ ❣r❛♣❤ ▲❛♣❧❛❝✐❛♥ ✐s ✉s❡❞ ❢♦r t❤❡ s❛♠❡

r❡❛s♦♥✳ ❚❤❡ ❤❛r♠♦♥✐❝ s❤❛♣❡s r❡s✉❧t✐♥❣ ❢r♦♠ ❛♥ ✐♥❝r❡❛s✐♥❣ ♥✉♠❜❡r ♦❢ t❤❡ ♠♦st

s✐❣♥✐✜❝❛♥t ♠♦❞❡s ❛r❡ ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✸✳✷✳✶✺✳
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❋✐❣✉r❡ ✸✳✷✳✶✺ ✕ ❆♣♣r♦①✐♠❛t✐♦♥ r❡s✉❧t ❢♦r ❛ ❝✉❜❡

❆ ♣❧♦t ♦❢ t❤❡ ❘▼❙ ✈❛❧✉❡ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❝❧✉❞❡❞ s✐❣♥✐✜❝❛♥t

♠♦❞❡s t♦ ❛♣♣r♦①✐♠❛t❡ ❡❛❝❤ t❛r❣❡t s✉r❢❛❝❡ ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✸✳✷✳✶✻✳ ❚❤❡ ❘▼❙

✈❛❧✉❡ ❞❡❝r❡❛s❡s ❛s t❤❡ ♥✉♠❜❡r ♦❢ ♠♦❞❡s ✐♥❝r❡❛s❡s✱ ✇❤✐❝❤ ✐s ❡①♣❡❝t❡❞ ❜❛s❡❞ ♦♥ t❤❡

❦♥♦✇❧❡❞❣❡ ❢r♦♠ ❋♦✉r✐❡r ❛♥❛❧②s✐s✳ ❚❤❡ r❡❛s♦♥ ✇❤② t❤❡ ❘▼❙ ✈❛❧✉❡ ❢♦r t❤❡ ❝②❧✐♥❞❡r

❛♥❞ t❤❡ ❝✉❜❡ ❞♦❡s ♥♦t ❝♦♥✈❡r❣❡ t♦ ③❡r♦ ✐s ❜❡❝❛✉s❡ t❤❡ ❜♦✉♥❞❛r② ✈❡rt✐❝❡s ✭✜①❡❞✮

❛♥❞ t❤❡ t❛r❣❡t s✉r❢❛❝❡ ❞♦ ♥♦t ❝♦✐♥❝✐❞❡ ❛t t❤✐s ❧♦❝❛t✐♦♥ s♦ ❛ ❝❡rt❛✐♥ ❞❡✈✐❛t✐♦♥ ✐s

❡①♣❡❝t❡❞✳ ❚❤❡ s♣❡❡❞ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ t♦✇❛r❞s ③❡r♦ ✭♦r ❛ ❝♦♥st❛♥t✮ ❞❡♣❡♥❞s ♦♥

t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ t❛r❣❡t✳ ■♥ t❤✐s ❝❛s❡ ✺✵ ♠♦❞❡s ❢♦r t❤❡ ❝✉❜❡ ❛♥❞ ✶✵ ♠♦❞❡s

❢♦r t❤❡ ❝♦♥❡ ❛♥❞ ❝②❧✐♥❞❡r ✇❡r❡ ♥❡❝❡ss❛r② t♦ ❛❝❤✐❡✈❡ t❤❡ ♠✐♥✐♠✉♠ ❘▼❙ ✈❛❧✉❡✳

❚❤❡ ❡①❛♠♣❧❡ s❤♦✇s ♣r♦♠✐s✐♥❣ r❡s✉❧ts ✐♥ t❡r♠s ♦❢ t❤❡ ❛❝❝✉r❛❝② t❤❛t ✐s ♦❜t❛✐♥❡❞

✇✐t❤ ✶✵ ✈❛r✐❛❜❧❡s ♦r ❧❡ss✳

❚❤✐s ❛♥❛❧②t✐❝❛❧ ❛♣♣r♦❛❝❤ ✐s s✉♣❡r✐♦r ✐♥ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ ♦t❤❡r ♦♣t✐♠✐s❛t✐♦♥

str❛t❡❣✐❡s✳ ❲❤✐❧❡ t❤❡ ❜❛❝❦✲❝❛❧❝✉❧❛t✐♦♥ ♠❡t❤♦❞ ♣r♦✈✐❞❡s ❛ s♦❧✉t✐♦♥ ✐♥ ❧❡ss t❤❛♥

✷✺ ♠s ❢♦r ❛ ❝✉❜❡ ✇✐t❤ t❤❡ ✜rst ✶✵ ♠♦❞❡s✱ ✐t t❛❦❡s t❤❡ ❜✉✐❧t✲✐♥ ●r❛ss❤♦♣♣❡r ❝♦♠✲

♣♦♥❡♥t ✏●❛❧❛♣❛❣♦s✑ ✶ ♠✐♥✉t❡ ❛♥❞ ✹✹ s❡❝♦♥❞s ✇✐t❤ ❛ s✐♠✉❧❛t❡❞ ❛♥♥❡❛❧✐♥❣ s❡❛r❝❤

str❛t❡❣② ❛♥❞ ✶✼ ♠✐♥✉t❡s ❢♦r ❛♥ ❡✈♦❧✉t✐♦♥❛r② str❛t❡❣② t♦ ❛❝❤✐❡✈❡ s✐♠✐❧❛r r❡s✉❧ts✳

57



Chapter 3: Harmonic modelling

❋✐❣✉r❡ ✸✳✷✳✶✻ ✕ ❆♣♣r♦①✐♠❛t✐♦♥ ❛❝❝✉r❛❝② ❢♦r ❛ ❝♦♥❡✱ ❝②❧✐♥❞❡r ❛♥❞ ❝✉❜❡

❆♣♣❧✐❝❛t✐♦♥ ✐♥ ♣r❛❝t✐❝❡

■♥ ♣r❛❝t✐❝❡ ✐t ✐s ♠♦st ❧✐❦❡❧② ❛ ♠✐①❡❞ ❛♣♣r♦❛❝❤ ❜❡t✇❡❡♥ t❤❡ ❛r❜✐tr❛r② ❤❛r♠♦♥✐❝

♠♦❞❡❧❧✐♥❣ ❛♥❞ t❤❡ t❛r❣❡t ❛♣♣r♦①✐♠❛t✐♦♥ t❤❛t ✇✐❧❧ ❜❡ ❡♠♣❧♦②❡❞✳ ❚❤✐s ✇♦r❦ ✢♦✇

✐s ❝❤❛r❛❝t❡r✐s❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ st❡♣s✿

✶✳ ▼♦❞❡❧ ❛ ◆❯❘❇❙ s✉r❢❛❝❡ t♦ ✐♠♣❧② t❤❡ s♣❛t✐❛❧ ✐♥t❡♥t✐♦♥

✷✳ ❈r❡❛t❡ ❛ s✐♠♣❧❡ ♠❡s❤ ♦❢ ❞❡s✐r❛❜❧❡ r❡✜♥❡♠❡♥t t♦ ❜❡ ✉s❡❞ ❛s ❜❛s✐s ❢♦r t❤❡

s✉r❢❛❝❡ ❛♣♣r♦①✐♠❛t✐♦♥

✸✳ ■♠♣♦s❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✭♦♣t✐♦♥❛❧✮✱ ❝❤♦♦s❡ t❤❡ t②♣❡ ♦❢ t❤❡ ▲❛♣❧❛❝✐❛♥

♠❛tr✐①✱ ❝♦♠♣✉t❡ t❤❡ ❡✐❣❡♥❞❡❝♦♠♣♦s✐t✐♦♥✱ ❛♥❞ ❜❛❝❦✲❝❛❧❝✉❧❛t❡ ❢♦r ❡①❛♠♣❧❡

t❤❡ ✶✵ ♠♦st s✐❣♥✐✜❝❛♥t ♠♦❞❡s ❛♥❞ t❤❡✐r ✇❡✐❣❤ts t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ t❛r❣❡t

s✉r❢❛❝❡

✹✳ ❉✐s♣❧❛② t❤❡s❡ ♠♦❞❡s t♦ ❛❝❤✐❡✈❡ ❛ ❜❡tt❡r ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ ✇❤❛t t❤❡ s✉r❢❛❝❡

✐s ❜✉✐❧t ✉♣ ❢r♦♠✳ ❖♣t✐♦♥❛❧❧② r❡♠♦✈❡ ♥♦✐s② ♠♦❞❡s✳ ❆❞❥✉st t❤❡ ✇❡✐❣❤ts ❢r♦♠

t❤✐s st❛rt✐♥❣ ♣♦✐♥t t♦ ❡①♣❧♦r❡ ❛❧t❡r♥❛t✐✈❡ ❞❡s✐❣♥ ♣♦ss✐❜✐❧✐t✐❡s r❡❧❛t❡❞ t♦ t❤❡

❞❡s✐❣♥ s♣❛❝❡ t❤❛t ✐s ❞✐❝t❛t❡❞ ❜② t❤❡ ♦r✐❣✐♥❛❧ t❛r❣❡t s✉r❢❛❝❡

✺✳ ▲♦♦❦ ❢♦r ✐♥s♣✐r❛t✐♦♥ ✐♥ t❤❡ ♠♦❞❡ ❝❛t❛❧♦❣✉❡ ❛♥❞ ❡①tr❛❝t ♠♦❞❡s ♦❢ ✐♥t❡r❡st

t♦ ❜❧❡♥❞ ✇✐t❤ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ r❡s✉❧t
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✸✳✷✳✸ ◆♦♥✲❧✐♥❡❛r ♠♦r♣❤✐♥❣

▼♦r♣❤✐♥❣ ✐s t❤❡ ❝♦♥❝❡♣t ♦❢ ❝❤❛♥❣✐♥❣ ♦♥❡ s❤❛♣❡ ✐♥t♦ ❛♥♦t❤❡r s❤❛♣❡✱ ✇❤✐❝❤ ❡♥❛❜❧❡s

t❤❡ ❡①♣❧♦r❛t✐♦♥ ♦❢ t❤❡ ❞❡s✐❣♥ s♣❛❝❡ ✐♥ ❜❡t✇❡❡♥✳ ❚❤❡r❡ ❤❛s t♦ ❜❡ ❛ ❝❡rt❛✐♥ r❡❧❛t✐♦♥

❜❡t✇❡❡♥ t❤❡ t✇♦ s❤❛♣❡s s✉❝❤ t❤❛t ❡❛❝❤ ♣♦✐♥t ♦♥ ♦♥❡ s✉r❢❛❝❡ ❛❧✇❛②s ❝❛♥ ❜❡

♠❛♣♣❡❞ t♦ ❛ ♣♦✐♥t ♦♥ t❤❡ ♦t❤❡r s✉r❢❛❝❡✳ ❋♦r ❛ ♠❡s❤ r❡♣r❡s❡♥t❛t✐♦♥ t❤✐s ♠❡❛♥s

t❤❛t t❤❡ t♦♣♦❧♦❣② ❤❛s t♦ ❜❡ ❝♦♥s✐st❡♥t✳ ❚❤❡ str❛✐❣❤t ❧✐♥❡s ❜❡t✇❡❡♥ ❝♦rr❡s♣♦♥❞✐♥❣

✈❡rt✐❝❡s ✐♥ ❡❛❝❤ ♠❡s❤ ❢♦r♠ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ♣❛t❤s ❛♥❞ ❛ ♣❡r❝❡♥t❛❣❡ ♣❛r❛♠❡t❡r

s♣❡❝✐✜❡s t❤❡ ❞✐st❛♥❝❡ ❛♠♦✉♥t ❛❧♦♥❣ ❡❛❝❤ ♣❛t❤ ❢r♦♠ ✇❤✐❝❤ ❛ ♥❡✇ ✏✐♥✲❜❡t✇❡❡♥✲

s❤❛♣❡✑ ❡♠❡r❣❡s✳ ❚❤✐s ✐s r❡❢❡rr❡❞ t♦ ❛s ❧✐♥❡❛r ♠♦r♣❤✐♥❣ ❜❡❝❛✉s❡ t❤❡ ♣❛t❤s ❛r❡

tr❛✈❡rs❡❞ ❜② ❧✐♥❡❛r ✐♥t❡r♣♦❧❛t✐♦♥✳

❚❤❡ ❤❛r♠♦♥✐❝ ♠♦❞❡❧❧✐♥❣ t♦♦❧ ❤♦✇❡✈❡r✱ ❡♥❛❜❧❡s ❛ ♥♦♥✲❧✐♥❡❛r ♠♦r♣❤✐♥❣ ♣r♦❝❡ss

❜② t❛❦✐♥❣ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ❛❞❞✐t✐♦♥❛❧ ✐♥❢♦r♠❛t✐♦♥ t❤❛t ✐s ❛✈❛✐❧❛❜❧❡ ❛❜♦✉t t❤❡

♠♦❞❡ s❤❛♣❡s✳ ❚❤❡ s❛♠❡ ♠❡s❤ ❛s ❢♦♦t♣r✐♥t ♠✉st ❜❡ ✉s❡❞ ✐♥ ♦r❞❡r t♦ ❤❛✈❡ ❛

❝♦♥s✐st❡♥t ♠♦❞❡ ❝❛t❛❧♦❣✉❡✳ ❚❤❡ t✇♦ ❞❡s✐r❛❜❧❡ ❧✐♠✐t s❤❛♣❡s t♦ ♠♦r♣❤ ❜❡t✇❡❡♥

❛r❡ ♠♦❞❡❧❧❡❞ ❛s ◆❯❘❇❙ s✉r❢❛❝❡s ❛♥❞ ❛ ♥✉♠❜❡r ♦❢ s✐❣♥✐✜❝❛♥t ♠♦❞❡s ❛♥❞ t❤❡✐r

✇❡✐❣❤ts ❛r❡ ❜❛❝❦✲❝❛❧❝✉❧❛t❡❞ ❢♦r ❡❛❝❤ s❤❛♣❡ ❜❛s❡❞ ♦♥ t❤❡ ❝♦♠♠♦♥ ❢♦♦t♣r✐♥t ✭♥♦t❡

t❤❛t t❤❡ ❞❡✜♥❡❞ ♥✉♠❜❡r ♦❢ s✐❣♥✐✜❝❛♥t ♠♦❞❡s ❢♦r ❡❛❝❤ s❤❛♣❡ ❝❛♥ ✈❛r②✮✳ ❋r♦♠ t❤✐s

✐♥❢♦r♠❛t✐♦♥ ❛ s❤❛r❡❞ ❧✐st ♦❢ ♠♦❞❡s t❤❛t ❝❤❛r❛❝t❡r✐s❡ ❜♦t❤ s❤❛♣❡s ✐s ❣❡♥❡r❛t❡❞

✭❞✉♣❧✐❝❛t❡s ❛r❡ r❡♠♦✈❡❞✮ ❛♥❞ ❛ ♣❡r❝❡♥t❛❣❡ ♣❛r❛♠❡t❡r ♣❡r ♠♦❞❡ ❝♦♥tr♦❧s t❤❡

♥♦♥✲❧✐♥❡❛r ♠♦r♣❤✐♥❣ ♣r♦❝❡ss✳ ❚❤✉s✱ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛r❛♠❡t❡rs ❞❡♣❡♥❞s ♦♥ t❤❡

♥✉♠❜❡r ♦❢ s✐❣♥✐✜❝❛♥t ♠♦❞❡s t❤❛t ✐s ❝❤♦s❡♥ t♦ ❛♣♣r♦①✐♠❛t❡ ❡❛❝❤ ◆❯❘❇❙ s✉r❢❛❝❡

❛♥❞ ❤♦✇ ♠❛♥② ♠♦❞❡s t❤❡② s❤❛r❡✳ ■❢ ❛❧❧ ♣❛r❛♠❡t❡rs ❛r❡ s❡t t♦ t❤❡ ❧♦✇❡r ❧✐♠✐t

✭✵✪✮ t❤❡ ❡♠❡r❣✐♥❣ s✉r❢❛❝❡ ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ✜rst ◆❯❘❇❙ s✉r❢❛❝❡ ❛♥❞ ❧✐❦❡✇✐s❡

✐❢ ❛❧❧ t❤❡ ♣❛r❛♠❡t❡rs ❛r❡ s❡t t♦ t❤❡ ✉♣♣❡r ❧✐♠✐t ✭✶✵✵✪✮ t❤❡ ❡♠❡r❣✐♥❣ s✉r❢❛❝❡

❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ s❡❝♦♥❞ ◆❯❘❇❙ s✉r❢❛❝❡✳

▼♦r❡ t❡❝❤♥✐❝❛❧❧② t❤❡ ♠♦r♣❤❡❞ s❤❛♣❡ ✐s ❝❛❧❝✉❧❛t❡❞ ❛s t❤❡ s✉♠ ♦❢ ❞✐s♣❧❛❝❡♠❡♥ts

r❡❧❛t❡❞ t♦ ❡❛❝❤ ♠♦❞❡ s❤❛♣❡ ❢r♦♠ ❊q✉❛t✐♦♥ ✸✳✷✳✸

~D =
∑

m∈modes

λm
~Am + (1− λm) ~Bm ✭✸✳✷✳✸✮

❲❤❡r❡ ~D ✐s ❛ ♥✲❞✐♠❡♥s✐♦♥❛❧ ✈❡❝t♦r s♣❡❝✐❢②✐♥❣ t❤❡ ✈❡rt❡① ♥♦r♠❛❧ ❞✐s♣❧❛❝❡♠❡♥ts

♦❢ t❤❡ ❝♦♠♠♦♥ ❢♦♦t♣r✐♥t✱ λm ✐s ❛ ♣❛r❛♠❡t❡r ❜❡t✇❡❡♥ ✵✳✵ ❛♥❞ ✶✳✵ t❤❛t ❝♦♥✲

tr♦❧s t❤❡ ❛♠♦✉♥t ♦❢ ♠♦❞❡ ♠ t❤❛t ❡①✐sts ✐♥ t❤❡ ♠♦r♣❤❡❞ s❤❛♣❡ ✐♥ r❡❧❛t✐♦♥ t♦

t❤❡ ❧✐♠✐t s❤❛♣❡s✱ ~Am ✐s t❤❡ ♠♦❞❡ ♠ s❝❛❧❡❞ ❜② t❤❡ ❜❛❝❦✲❝❛❧❝✉❧❛t❡❞ ✇❡✐❣❤t t♦
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❛♣♣r♦①✐♠❛t❡ t❤❡ ✜rst ❧✐♠✐t s❤❛♣❡ ❛♥❞ ~Bm ✐s t❤❡ ♠♦❞❡ ♠ s❝❛❧❡❞ ❜② t❤❡ ❜❛❝❦✲

❝❛❧❝✉❧❛t❡❞ ✇❡✐❣❤t t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ s❡❝♦♥❞ ❧✐♠✐t s❤❛♣❡✳ ❚❤❡ ♠❡t❤♦❞♦❧♦❣②

✐s ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ❛ ●r❛ss❤♦♣♣❡r ❝♦♠♣♦♥❡♥t✱ ✇❤✐❝❤ r❡q✉✐r❡s t❤❡ ❢♦♦t♣r✐♥t ❛♥❞

♠♦❞❡ ❝❛t❛❧♦❣✉❡ ✭s❤❛r❡❞ ♣r♦♣❡rt✐❡s✮ ❛s ✇❡❧❧ ❛s t❤❡ s✐❣♥✐✜❝❛♥t ♠♦❞❡ ✐♥❞❡①❡s✱ ❝♦r✲

r❡s♣♦♥❞✐♥❣ ✇❡✐❣❤ts ❛♥❞ s❝❛❧❡ ❢❛❝t♦r ✭✉♥✐q✉❡ t♦ ❡❛❝❤ ❧✐♠✐t s❤❛♣❡✮✳ ❚❤❡ ♠♦r♣❤❡❞

s❤❛♣❡✱ s❤❛r❡❞ ♠♦❞❡ ❧✐st ❛♥❞ ❝♦rr❡s♣♦♥❞✐♥❣ ✇❡✐❣❤t ✐♥t❡r✈❛❧s ❛r❡ ♦✉t♣✉t t♦ ❜❡tt❡r

✉♥❞❡rst❛♥❞ t❤❡ ♣r♦❝❡ss✳ ❚❤❡ r❡s✉❧t ♦❢ ❛ ♥♦♥✲❧✐♥❡❛r ♠♦r♣❤✐♥❣ ❜❡t✇❡❡♥ ❛ ❝♦♥❡ ❛♥❞

❛ ❝②❧✐♥❞❡r ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✸✳✷✳✶✼✱ ✇❤❡r❡ t❤❡ ♣❡r❝❡♥t❛❣❡ ♣❛r❛♠❡t❡rs t♦✇❛r❞s

❡✐t❤❡r ♦❢ t❤❡ ❧✐♠✐t s❤❛♣❡s ❛r❡ ❤✐❣❤❧✐❣❤t❡❞ ✐♥ ❜❧✉❡✳

❋✐❣✉r❡ ✸✳✷✳✶✼ ✕ ◆♦♥✲❧✐♥❡❛r ♠♦r♣❤✐♥❣ ❜❡t✇❡❡♥ ❛ ❝♦♥❡ ❛♥❞ ❛ ❝②❧✐♥❞❡r ❜❛s❡❞ ♦♥ ❛ ✢❛t ❝✐r❝✉❧❛r
❢♦♦t♣r✐♥t

■♥ ❛♥ ❛r❝❤✐t❡❝t✉r❛❧ ❝♦♥t❡①t ♠♦r♣❤✐♥❣ ✐s ✉s❡❢✉❧ t♦ ❡①♣❧♦r❡ ❞✐✛❡r❡♥t s♦❧✉t✐♦♥s ✐♥

❜❡t✇❡❡♥ t✇♦ ♣r❡❞❡✜♥❡❞ ❧✐♠✐ts t❤❛t ♠❛② r❡s✉❧t ❢r♦♠ ♣✉r❡ ❛❡st❤❡t✐❝s ♦r ❛❝t✉❛❧

❞❡s✐❣♥ ❝♦♥str❛✐♥ts✳
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❈❤❛♣t❡r ✹

❈✉r✈❛t✉r❡✲st✐✛❡♥❡❞ s❤❡❧❧s

❉♦✉❜❧❡ ❝✉r✈❛t✉r❡ ✐s ❛ ❦❡② ❞❡s✐❣♥ ♣❛r❛♠❡t❡r ❢♦r t❤❡ s❤❛♣❡ ♦❢ ❛ s❤❡❧❧ t♦ st✐✛❡♥

✐t ❛❣❛✐♥st ❜✉❝❦❧✐♥❣ ❢❛✐❧✉r❡✳ ❚♦ ❡✈❛❧✉❛t❡ t❤❡ r❡s♣♦♥s❡ ♦❢ ❞✐✛❡r❡♥t s❤❡❧❧ s❤❛♣❡s

✐t ✐s ♥❡❝❡ss❛r② t♦ ❞❡✈❡❧♦♣ ❛ t♦♦❧ t❤❛t ✐s ❝❛♣❛❜❧❡ ♦❢ ❝❛❧❝✉❧❛t✐♥❣ t❤✐s ❜✉❝❦❧✐♥❣

❝❛♣❛❝✐t②✳ ❙✐♥❝❡ ✐t ✐s ❞❡s✐r❛❜❧❡ t❤❛t t❤✐s ♠❡❛s✉r❡ ❝❛♥ ❜❡ ✉s❡❞ t♦ ✐♥❢♦r♠ t❤❡ s❤❡❧❧

s❤❛♣❡ ✐♥ t❤❡ ❝♦♥❝❡♣t✉❛❧ ❞❡s✐❣♥ st❛❣❡ ✐t ✐s ❡ss❡♥t✐❛❧ t❤❛t t❤✐s t♦♦❧ ✐s ❛♥ ✐♥t❡❣r❛t❡❞

♣❛rt ♦❢ t❤❡ ♠♦❞❡❧❧✐♥❣ ❡♥✈✐r♦♥♠❡♥t t♦ ❡♥❛❜❧❡ r❡❛❧✲t✐♠❡ ✐♥t❡r❛❝t✐♦♥✳ ❚❤✐s ❝❤❛♣t❡r

❜r✐❡✢② ❞❡s❝r✐❜❡s ❜✉❝❦❧✐♥❣ ❛s ❛ str✉❝t✉r❛❧ ❢❛✐❧✉r❡ ♠♦❞❡ t♦ ❝r❡❛t❡ t❤❡ ❢♦✉♥❞❛t✐♦♥

❢♦r ❞❡✈❡❧♦♣✐♥❣ s✉❝❤ ❛ t♦♦❧✳ ❉✐✛❡r❡♥t ♦♣t✐♦♥s ❛r❡ ✐♥✈❡st✐❣❛t❡❞ ❛♥❞ ❛ ❜❛rr❡❧ ✈❛✉❧t

st✉❞② s❡r✈❡s t♦ ❡✈❛❧✉❛t❡ t❤❡ r❡❧✐❛❜✐❧✐t② ♦❢ t❤❡ t♦♦❧✳

✹✳✶ ❇✉❝❦❧✐♥❣ ❜❡❤❛✈✐♦✉r

❇✉❝❦❧✐♥❣ ✐s ❛♥ ✐♥st❛❜✐❧✐t② ♣r♦❜❧❡♠ ♦❢ ❛ str✉❝t✉r❡ ✐♥ ❝♦♠♣r❡ss✐♦♥✱ ✇❤✐❝❤ ❧❡❛❞s t♦ ❛

s✉❞❞❡♥ ❢❛✐❧✉r❡ ❜❡❢♦r❡ t❤❡ ✉❧t✐♠❛t❡ ❝♦♠♣r❡ss✐✈❡ str❡ss ♦❢ t❤❡ ♠❛t❡r✐❛❧ ✐s r❡❛❝❤❡❞✳

❚❤❡ ❜✉❝❦❧✐♥❣ ❜❡❤❛✈✐♦✉r ✐s ❡✈✐❞❡♥t ❢r♦♠ ❛ ♣❧♦t ♦❢ t❤❡ ❢♦r❝❡ ✈❡rs✉s ❞✐s♣❧❛❝❡♠❡♥t

❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✹✳✶✳✶✳ ■♥✐t✐❛❧❧②✱ t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts ❢♦❧❧♦✇ t❤❡ ❛♣♣❧✐❡❞ ❧♦❛❞

✇✐t❤ ❛♥ ❛♣♣r♦①✐♠❛t❡ ❧✐♥❡❛r r❡❧❛t✐♦♥✱ ❜✉t ❛t ❛ ❝❡rt❛✐♥ ♣♦✐♥t ✭❜✐❢✉r❝❛t✐♦♥✮ ❛ ❝r✐t✲

✐❝❛❧ ❧♦❛❞ ✐s r❡❛❝❤❡❞✱ ❜❡②♦♥❞ ✇❤✐❝❤ ❛♥ ✐♥✜♥✐t❡s✐♠❛❧❧② s♠❛❧❧ ❧♦❛❞ ✐♥❝r❡♠❡♥t ❝❛✉s❡s

❛ s✐❣♥✐✜❝❛♥t ❝❤❛♥❣❡ ✐♥ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t✳ ▼❛t❤❡♠❛t✐❝❛❧❧②✱ t❤✐s ♠❡❛♥s t❤❛t t✇♦

❞✐✛❡r❡♥t ❡q✉✐❧✐❜r✐✉♠ st❛t❡s ❡①✐st ❢♦r t❤❡ s❛♠❡ ❧♦❛❞✳ ❚❤✐s ♥❡✇ ❜✉❝❦❧❡❞ ❝♦♥✜❣✉r❛✲

t✐♦♥ ❝❛♥ ❡✐t❤❡r ❜❡ ❛❞❥❛❝❡♥t t♦ t❤❡ ♦r✐❣✐♥❛❧ ❝♦♥✜❣✉r❛t✐♦♥ s✉❝❤ t❤❛t t❤❡ str✉❝t✉r❡

✻✶
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q✉✐❝❦❧② ✜♥❞s ♥❡✇ st❛❜✐❧✐t② ❛♥❞ t❤❡ ❧♦❛❞ ❝❛♣❛❝✐t② t❤❡r❡❜② ❝♦♥t✐♥✉❡s t♦ ✐♥❝r❡❛s❡

❛❧t❤♦✉❣❤ ✇✐t❤ ❛ s❧♦✇❡r r❛t❡ ✭❛✮ ♦r ✐t ❝❛♥ ❜❡ ❛ s♦✲❝❛❧❧❡❞ s♥❛♣✲t❤r♦✉❣❤ ✇❤❡r❡ t❤❡r❡

✐s ♥♦ ❛❞❥❛❝❡♥t ❡q✉✐❧✐❜r✐✉♠ ❝♦♥✜❣✉r❛t✐♦♥ r❡s✉❧t✐♥❣ ✐♥ ❧❛r❣❡ ❞✐s♣❧❛❝❡♠❡♥ts ❜❡❢♦r❡

st❛❜✐❧✐t② ✐s r❡❛❝❤❡❞ ❛❣❛✐♥ ✭❜✮ ✭❈♦♦❦✱ ✶✾✾✺✮✳

❋✐❣✉r❡ ✹✳✶✳✶ ✕ ❇✉❝❦❧✐♥❣ ❜❡❤❛✈✐♦✉r ❢r♦♠ ❧♦❛❞ ✈❡rs✉s ❞✐s♣❧❛❝❡♠❡♥t ♣❧♦t✳ ❛✮ ❆❞❥❛❝❡♥t ❡q✉✐✲
❧✐❜r✐✉♠ ❝♦♥✜❣✉r❛t✐♦♥✳ ❜✮ ✏❙♥❛♣✲t❤r♦✉❣❤✑

❚❤❡ ❜✉❝❦❧✐♥❣ ❝❛♣❛❝✐t② ✐s ✉s✉❛❧❧② q✉❛♥t✐✜❡❞ ❜② ♠❡❛♥s ♦❢ ❛ ❜✉❝❦❧✐♥❣ ❧♦❛❞ ❢❛❝t♦r

✭❇▲❋✮✱ ✇❤✐❝❤ s♣❡❝✐✜❡s ❤♦✇ ♠✉❝❤ t❤❡ ❛♣♣❧✐❡❞ ❧♦❛❞ ❝❛♥ ❜❡ s❝❛❧❡❞ ❜❡❢♦r❡ ❜✉❝❦✲

❧✐♥❣ ♦❝❝✉rs✳ ●❡♥❡r❛❧❧②✱ ❛ ❜✉❝❦❧✐♥❣ ♣r♦❜❧❡♠ ❝❛♥ ❜❡ ❞✐✈✐❞❡❞ ✐♥t♦ t✇♦ s♦❧✉t✐♦♥

str❛t❡❣✐❡s❀ ❛ ❧✐♥❡❛r ❛♥❞ ❛ ♥♦♥✲❧✐♥❡❛r ❛♣♣r♦❛❝❤✳ ❚❤❡ ❧✐♥❡❛r ❛♣♣r♦❛❝❤ ✐s ❜❛s❡❞

♦♥ t❤❡ ♦r✐❣✐♥❛❧ ✉♥❞❡❢♦r♠❡❞ ❝♦♥✜❣✉r❛t✐♦♥ ❢r♦♠ ✇❤✐❝❤ t❤❡ str❡ss st❛t❡ r❡s✉❧t✐♥❣

❢r♦♠ t❤❡ ❛♣♣❧✐❡❞ ❧♦❛❞ ✐s ❝♦♠♣✉t❡❞ ❛♥❞ ✉s❡❞ t♦ ❝♦♥str✉❝t ❛ ❣❡♦♠❡tr✐❝ st✐✛♥❡ss

♠❛tr✐① Kσ✳ ❚❤❡ ♣✉r♣♦s❡ ♦❢ t❤✐s ♠❛tr✐① ✐s t♦ ❡✐t❤❡r ✐♥❝r❡❛s❡ t❤❡ ❝♦♥✈❡♥t✐♦♥❛❧

st✐✛♥❡ss ♠❛tr✐① K ✐❢ t❤❡ str✉❝t✉r❡ ✐s ✐♥ t❡♥s✐♦♥ ♦r ❞❡❝r❡❛s❡ ✐t ✐❢ t❤❡ str✉❝t✉r❡ ✐s

✐♥ ❝♦♠♣r❡ss✐♦♥✳ ❚❤❡ ❜✉❝❦❧✐♥❣ ♣r♦❜❧❡♠ ✐s s✉❜s❡q✉❡♥t❧② s♦❧✈❡❞ ❛s ❛♥ ❡✐❣❡♥✈❛❧✉❡

♣r♦❜❧❡♠ ❣✐✈❡♥ ❜②

[K+ λ ·Kσ] δ = 0 ✭✹✳✶✳✶✮

❲❤❡r❡ λ ✐s t❤❡ ❜✉❝❦❧✐♥❣ ❧♦❛❞ ❢❛❝t♦r ❛♥❞ δ ✐s t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ❛ss♦❝✐❛t❡❞ ✇✐t❤

t❤❡ ❜✉❝❦❧✐♥❣ s❤❛♣❡ ✭❈♦♦❦✱ ✶✾✾✺✮✳ ❆s ♠❡♥t✐♦♥❡❞✱ t❤✐s ❛♣♣r♦❛❝❤ ❞♦❡s ♥♦t t❛❦❡ t❤❡

❞❡❢♦r♠❡❞ s❤❛♣❡ ✐♥t♦ ❛❝❝♦✉♥t✱ ✇❤✐❝❤ ♠✐❣❤t ❛❧t❡r t❤❡ ❢♦r❝❡ ❞✐str✐❜✉t✐♦♥ ❞✐✛❡r❡♥t❧②

t❤❛♥ ❛ ♣✉r❡ s❝❛❧✐♥❣ ♦❢ t❤❡ ✐♥✐t✐❛❧ str❡ss st❛t❡✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ❧✐♥❡❛r ❜✉❝❦❧✐♥❣

❛♥❛❧②s✐s ♦❢t❡♥ ♦✈❡r❡st✐♠❛t❡s t❤❡ ❝❛♣❛❝✐t② ❛♥❞ ♣r♦✈✐❞❡s ❛ r❡s✉❧t ♦♥ t❤❡ ✉♥s❛❢❡

s✐❞❡✳ ❍♦✇❡✈❡r✱ t❤❡ s✐♠♣❧✐❝✐t② ♦❢ t❤❡ ♠❡t❤♦❞ ♠❛❦❡s ✐t ✇✐❞❡❧② ✉s❡❞✳

❚❤❡ ♥♦♥✲❧✐♥❡❛r ❛♣♣r♦❛❝❤ ❛✐♠s t♦ ❛❝❝♦✉♥t ❢♦r t❤❡ ❝❤❛♥❣❡ ✐♥ r❡s♣♦♥s❡ ❞✉❡ t♦

t❤❡ ❧❛r❣❡ ❞❡❢♦r♠❛t✐♦♥s✳ ❚❤✐s ❝♦♠♣❧✐❝❛t❡s t❤❡ ♣r♦❜❧❡♠ ❜❡❝❛✉s❡ t❤❡ s♦❧✉t✐♦♥ ❤❛s
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t♦ ✐♥❝♦r♣♦r❛t❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ❛❝t✉❛❧ ❝♦♥✜❣✉r❛t✐♦♥✱ ✇❤✐❝❤ ✐s ♥♦t ❢✉❧❧②

❦♥♦✇♥ ✉♥t✐❧ t❤❡ s♦❧✉t✐♦♥ ✐s ❦♥♦✇♥✳ ❚❤❡ ♣r♦❝❡❞✉r❡ ✐s t❤❡r❡❢♦r❡ t♦ ♦❜t❛✐♥ t❤❡

s♦❧✉t✐♦♥ t❤r♦✉❣❤ ♠✉❧t✐♣❧❡ ❧✐♥❡❛r ❧♦❛❞ st❡♣s ❛♥❞ tr❛❝❡ t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts✳ ❉✐❢✲

❢❡r❡♥t ♥✉♠❡r✐❝❛❧ t❡❝❤♥✐q✉❡s ❡①✐sts t♦ ♠❛❦❡ s✉r❡ t❤❛t t❤✐s tr❛❝❡❞ ❝✉r✈❡ st❛②s ❛s

❝❧♦s❡ ❛s ♣♦ss✐❜❧❡ t♦ t❤❡ ❝♦rr❡❝t ✭✐♥ r❡❛❧✐t② ✉♥❦♥♦✇♥✮ s♦❧✉t✐♦♥ ❝✉r✈❡✱ t❤❡ s✐♠♣❧❡st

♦♥❡ ❜❡✐♥❣ ❊✉❧❡r✬s ♠❡t❤♦❞ ✭❈♦♦❦✱ ✶✾✾✺✮✳ ❖t❤❡r ♠♦r❡ ❛❞✈❛♥❝❡❞ ♠❡t❤♦❞s ✐♥❝❧✉❞❡

❜✐s❡❝t✐♦♥ ✭❲❡✐sst❡✐♥✱ ✷✵✶✺❛✮✱ ◆❡✇t♦♥✲❘❛♣❤s♦♥ ✭❈♦♦❦✱ ✶✾✾✺✮ ❛♥❞ ❞②♥❛♠✐❝ r❡✲

❧❛①❛t✐♦♥ ✭❉❛②✱ ✶✾✻✺✮✳ ❚❤❡ ❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥t ✐s ❝❤❛r❛❝t❡r✐s❡❞ ❜② t❤❡ ❣r❛❞✐❡♥t ♦❢

t❤❡ ❝✉r✈❡ ❜❡✐♥❣ ❡q✉❛❧ t♦ ③❡r♦✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡ str✉❝t✉r❡ ❤❛s ③❡r♦ st✐✛♥❡ss

❢♦r t❤✐s ♠♦❞❡ s❤❛♣❡✳ ❋♦r s♥❛♣✲t❤r♦✉❣❤ ♣r♦❜❧❡♠s ✐t ✐s ♦❢t❡♥ ♠♦r❡ st❛❜❧❡ t♦ ✐♥✲

❝r❡♠❡♥t❛❧❧② ♣r❡s❝r✐❜❡ t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts ❛♥❞ tr❛❝❡ t❤❡ r❡❛❝t✐♦♥ ❢♦r❝❡s ✐♥st❡❛❞ ✐♥

♦r❞❡r t♦ ♦❜t❛✐♥ t❤❡ ❡♥t✐r❡ ♣♦st✲❜✉❝❦❧✐♥❣ ❜❡❤❛✈✐♦✉r ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✹✳✶✳✶ ✭❜✮✳

❖t❤❡r✇✐s❡ ✐t ✐s ♥♦t ♣♦ss✐❜❧❡ t♦ tr❛❝❡ t❤❡ ♣❛rt ♦❢ t❤❡ ❝✉r✈❡ ❜❡❧♦✇ t❤❡ ❞♦tt❡❞ ❧✐♥❡✳

✹✳✷ ❇✉❝❦❧✐♥❣ ♠❡❛s✉r❡

❉✐✛❡r❡♥t ♦♣t✐♦♥s t♦ ♦❜t❛✐♥ ❛ ♠❡❛s✉r❡ ❢♦r t❤❡ ❜✉❝❦❧✐♥❣ ❝❛♣❛❝✐t② ✇❡r❡ ✐♥✈❡st✐❣❛t❡❞✳

■♥t❡❣r❛t✐♦♥ ✇✐t❤ t❤❡ ❞❡✈❡❧♦♣❡❞ ❤❛r♠♦♥✐❝ ♠♦❞❡❧❧✐♥❣ t♦♦❧ ❛♥❞ ❧♦✇ ❝♦♠♣✉t❛t✐♦♥❛❧

t✐♠❡ ✭♣♦ss✐❜❧② ❛t t❤❡ ❝♦st ♦❢ ❧❡ss ❛❝❝✉r❛❝②✮ ✇❡r❡ t❤❡ ♠❛✐♥ ♣r✐♦r✐t✐❡s✳

❚❤❡ ✐♥✐t✐❛❧ ✐❞❡❛ ✇❛s t♦ ✉s❡ t❤❡ ✜rst ❡✐❣❡♥✈❛❧✉❡ ✭❞✐✛❡r❡♥t ❢r♦♠ ③❡r♦✮✱ ❝❛❧❝✉❧❛t❡❞

❢r♦♠ t❤❡ ❛❧r❡❛❞② ✐♠♣❧❡♠❡♥t❡❞ ❢r❛♠❡✇♦r❦ ✇✐t❤ t❤❡ ▲❛♣❧❛❝✐❛♥ ♠❛tr✐①✱ ❛s ❛ ♠❡❛s✲

✉r❡ t♦ ❝♦♠♣❛r❡ t❤❡ ❜✉❝❦❧✐♥❣ ❝❛♣❛❝✐t② ❢♦r ❞✐✛❡r❡♥t s❤❛♣❡s ❞✉❡ t♦ t❤❡ s✐♠✐❧❛r✐t✐❡s

❜❡t✇❡❡♥ t❤✐s ❛♣♣r♦❛❝❤ ❛♥❞ t❤❡ ❧✐♥❡❛r ❜✉❝❦❧✐♥❣ ❛♥❛❧②s✐s✳ ❊✈❡♥ t❤♦✉❣❤ t❤❡ ❝♦t❛♥✲

❣❡♥t ▲❛♣❧❛❝✐❛♥ t❛❦❡s t❤❡ ❣❡♦♠❡tr② ✐♥t♦ ❛❝❝♦✉♥t✱ ✐t ✇❛s ♦❜s❡r✈❡❞ t❤❛t t❤❡ ✜rst

❡✐❣❡♥✈❛❧✉❡ r❡♠❛✐♥❡❞ ❛❧♠♦st ❝♦♥st❛♥t ❢♦r ❞✐✛❡r❡♥t s❤❛♣❡s ❛♥❞ ❤❡♥❝❡ ✉♥s✉✐t❛❜❧❡

❛s ❛ ♠❡❛s✉r❡✳

❑❛r❛♠❜❛ ✭❑❛r❛♠❜❛✸❉✱ ✷✵✶✺✮ ✐s ❛ ✜♥✐t❡ ❡❧❡♠❡♥t ❛♥❛❧②s✐s s♦❢t✇❛r❡ ❡♠❜❡❞❞❡❞ ✐♥

●r❛ss❤♦♣♣❡r ❛♥❞ ✇✐t❤ t❤❡ ♠♦st r❡❝❡♥t ✈❡rs✐♦♥ ✶✳✶✳✵ ✭r❡❧❡❛s❡❞ ✶✹ ▼❛r❝❤ ✷✵✶✺✮

✐t ✐s ♣♦ss✐❜❧❡ t♦ ♣❡r❢♦r♠ ❛ ❧✐♥❡❛r ❜✉❝❦❧✐♥❣ ❛♥❛❧②s✐s✳ ❲❤✐❧❡ t❤✐s ✐s ❛ ❢❛st ✇❛②

t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ❜✉❝❦❧✐♥❣ ❧♦❛❞ ❢❛❝t♦r✱ ✐t ❢❛✐❧❡❞ t♦ ✇♦r❦ ✇❤❡♥ ✐♥t❡❣r❛t❡❞ ✐♥ ❛♥

♦♣t✐♠✐s❛t✐♦♥ ♣r♦❝❡ss ✇✐t❤ ♠♦r❡ t❤❛♥ ✺ ✈❛r✐❛❜❧❡s ✭t❤❡ ✇❡✐❣❤ts t♦ ❝♦♥tr♦❧ t❤❡

s❤❛♣❡✮ ❛s t❤❡ ♣r♦❣r❛♠ ❝♦♥s✐st❡♥t❧② ❝r❛s❤❡❞✳ ❋♦r t❤✐s r❡❛s♦♥ ✐t ✇❛s ❞❡❝✐❞❡❞ ♥♦t

t♦ ✉s❡ ❑❛r❛♠❜❛✳

❚❤❡ ♦♣t✐♦♥ ♦❢ ♠❛♥✉❛❧❧② ❝♦♥str✉❝t✐♥❣ t❤❡ ❝♦♥✈❡♥t✐♦♥❛❧ ❛♥❞ ❣❡♦♠❡tr✐❝ st✐✛♥❡ss

♠❛tr✐① ❢r♦♠ ✜♥✐t❡ ❡❧❡♠❡♥t ❢♦r♠✉❧❛t✐♦♥s ✇❛s ❛❧s♦ ❝♦♥s✐❞❡r❡❞✳ ❚❤✐s ♠❛tr✐① ❢♦r✲
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♠✉❧❛t✐♦♥ ✜ts ✇❡❧❧ ✇✐t❤ t❤❡ ❛❧r❡❛❞② ✐♠♣❧❡♠❡♥t❡❞ ❢r❛♠❡✇♦r❦✳ ❍♦✇❡✈❡r✱ ❢♦r t❤r❡❡✲

❞✐♠❡♥s✐♦♥❛❧ s❤❡❧❧ ❡❧❡♠❡♥ts t❤✐s ❢♦r♠✉❧❛t✐♦♥ ❜❡❝♦♠❡s r❛t❤❡r ❝♦♠♣❧✐❝❛t❡❞✳ ❚❤❡r❡✲

❢♦r❡ ✐t ✇❛s ❝♦♥❝❧✉❞❡❞ t❤❛t t❤❡r❡ ✇❛s ♥♦ ♣♦✐♥t ✐♥ r❡✐♥✈❡♥t✐♥❣ t❤❡ ✇❤❡❡❧ ❛♥❞ ✐t ✇❛s

❢✉rt❤❡r♠♦r❡ ✉♥❦♥♦✇♥ ✇❤❛t ❝♦✉❧❞ ❜❡ ❣❛✐♥❡❞ ❢r♦♠ ✐t ✐♥ t❡r♠s ♦❢ ❝♦♠♣✉t❛t✐♦♥❛❧

s♣❡❡❞✳

P✐❦❡r ✭✷✵✶✺✮ r❡❝❡♥t❧② r❡❧❡❛s❡❞ ❛ ❝♦♠♣❧❡t❡❧② r❡✇r✐tt❡♥ ✈❡rs✐♦♥ ♦❢ ❑❛♥❣❛r♦♦✱ ✇❤✐❝❤

✐s ❛ ♣❧✉❣✲✐♥ ❢♦r ●r❛ss❤♦♣♣❡r ✉s❡❢✉❧ ❢♦r s✐♠✉❧❛t✐♥❣ ♣❤②s✐❝s✳ ❲✐t❤ t❤✐s ♥❡✇ ✈❡r✲

s✐♦♥ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❡♠♣❧♦② t❤❡ ❞②♥❛♠✐❝ r❡❧❛①❛t✐♦♥ ♠❡t❤♦❞ t♦ s♦❧✈❡ ❛ s❡t ♦❢

♥♦♥✲❧✐♥❡❛r ❡q✉❛t✐♦♥s ✇✐t❤ ✐♠♣r♦✈❡❞ st❛❜✐❧✐t② ❛♥❞ r❡♠❛r❦❛❜❧❡ ❝♦♥✈❡r❣❡♥❝❡ s♣❡❡❞✳

❇❛s❡❞ ♦♥ t❤❡s❡ ♣r♦♠✐s✐♥❣ ✐♠♣r♦✈❡♠❡♥ts✱ ✐t ✇❛s ❝❤♦s❡♥ t♦ ✐♥✈❡st✐❣❛t❡ t❤✐s ♦♣t✐♦♥

❢✉rt❤❡r✳

✹✳✷✳✶ ◆♦♥✲❧✐♥❡❛r ❜✉❝❦❧✐♥❣ ✇✐t❤ ❑❛♥❣❛r♦♦

❚❤❡ ❑❛♥❣❛r♦♦ ❡♥❣✐♥❡ ✉s❡s ◆❡✇t♦♥✬s s❡❝♦♥❞ ❧❛✇✱ ✇❤✐❝❤ r❡❧❛t❡s t❤❡ r❡s✐❞✉❛❧ ❢♦r❝❡

❛❝t✐♥❣ ♦♥ ❛♥ ♦❜❥❡❝t ✇✐t❤ ✐ts ♠❛ss ❛♥❞ ❛❝❝❡❧❡r❛t✐♦♥ ✭Fres = m·a✮✳ ❉✐✛❡r❡♥t ♣❤②s✲
✐❝❛❧ ❜❡❤❛✈✐♦✉rs ❛r❡ tr❛♥s❧❛t❡❞ ✐♥t♦ s♦✲❝❛❧❧❡❞ ✏●♦❛❧s✑✱ ✇❤✐❝❤ s♣❡❝✐❢② t❤❡ ❞✐r❡❝t✐♦♥s

❛♥❞ ♠❛❣♥✐t✉❞❡s ♦❢ ❢♦r❝❡s ❛❝t✐♥❣ ♦♥ t❤❡ ♣r❡❞❡✜♥❡❞ ❣❡♦♠❡tr② ❡✳❣✳ ❛ ♠❡s❤✳ ❚❤❡s❡

❢♦r❝❡s ❛r❡ s✉♠♠❡❞ ❢♦r ❡❛❝❤ ✈❡rt❡① ❛♥❞ t❤❡ r❡s✐❞✉❛❧ ❢♦r❝❡ ❞✐❝t❛t❡s ✇❤❡r❡ t❤✐s

✈❡rt❡① ✇✐❧❧ ♠♦✈❡ t♦ ❛♥❞ ❤♦✇ ❢❛st ✐t ✇✐❧❧ ❣❡t t❤❡r❡✳ ❚❤❡ ♥❡✇ ♣♦s✐t✐♦♥s ❛r❡ s✉❜✲

s❡q✉❡♥t❧② ♦❜t❛✐♥❡❞ ✐♥ ❛♥ ✐t❡r❛t✐✈❡ ♣r♦❝❡ss ❛♥❞ ✐❢ t❤❡ ❣♦❛❧s ❛r❡ ❝♦♥✢✐❝t✐♥❣✱ t❤❡

s♦❧✉t✐♦♥ ❜❡❝♦♠❡s ❛ ❝♦♠♣r♦♠✐s❡ ❜❡t✇❡❡♥ t❤❡♠✳ ❚❤✐s ❢r❛♠❡✇♦r❦ ❡♥❛❜❧❡s ❛ ❞②✲

♥❛♠✐❝ r❡❧❛①❛t✐♦♥ ♣r♦❝❡ss ✭❛s ❞❡s❝r✐❜❡❞ ✐♥ ❈❤❛♣t❡r ✶✮ ❜② ❝♦♥✈❡rt✐♥❣ t❤❡ ❡❞❣❡s

♦❢ t❤❡ ♠❡s❤ ✐♥t♦ s♣r✐♥❣s ✇✐t❤ ❛ r❡st ❧❡♥❣t❤ ❛♥❞ st✐✛♥❡ss✱ ❛ss✐❣♥✐♥❣ ♠❛ss❡s t♦

t❤❡ ✈❡rt✐❝❡s✱ ❝♦♥✈❡rt✐♥❣ s❡❧❡❝t❡❞ ✈❡rt✐❝❡s ✐♥t♦ ❛♥❝❤♦r ♣♦✐♥ts ❛♥❞ ❛♣♣❧②✐♥❣ ❛ ❧♦❛❞✳

❚❤❡ ❡♥❣✐♥❡ ❝❛❧❝✉❧❛t❡s t❤❡ ♥❡✇ ♣♦s✐t✐♦♥s t❤❛t r❡♣r❡s❡♥t t❤❡ ❡q✉✐❧✐❜r✐✉♠ st❛t❡

✇❤❡r❡ t❤❡ r❡s✐❞✉❛❧ ❢♦r❝❡ ❛t ❡❛❝❤ ✈❡rt❡① ✐s ③❡r♦✳

❆s t❤❡ ❡❞❣❡s ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ♠❡s❤ ❛r❡ ❝♦♥✈❡rt❡❞ ✐♥t♦ s♣r✐♥❣s✱ ♦♥❧② ❛①✐❛❧ ❢♦r❝❡s

❝❛♥ ❜❡ tr❛♥s❢❡rr❡❞✱ ✇❤✐❝❤ ♠✐♠✐❝s ❛ tr✉ss str✉❝t✉r❡ r❛t❤❡r t❤❛♥ ❛ ♣❧❛t❡✲s❤❡❧❧

str✉❝t✉r❡✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✐❢ t❤❡ ❢❛❝❡s ✐♥ t❤❡ ♠❡s❤ ❛r❡ ♥✲❣♦♥s ✇✐t❤ n > 3

t❤❡② ❧♦♦s❡ t❤❡✐r ✐♥✲♣❧❛♥❡ st✐✛♥❡ss ❛♥❞ ❤❡♥❝❡ t❤❡ ❛❜✐❧✐t② t♦ tr❛♥s❢❡r s❤❡❛r ❢♦r❝❡s✳

❆ s✐♠♣❧❡ ✇❛② t♦ ❛❝❝♦✉♥t ❢♦r t❤❛t ✐s t♦ ❜r❛❝❡ t❤❡ str✉❝t✉r❡ ✇✐t❤ ❞✐❛❣♦♥❛❧ ♠❡♠❜❡rs

t♦ tr❛♥s❢❡r t❤✐s s❤❡❛r ❢♦r❝❡ ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✹✳✷✳✶✳ ❋♦r ❛ ♠❡s❤ t❤✐s ❝❛♥ ❜❡

❢♦r♠✉❧❛t❡❞ ✐♥t♦ ❛ tr✐❛♥❣✉❧❛t✐♦♥ r❡q✉✐r❡♠❡♥t✳
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❋✐❣✉r❡ ✹✳✷✳✶ ✕ ❙tr✉❝t✉r❛❧ s②st❡♠s ❢♦r s❤❡❧❧ ❛♥❞ tr✉ss ❡q✉✐✈❛❧❡♥❝❡ t♦ tr❛♥s❢❡r t❤❡ s❤❡❛r ❢♦r❝❡

❈♦♥❝❡♣t

❚❤❡ ❣❡♥❡r❛❧ ✐❞❡❛ ❜❡❤✐♥❞ t❤❡ ❜✉❝❦❧✐♥❣ s✐♠✉❧❛t✐♦♥ ✐s t♦ ❞❡✜♥❡ t❤❡ ❛♥❝❤♦r ♣♦✐♥ts

❛♥❞ ❡❞❣❡ s♣r✐♥❣s ❛s ✜①❡❞ ❣♦❛❧s r❡❢❡rr✐♥❣ t♦ t❤❡ ✉♥❞❡❢♦r♠❡❞ ♠❡s❤✱ ✐♥✐t✐❛t❡ ❛

❧♦❛❞ ✐♥❝r❡♠❡♥t ❧♦♦♣ ❛♥❞ ✐♥ ❡❛❝❤ st❡♣ s❝❛❧❡ ❛♥❞ ✉♣❞❛t❡ t❤❡ ❛♣♣❧✐❡❞ ❧♦❛❞ ❣♦❛❧

❛♥❞ ❝❛❧❝✉❧❛t❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠ st❛t❡✳ ❚❤❛t ✇❛② t❤❡ r❡s♣♦♥s❡ ♦❢ t❤❡ ❞❡❢♦r♠❡❞

str✉❝t✉r❡ ✐s t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ❛♥❞ ❡✈❛❧✉❛t❡❞ ❛❣❛✐♥st ❛ ❞❡✜♥❡❞ ❝r✐t❡r✐❛ ✐♥ ♦r❞❡r

t♦ ❞❡t❡❝t ✇❤❡♥ ❜✉❝❦❧✐♥❣ ♦❝❝✉rs✳ ❚♦ ❜❡tt❡r ♠✐♠✐❝ s❤❡❧❧ ❜❡❤❛✈✐♦✉r ✐t ✐s ♣♦ss✐❜❧❡ t♦

❛❞❞ ❛ ❤✐♥❣❡ ❣♦❛❧ ✭❛❣❛✐♥ r❡❢❡rr✐♥❣ t♦ t❤❡ ✉♥❞❡❢♦r♠❡❞ ♠❡s❤✮✱ ✇❤✐❝❤ s✐♠✉❧❛t❡s r✐❣✐❞

❝♦♥♥❡❝t✐♦♥s ❜❡t✇❡❡♥ t✇♦ ❛❞❥❛❝❡♥t tr✐❛♥❣✉❧❛r ❢❛❝❡s t♦ tr❛♥s❢❡r ❜❡♥❞✐♥❣ ♠♦♠❡♥ts✳

❚❤❡ ✢♦✇ ❞✐❛❣r❛♠ ❢♦r t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥✱ ✇❤✐❝❤ t❛❦❡s ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ♥❡✇

s❝r✐♣t✐♥❣ ♦♣♣♦rt✉♥✐t✐❡s ✇✐t❤ ❑❛♥❣❛r♦♦ ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✹✳✷✳✷✳

❋♦r❝❡ ❣♦❛❧s

❊❛❝❤ ❡❞❣❡ ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ♠❡s❤ ✐s ❝♦♥✈❡rt❡❞ ✐♥t♦ ❛ s♣r✐♥❣ ❣♦❛❧ ❜② s♣❡❝✐❢②✐♥❣ t❤❡

st❛rt ❛♥❞ ❡♥❞ ✈❡rt❡① ✐t ❛❝ts ❜❡t✇❡❡♥✱ ✐ts r❡st ❧❡♥❣t❤ ❡q✉❛❧ t♦ ✐ts ❝✉rr❡♥t ❧❡♥❣t❤

❛♥❞ ❛ st✐✛♥❡ss ✈❛❧✉❡✳ ❚❤❡ ❧❛tt❡r ✐s ❞✐✈✐❞❡❞ ❜② t❤❡ r❡st ❧❡♥❣t❤ t♦ ♠✐♠✐❝ ♠❛t❡r✐❛❧

❜❡❤❛✈✐♦✉r ✇❤❡r❡ t❤❡ str❡ss ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ str❛✐♥✳ ❙❡❧❡❝t❡❞ ✈❡rt✐❝❡s ❛r❡

❝♦♥✈❡rt❡❞ ✐♥t♦ ❛♥❝❤♦r ❣♦❛❧s ❜② ❛ss✐❣♥✐♥❣ ❛ ✈❡r② ❤✐❣❤ st✐✛♥❡ss ✈❛❧✉❡ ♦❢ ❛ ③❡r♦✲

❧❡♥❣t❤ s♣r✐♥❣ t♦ ❡❛❝❤ ♦❢ t❤❡♠✱ ✇❤✐❝❤ ❝♦♥♥❡❝ts t❤❡ ✈❡rt❡① ✇✐t❤ ❛ t❛r❣❡t ♣❛rt✐❝❧❡

♦❢ ✐♥✜♥✐t❡ ♠❛ss✳ ❚❤✐s ❝♦rr❡s♣♦♥❞s t♦ ❛ ♣✐♥♥❡❞ s✉♣♣♦rt ✭❛❧❧ tr❛♥s❧❛t✐♦♥❛❧ ❞✳♦✳❢✳✬s

✜①❡❞✮ ✐♥ ❛ ✜♥✐t❡ ❡❧❡♠❡♥t ❛♥❛❧②s✐s✳ ❚♦ s✐♠✉❧❛t❡ ❜❡♥❞✐♥❣ ❜❡❤❛✈✐♦✉r✱ ❡❛❝❤ ❡❞❣❡

✇✐t❤ t✇♦ ❛❞❥❛❝❡♥t tr✐❛♥❣✉❧❛r ❢❛❝❡s ✐s ❝♦♥✈❡rt❡❞ ✐♥t♦ ❛ ❤✐♥❣❡ ❣♦❛❧✱ ✇❤✐❝❤ ✇♦r❦s

❜② ❛♣♣❧②✐♥❣ ♦✉t✲♦❢✲♣❧❛♥❡ ❢♦r❝❡s t♦ t❤❡ ❢♦✉r ✈❡rt✐❝❡s ✐♥ ❛♥ ❛tt❡♠♣t t♦ ♠❛✐♥t❛✐♥

t❤❡ ❛♥❣❧❡ ❜❡t✇❡❡♥ t❤❡ tr✐❛♥❣✉❧❛r ❢❛❝❡s ✐♥ t❤❡ ✉♥❞❡❢♦r♠❡❞ ♠❡s❤✳ ❚❤❡ ❛♥❣❧❡ ✐s

❝❛❧❝✉❧❛t❡❞ ❢r♦♠ t❤❡ t✇♦ ❢❛❝❡ ♥♦r♠❛❧s ❛♥❞ t❤❡ ❤✐♥❣❡ str❡♥❣t❤ ✐s ❞❡✜♥❡❞ ❛s ✶✴✶✵

♦❢ t❤❡ ❛✈❡r❛❣❡ s♣r✐♥❣ str❡♥❣t❤ ✭st✐✛♥❡ss ❞✐✈✐❞❡❞ ❜② r❡st ❧❡♥❣t❤✮ t♦ ❡♥s✉r❡ t❤❛t
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❋✐❣✉r❡ ✹✳✷✳✷ ✕ ❋❧♦✇ ❞✐❛❣r❛♠ ❢♦r ♥♦♥✲❧✐♥❡❛r ❜✉❝❦❧✐♥❣ ✇✐t❤ ❑❛♥❣❛r♦♦✳ ❑✳❊✳ ✐s ❛♥ ❛❜❜r❡✈✐❛t✐♦♥
❢♦r ❦✐♥❡t✐❝ ❡♥❡r❣② ❛♥❞ ✐t ✐s ♠❡❛s✉r❡❞ ❛s t❤❡ ❛✈❡r❛❣❡ sq✉❛r❡❞ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ✈❡❧♦❝✐t② ♦❢
t❤❡ ♣❛rt✐❝❧❡s✳ ❚❤❡ ❜✉❝❦❧✐♥❣ ❝r✐t❡r✐❛ ✐s ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ ❣r❛❞✐❡♥t ✭❣r❛❞✮ ♦❢ t❤❡ ❧♦❛❞✲
❞✐s♣❧❛❝❡♠❡♥t ❣r❛♣❤ ❛♥❞ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ✭❞✮ ✐ts❡❧❢✳
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t❤❡ str✉❝t✉r❡ ♠❛✐♥❧② r❡s✐sts t❤❡ ❧♦❛❞ ❜② ❛①✐❛❧ ❢♦r❝❡s✳ ❚❤❡ ❛♣♣❧✐❡❞ ❧♦❛❞ ♠✐♠✐❝s

t❤❡ s❡❧❢✲✇❡✐❣❤t ♦❢ t❤❡ str✉❝t✉r❡ ❛♥❞ ✐t ✐s ❝❛❧❝✉❧❛t❡❞ ❜② ❛ s❡♣❛r❛t❡ ●r❛ss❤♦♣♣❡r

❝♦♠♣♦♥❡♥t ❛s ❛ ❧✉♠♣❡❞ ❢♦r❝❡ ♦♥ ❡❛❝❤ ✈❡rt❡① r❡♣r❡s❡♥t❡❞ ❜② ❛ ✈❡rt✐❝❛❧ ✈❡❝t♦r

♣♦✐♥t✐♥❣ ✐♥ t❤❡ ♥❡❣❛t✐✈❡ ❞✐r❡❝t✐♦♥ ✇✐t❤ ❛ ♠❛❣♥✐t✉❞❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❛r❡❛

♦❢ ✐ts ❛ss♦❝✐❛t❡❞ ✈♦r♦♥♦✐ ❝❡❧❧ ✭s❡❡ ❈❤❛♣t❡r ✹✮✳ ❚❤✐s ❧♦❛❞ ❝❛s❡ ✐s ♦♥❧② ❝♦♥✈❡rt❡❞

t♦ ❢♦r❝❡ ❣♦❛❧s ❞✉r✐♥❣ t❤❡ ♥❡①t ♣❤❛s❡✳

▲♦❛❞ ✐♥❝r❡♠❡♥ts

❆ ❧♦♦♣ ✐s ✐♥✐t✐❛❧✐s❡❞ ✇❤❡r❡ t❤❡ ♦r✐❣✐♥❛❧ ❧♦❛❞ ❝❛s❡ ✐s ♠✉❧t✐♣❧✐❡❞ ❜② ❛ ❧♦❛❞ ❢❛❝t♦r

❛♥❞ ❝♦♥✈❡rt❡❞ t♦ ❢♦r❝❡ ❣♦❛❧s✳ ❚❤❡ ❧♦❛❞ ❢❛❝t♦r ✐♥❝r❡♠❡♥t❛❧❧② ✐♥❝r❡❛s❡s ✐♥ ❡❛❝❤

✐t❡r❛t✐♦♥ ❜❛s❡❞ ♦♥ ❛ st❛rt ✈❛❧✉❡ ❛♥❞ ❛ st❡♣ s✐③❡✳ ❚❤❡ ♣r♦❝❡ss ✐s ✈✐s✉❛❧✐s❡❞ ✐♥

❋✐❣✉r❡ ✹✳✷✳✸✳

❋✐❣✉r❡ ✹✳✷✳✸ ✕ ◆♦♥✲❧✐♥❡❛r ❜✉❝❦❧✐♥❣ ♣r♦❝❡❞✉r❡ ✇✐t❤ ❑❛♥❣❛r♦♦✳ ❛✮ ■♥✐t✐❛❧ s❤❛♣❡✳ ❜✮ ❊q✉✐❧✐❜r✐✉♠
s❤❛♣❡ ✶✳ ❝✮ ❊q✉✐❧✐❜r✐✉♠ s❤❛♣❡ ✶ ✇✐t❤ ✐♥❝r❡❛s❡❞ ❧♦❛❞✳ ❞✮ ❊q✉✐❧✐❜r✐✉♠ s❤❛♣❡ ✷✳

❚❤❡ ❛♥❝❤♦r✱ s♣r✐♥❣ ❛♥❞ ♦♣t✐♦♥❛❧❧② ❤✐♥❣❡ ❢♦r❝❡ ❣♦❛❧s ❛r❡ ❛❧❧ ❞❡✜♥❡❞ ❢r♦♠ t❤❡
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✉♥❞❡❢♦r♠❡❞ str✉❝t✉r❡ ✇✐t❤ r❡st ❧❡♥❣t❤s ❛♥❞ r❡st ❛♥❣❧❡s ✐♥❤❡r❡♥t ❢r♦♠ t❤✐s ❝♦♥✲

✜❣✉r❛t✐♦♥ ✭❋✐❣✉r❡ ✹✳✷✳✸ ❛✮✳ ❚❤✉s✱ t❤❡ str✉❝t✉r❡ ♦♥❧② st❛rts t♦ ♠♦✈❡ ✇❤❡♥ t❤❡

✜rst ❧♦❛❞ st❡♣ ✐s ❛♣♣❧✐❡❞ ❛♥❞ s❡tt❧❡s ✇❤❡♥ t❤❡ s♣r✐♥❣ ❛♥❞ ❤✐♥❣❡ ❢♦r❝❡s ❡q✉✐❧✐❜r❛t❡

t❤❡ ❧♦❛❞ ✭❋✐❣✉r❡ ✹✳✷✳✸ ❜✮✳ ❚❤❡ ❞✐s♣❧❛❝❡♠❡♥ts ❜❡t✇❡❡♥ t❤❡ ✈❡rt✐❝❡s ✐♥ t❤❡ ✐♥✐t✐❛❧

❝♦♥✜❣✉r❛t✐♦♥ ❛♥❞ t❤❡ ♥❡✇ ❝♦♥✜❣✉r❛t✐♦♥ ❛r❡ ❝❛❧❝✉❧❛t❡❞ ❛♥❞ ❡✈❛❧✉❛t❡❞ ❛❣❛✐♥st ❛

❞❡✜♥❡❞ ❜✉❝❦❧✐♥❣ ❝r✐t❡r✐❛✳ ❚❤❡ ❧♦♦♣ ✐s r❡♣❡❛t❡❞ ✐❢ ❜✉❝❦❧✐♥❣ ❞♦❡s ♥♦t ♦❝❝✉r ✐✳❡✳

t❤❡ ❧♦❛❞ ❝❛s❡ ✐s s❝❛❧❡❞✱ t❤❡ ❢♦r❝❡ ❣♦❛❧s ❛r❡ ✉♣❞❛t❡❞ ✭❋✐❣✉r❡ ✹✳✷✳✸ ❝✮✱ ❛♥❞ ❡q✉✐✲

❧✐❜r✐✉♠ ✐s ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ t❤❡ ❞❡❢♦r♠❡❞ str✉❝t✉r❡ ❞❡t❡r♠✐♥❡❞ ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s

❡q✉✐❧✐❜r✐✉♠ st❡♣ ✭❋✐❣✉r❡ ✹✳✷✳✸ ❞✮✳

❇✉❝❦❧✐♥❣ ❝r✐t❡r✐❛

❋✐❣✉r❡ ✹✳✷✳✹ ✕ ❈♦♠❜✐♥❡❞ ❣r❛❞✐❡♥t ✭❧❡❢t✮ ❛♥❞ ❞✐s♣❧❛❝❡♠❡♥t ✭r✐❣❤t✮ ❜✉❝❦❧✐♥❣ ❝r✐t❡r✐❛

❚❤❡ ❜✉❝❦❧✐♥❣ ❝r✐t❡r✐❛ ❛✐♠s t♦ ❞❡t❡❝t ❛ s✉❞❞❡♥ ❝❤❛♥❣❡ ✐♥ ✈❡rt❡① ❞✐s♣❧❛❝❡♠❡♥ts

❞✉r✐♥❣ t❤❡ ❧♦❛❞ ✐♥❝r❡♠❡♥ts✳ ❚❤❡ ❣r❛❞✐❡♥t ♦❢ t❤❡ ❧♦❛❞✲❞✐s♣❧❛❝❡♠❡♥t ❝✉r✈❡ ✐s ❛

✉s❡❢✉❧ ♠❡❛s✉r❡ ✐♥ t❤✐s r❡❣❛r❞✳ ❚❤❡ ✈❛❧✉❡s ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s ❛♥❞ ❝✉rr❡♥t ❧♦❛❞ st❡♣

❛r❡ ✉s❡❞ t♦ ❝❛❧❝✉❧❛t❡ t❤✐s r❛t❡ ♦❢ ❝❤❛♥❣❡✳ ❲❤❡♥ ❜✉❝❦❧✐♥❣ ♦❝❝✉rs✱ t❤❡ ❣r❛❞✐❡♥t

✐♥❝r❡❛s❡s s✐❣♥✐✜❝❛♥t❧② ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✹✳✷✳✹ ✭❧❡❢t✮✳ ❉✉❡ t♦ t❤❡ r❡✈❡rs❡❞ ❛①❡s✱

t❤❡ ❜❡❤❛✈✐♦✉r ✐s ♦♣♣♦s✐t❡ t♦ ❋✐❣✉r❡ ✹✳✶✳✶ ✇❤❡r❡ t❤❡ ❣r❛❞✐❡♥t ✈❛♥✐s❤❡s ❛t t❤❡

❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥t ❛♥❞ ❛s ❛ r❡s✉❧t ✐t ✐s ♦♥❧② ♣♦ss✐❜❧❡ t♦ tr❛❝❡ t❤❡ ❝✉r✈❡ ❛❜♦✈❡ t❤❡

❞♦tt❡❞ ❧✐♥❡✳ ❚❤❡ ✈❡rt❡① ❞✐s♣❧❛❝❡♠❡♥ts ❝❛♥ ❜❡ q✉❛♥t✐✜❡❞ ✐♥ s❡✈❡r❛❧ ❞✐✛❡r❡♥t ✇❛②s

❢♦r ❡①❛♠♣❧❡ ❛s ✐♥❞✐✈✐❞✉❛❧s✱ ❛ ❘▼❙ ✈❛❧✉❡ ♦r ❛ ♠❛①✐♠✉♠ ✈❛❧✉❡✳ ❚❤❡ ✜rst ♠❡t❤♦❞

❡♥s✉r❡s t❤❛t ❧♦❝❛❧ ❜✉❝❦❧✐♥❣ ♦❢ ❛♥ ❡❧❡♠❡♥t ✐s ❞❡t❡❝t❡❞ ✇❤✐❧❡ t❤❡ ♦t❤❡r ♠❡t❤♦❞s

❛❝t ♠♦r❡ ❣❧♦❜❛❧❧②✳ ❚❤❡ ♠❛①✐♠✉♠ ❞✐s♣❧❛❝❡♠❡♥t ✐s ✉s❡❞ ❢♦r t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥

❛s ♣❛rt ♦❢ t❤✐s t❤❡s✐s✳ ❚❤❡ ❣r❛❞✐❡♥t ✐s ❡✈❛❧✉❛t❡❞ ❛❣❛✐♥st ❛ ❜✉❝❦❧✐♥❣ ❝r✐t❡r✐❛✱

✇❤✐❝❤ ✐♥ t❤✐s ❝❛s❡ ✐s ♣r❡❞❡✜♥❡❞ ❛s t❤❡ ❣r❛❞✐❡♥t ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ♠❛①✐♠✉♠

❞✐s♣❧❛❝❡♠❡♥t ✐♥ t❤❡ ❝✉rr❡♥t ❡q✉✐❧✐❜r✐✉♠ ❝♦♥✜❣✉r❛t✐♦♥ ❜❡✐♥❣ ✵✳✺ t✐♠❡s ❧❛r❣❡r

t❤❛♥ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝♦♥✜❣✉r❛t✐♦♥ ✭t❤❡ ♠❛①✐♠✉♠ ❞✐s♣❧❛❝❡♠❡♥t ✐s ❝❛❧❝✉❧❛t❡❞
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❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♦r✐❣✐♥❛❧ ♠❡s❤✮✳ ■♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ ❣r❛❞✐❡♥t ❝r✐t❡r✐❛✱ ❛ ♠❛①✐♠✉♠

❞✐s♣❧❛❝❡♠❡♥t ❝r✐t❡r✐❛ ✐s ✐♥tr♦❞✉❝❡❞ ✭❞❡❢❛✉❧t ✈❛❧✉❡ ✐s ✶♠✮✱ ✇❤✐❝❤ ✐s ✉s❡❢✉❧ ✐❢ t❤❡

str✉❝t✉r❡ ❡①❤✐❜✐ts ❞✉❝t✐❧❡ ❜❡❤❛✈✐♦✉r ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✹✳✷✳✹ ✭r✐❣❤t✮✳ ❍♦✇❡✈❡r✱

✐t ✐s ♣♦ss✐❜❧❡ t♦ ❛❞❥✉st ❜♦t❤ t❤❡ ❣r❛❞✐❡♥t ❛♥❞ ❞✐s♣❧❛❝❡♠❡♥t ❜✉❝❦❧✐♥❣ ❝r✐t❡r✐❛ ❢♦r

t❤❡ s♣❡❝✐✜❝ ❛♣♣❧✐❝❛t✐♦♥✳

❆❝❝✉r❛❝②

❚❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ❜✉❝❦❧✐♥❣ ❛♥❛❧②s✐s ❜❛s❡❞ ♦♥ t❤✐s ♠❡t❤♦❞♦❧♦❣② ✐s ♠❛✐♥❧② ✐♥✲

✢✉❡♥❝❡❞ ❜② t❤r❡❡ ❢❛❝t♦rs❀ t❤❡ st❛rt ❧♦❛❞ ❢❛❝t♦r ✭✇❤✐❝❤ t❤❡ ❧♦❛❞ ✐♥✐t✐❛❧❧② ✐s s❝❛❧❡❞

❜②✮✱ t❤❡ st❡♣ s✐③❡ ❛♥❞ t❤❡ t❤r❡s❤♦❧❞ s♣❡❝✐✜❡❞ ❢♦r ❡q✉✐❧✐❜r✐✉♠ t♦ ❜❡ r❡❛❝❤❡❞✳

❚❤❡ ❛❝❝✉r❛❝② ✐♠♣r♦✈❡s ✐❢ ❛❧❧ ♦❢ t❤❡s❡ ✈❛❧✉❡s ❛r❡ ❞❡❝r❡❛s❡❞✳ ❍♦✇❡✈❡r✱ t❤✐s ❝♦♠❡s

✇✐t❤ t❤❡ ❝♦st ♦❢ ✐♥❝r❡❛s❡❞ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡✳ ❚❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ t❤r❡s❤♦❧❞

✐s ❡✈❛❧✉❛t❡❞ ❜② ❝❛❧❝✉❧❛t✐♥❣ t❤❡ r❛t✐♦ ❜❡t✇❡❡♥ t❤❡ s✉♠ ♦❢ t❤❡ ❛♣♣❧✐❡❞ ❧♦❛❞ ❛♥❞

t❤❡ r❡❛❝t✐♦♥ ❢♦r❝❡s✳ ❆s t❤❡ t❤r❡s❤♦❧❞ ✐s ❧♦✇❡r❡❞ t❤✐s r❛t✐♦ ❣❡ts ❝❧♦s❡r t♦ ✶✳✵✳

Pr✐♦r✐t✐s✐♥❣ ❝♦♠♣✉t❛t✐♦♥❛❧ s♣❡❡❞ ♦✈❡r ❛❝❝✉r❛❝② ❢♦r t❤❡ ❝♦♥❝❡♣t✉❛❧ ❞❡s✐❣♥ st❛❣❡✱

♥♦ ♦t❤❡r ❛❝❝✉r❛❝② ✐♠♣r♦✈✐♥❣ ❛❧❣♦r✐t❤♠s s✉❝❤ ❛s ❜✐s❡❝t✐♦♥ ✇❡r❡ ✐♠♣❧❡♠❡♥t❡❞✳

❆❞❞✐t✐♦♥❛❧❧②✱ t❤❡ str❡♥❣t❤ r❛t✐♦ ❜❡t✇❡❡♥ t❤❡ ♠❡♠❜r❛♥❡ ❛♥❞ ❜❡♥❞✐♥❣ ❛❝t✐♦♥ ✐s ♦❢

✐♠♣♦rt❛♥❝❡ ❛♥❞ ✇❛s s❡t t♦ ❛ ❞❡❢❛✉❧t ✈❛❧✉❡ ♦❢ ✶✴✶✵ ❜❛s❡❞ ♦♥ s♠❛❧❧ t❡sts✳ ■t ✐s ❡s✲

s❡♥t✐❛❧ t♦ ❜❡ ❛❜❧❡ t♦ ♠♦❞❡❧ ❜❡♥❞✐♥❣✱ ❛s ♠❛♥② str✉❝t✉r❡s ✇♦✉❧❞ ♦t❤❡r✇✐s❡ ❝♦❧❧❛♣s❡

✉♥❞❡r t❤❡✐r ♦✇♥ ✇❡✐❣❤t✳ ❍♦✇❡✈❡r✱ ✐❢ t❤❡ ❧♦❛❞ ✐s ♣r✐♠❛r✐❧② r❡s✐st❡❞ ❜② ❜❡♥❞✐♥❣

t❤❡♥ t❤❡ str✉❝t✉r❛❧ ❜❡❤❛✈✐♦✉r ❜❡❝♦♠❡s ♠♦r❡ ❞✉❝t✐❧❡ ❛♥❞ ♥♦ s✉❞❞❡♥ ❝❤❛♥❣❡ ✐♥

❞✐s♣❧❛❝❡♠❡♥ts ❝❛♥ ❜❡ ❞❡t❡❝t❡❞✳ ■♥ ❛ ✜♥✐t❡ ❡❧❡♠❡♥t ❛♥❛❧②s✐s✱ t❤❡ t❤✐❝❦♥❡ss ♦❢ t❤❡

s❤❡❧❧ ❤❛s ❛ s✐♠✐❧❛r ❡✛❡❝t ✭✐♥✢✉❡♥❝✐♥❣ t❤❡ ♠♦♠❡♥t ♦❢ ✐♥❡rt✐❛ ❛♥❞ t❤✉s t❤❡ ❛❜✐❧✐t②

t♦ tr❛♥s❢❡r ❢♦r❝❡s ✈✐❛ ❜❡♥❞✐♥❣✮✳

❆ ❜✉❝❦❧✐♥❣ ❛♥❛❧②s✐s ♦❢ ❛ ❤❛❧❢ s♣❤❡r❡ s❤❡❧❧ str✉❝t✉r❡ ✭s♣❛♥ ♦❢ ✷✵ ♠✮ ♣❡r❢♦r♠❡❞

✇✐t❤ t❤❡ ❞❡✈❡❧♦♣❡❞ t♦♦❧ ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✹✳✷✳✺✳ ■t s❤♦✇s ♣r♦♠✐s✐♥❣ r❡s✉❧ts ✐♥

t❡r♠s ♦❢ ❝♦♠♣✉t❛t✐♦♥❛❧ s♣❡❡❞ ✭♦♥❧② ✷✳✶ s❡❝♦♥❞s t♦ ❝❛❧❝✉❧❛t❡ t❤✐s ❡①❛♠♣❧❡✮ ❛♥❞

t❤❡ s❤❛♣❡ ❥✉st ❜❡❢♦r❡ ❜✉❝❦❧✐♥❣ ♦❝❝✉rs ✐s ❝♦♥s✐st❡♥t ✇✐t❤ str✉❝t✉r❛❧ ✐♥t✉✐t✐♦♥✳

❚♦ t❤❡ ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ ❛✉t❤♦r✱ ♥♦ s✉❝❤ ❜✉❝❦❧✐♥❣ ❛♥❛❧②s✐s t♦♦❧ ❡①✐sts ✐♥ ❛ ♣❛r❛✲

♠❡tr✐❝ ♠♦❞❡❧❧✐♥❣ ❡♥✈✐r♦♥♠❡♥t ❧✐❦❡ ●r❛ss❤♦♣♣❡r ❛♥❞ ✇✐t❤ t❤❡ ♦❜s❡r✈❡❞ ❝♦♠♣✉✲

t❛t✐♦♥❛❧ s♣❡❡❞✳
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❋✐❣✉r❡ ✹✳✷✳✺ ✕ ❇✉❝❦❧✐♥❣ ❛♥❛❧②s✐s ♦❢ ❛ ❤❛❧❢ s♣❤❡r❡ ✉s✐♥❣ ❑❛♥❣❛r♦♦

✹✳✷✳✷ ▲✐♥❡❛r ❜✉❝❦❧✐♥❣ ✇✐t❤ ❆✉t♦❞❡s❦ ❘♦❜♦t

❆ ✇♦r❦ ✢♦✇ ✇✐t❤ ❆✉t♦❞❡s❦ ❘♦❜♦t ❙tr✉❝t✉r❛❧ ❆♥❛❧②s✐s ✐s ❡st❛❜❧✐s❤❡❞ t♦ ✈❛❧✐❞❛t❡

t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ❛❜♦✈❡ ❞❡s❝r✐❜❡❞ ❜✉❝❦❧✐♥❣ ❛♥❛❧②s✐s t♦♦❧✳ ■t ✐s s✐♠✐❧✲

❛r❧② ✐♥t❡❣r❛t❡❞ ❛s ❛ ♣❛r❛♠❡tr✐❝ t♦♦❧ ✐♥ ●r❛ss❤♦♣♣❡r ❛♥❞ ✉t✐❧✐s❡s t❤❡ ❘♦❜♦t ❆P■

t♦ ❡①♣♦rt t❤❡ ❣❡♦♠❡tr② t♦ t❤✐s ♣❧❛t❢♦r♠✱ ♣❡r❢♦r♠ ❛ ❧✐♥❡❛r ❜✉❝❦❧✐♥❣ ❛♥❛❧②s✐s ❛♥❞

r❡tr✐❡✈❡ t❤❡ ✜rst ❜✉❝❦❧✐♥❣ ❧♦❛❞ ❢❛❝t♦r✳ ❚❤❡ ❧✐♥❡❛r ❜✉❝❦❧✐♥❣ ❛♥❛❧②s✐s ✐s ❡♠♣❧♦②❡❞

❞✉❡ t♦ ✐ts s✐♠♣❧✐❝✐t②✳ ❙✐♥❝❡ ❆✉t♦❞❡s❦ ❘♦❜♦t ✐s ❛ ✇✐❞❡❧② ✉s❡❞ ✜♥✐t❡ ❡❧❡♠❡♥t s♦❢t✲

✇❛r❡ ✐♥ t❤❡ ✐♥❞✉str② ✐t ✐s ❡✈❛❧✉❛t❡❞ ❛s ❛ tr✉st✇♦rt❤② s♦✉r❝❡ ❢♦r ✈❛❧✐❞❛t✐♦♥✳ ❚❤❡

✇♦r❦ ✢♦✇ ❡♥❛❜❧❡s ❛ ❢❛st ✇❛② t♦ ❣❡♥❡r❛t❡ t❤❡ ❝♦♠♣❧❡① s❤❡❧❧ ❣❡♦♠❡tr✐❡s ✐♥ t❤❡

✜♥✐t❡ ❡❧❡♠❡♥t s♦❢t✇❛r❡ ❛♥❞ r❡♣❡❛t❡❞ ♠❛♥✉❛❧ ✇♦r❦ ✇✐t❤ t❤❡ r✐s❦ ♦❢ ❤✉♠❛♥ ❡rr♦rs

✐s ❛✈♦✐❞❡❞ ❜② s♣❡❝✐❢②✐♥❣ ❛❧❧ t❤❡ ♥❡❝❡ss❛r② ♣r♦♣❡rt✐❡s s✉❝❤ ❛s s✉♣♣♦rt ❝♦♥❞✐t✐♦♥s✱

♠❛t❡r✐❛❧ ♣r♦♣❡rt✐❡s✱ s❤❡❧❧ t❤✐❝❦♥❡ss✱ ❧♦❛❞ ❛♥❞ ❛♥❛❧②s✐s t②♣❡ ❛s ❣❡♥❡r✐❝ ✈❛❧✉❡s✳

❚❤❡ ✇♦r❦ ✢♦✇ ✐♥t❡❣r❛t✐♥❣ ❆✉t♦❞❡s❦ ❘♦❜♦t ✐♥ ●r❛ss❤♦♣♣❡r ❛♥❞ t❤❡ r❡s✉❧ts r❡✲

tr✐❡✈❡❞ ❢r♦♠ ❛ ❧✐♥❡❛r ❜✉❝❦❧✐♥❣ ❛♥❛❧②s✐s ♦❢ t❤❡ s❛♠❡ ❤❛❧❢ s♣❤❡r❡ ❣❡♦♠❡tr② ✐s s❤♦✇♥

✐♥ ❋✐❣✉r❡ ✹✳✷✳✻✳ ❚❤❡ s♦❧✉t✐♦♥ ✐s ❝❛❧❝✉❧❛t❡❞ ✇✐t❤✐♥ ✹✷✳✺ s❡❝♦♥❞s✱ ✇❤✐❝❤ ✐s ❛ s✐❣♥✐✲

✜❝❛♥t ♣❡r❢♦r♠❛♥❝❡ ♦✈❡r❤❡❛❞ ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ❞❡✈❡❧♦♣❡❞ ❑❛♥❣❛r♦♦ ❜✉❝❦❧✐♥❣

❛♥❛❧②s✐s t♦♦❧✳
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❋✐❣✉r❡ ✹✳✷✳✻ ✕ ▲✐♥❡❛r ❜✉❝❦❧✐♥❣ ❛♥❛❧②s✐s ♦❢ ❛ ❤❛❧❢ s♣❤❡r❡ ✇✐t❤ ❆✉t♦❞❡s❦ ❘♦❜♦t ✐♥t❡❣r❛t❡❞ ✐♥
●r❛ss❤♦♣♣❡r✳ ❚❤❡ ✜rst ♠♦❞❛❧ s❤❛♣❡ ✐s s❤♦✇♥

✹✳✸ ❇❛rr❡❧ ✈❛✉❧t st✉❞②

❆ ❜❛rr❡❧ ✈❛✉❧t str✉❝t✉r❡ r❡♣r❡s❡♥t❡❞ ❜② ❛ ♠❡s❤ ✇✐t❤ ✺✻✼ ✈❡rt✐❝❡s ❛♥❞ ✶✵✹✵ ❢❛❝❡s

✐s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✹✳✸✳✶ ❛♥❞ ✉s❡❞ ❛s t❡st ❝❛s❡ t♦ ❡✈❛❧✉❛t❡ t❤❡ r❡❧✐❛❜✐❧✐t② ♦❢

t❤❡ ❞❡✈❡❧♦♣❡❞ ❜✉❝❦❧✐♥❣ ❛♥❛❧②s✐s t♦♦❧✳ ❚❤❡ ❡✈❛❧✉❛t✐♦♥ ✐s ❜❛s❡❞ ♦♥ ❛ ❝♦♠♣❛r✐s♦♥

❜❡t✇❡❡♥ t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ❑❛♥❣❛r♦♦ ❜✉❝❦❧✐♥❣ ❛♥❛❧②s✐s ❛♥❞ ❆✉t♦❞❡s❦

❘♦❜♦t✳ ❆ ♥✉♠❜❡r ♦❢ ❞✐✛❡r❡♥t ❤❛r♠♦♥✐❝ s❤❛♣❡s ✇✐t❤ ❛r❡❛s r❡str✐❝t❡❞ t♦ ❛ ✵✳✺✪✱

✶✪ ❛♥❞ ✸✪ ✐♥❝r❡❛s❡ ❢r♦♠ t❤❡ ❜❛rr❡❧ ✈❛✉❧t r❡❢❡r❡♥❝❡ ❛r❡ ✉s❡❞ ❛s ✐♥♣✉t ❢♦r t❤❡

❛♥❛❧②s✐s✳ ❚❤❡ ❛r❡❛ r❡str✐❝t✐♦♥ ✐s ✉s❡❢✉❧ t♦ ❝♦♠♣❛r❡ t❤❡ s❤❡❧❧s ❧✐❦❡ ❢♦r ❧✐❦❡ ❛s ✐t

✐s ♦t❤❡r✇✐s❡ ❡①♣❡❝t❡❞ t❤❛t ❛ s❤❛♣❡ ✇✐t❤ ❛ ❧❛r❣❡r ❛r❡❛ ❤❛s ♠♦r❡ ♠❛t❡r✐❛❧ ❛♥❞

t❤❡r❡❢♦r❡ ♠♦r❡ st✐✛♥❡ss t♦ ✇✐t❤st❛♥❞ t❤❡ ❛♣♣❧✐❡❞ ❧♦❛❞ ❝♦♠♣❛r❡❞ t♦ ❛ s❤❛♣❡ ✇✐t❤

❛ s♠❛❧❧❡r ❛r❡❛✳ ❍♦✇❡✈❡r✱ ❣✐✈❡♥ t❤❡ s❛♠❡ ❛r❡❛ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❞r❛✇ ❝♦♥❝❧✉s✐♦♥s

❛❜♦✉t ❡✣❝✐❡♥t ❣❡♦♠❡tr✐❡s t♦ st✐✛❡♥ t❤❡ str✉❝t✉r❡ ❛♥❞ ❤❡♥❝❡ st✉❞② t❤❡ ❜❡st

❧♦❝❛t✐♦♥s t♦ ❛❞❞ ❝✉r✈❛t✉r❡✳

❚❤❡ ❤❛r♠♦♥✐❝ s❤❛♣❡s ✉s❡❞ ❢♦r t❤✐s st✉❞② ❢♦❧❧♦✇ t❤❡ s❛♠❡ ❝♦rr✉❣❛t✐♦♥ ♣r✐♥❝✐♣❧❡s

❛s ❞❡s❝r✐❜❡❞ ❜② ▼❛❧❡❦ ✭✷✵✶✷✮ ❛♥❞ ❛r❡ t❤✉s ❞✐✈✐❞❡❞ ✐♥t♦ t❤❡ s❛♠❡ t❤r❡❡ ❝❛t❡❣♦r✐❡s❀

❡❞❣❡✲✱ ❝r♦✇♥ ❛♥❞ ✐♥✲♣❤❛s❡ ❝♦rr✉❣❛t✐♦♥s✳ ❊❛❝❤ ❝♦rr✉❣❛t❡❞ s❤❛♣❡ ✐s ❣❡♥❡r❛t❡❞ ❜②

❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ❛ ♣❛r❛♠❡tr✐❝❛❧❧② ❝♦♥str✉❝t❡❞ s✉r❢❛❝❡ ✇✐t❤ ❛♥ ✐♥t❡❣r❛t❡❞

❝♦s✐♥❡ ❢✉♥❝t✐♦♥ t♦ ❞❡✜♥❡ t❤❡ ❝♦rr✉❣❛t✐♦♥s✳ ❚❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✐s ❜❛s❡❞ ♦♥ t❤❡

r❡❢❡r❡♥❝❡ ❝②❧✐♥❞❡r ❛♥❞ ✉s❡s t❤❡ ✶✵ ♠♦st s✐❣♥✐✜❝❛♥t ✇❡✐❣❤ts ✭❝♦t❛♥❣❡♥t ▲❛♣❧❛❝✐❛♥

✇✐t❤ ✈♦r♦♥♦✐ ❛r❡❛ ✇❡✐❣❤t✐♥❣✮✳ ❚❤✐s ♣r♦❝❡ss ✐s ♥❡❝❡ss❛r② ❜❡❝❛✉s❡ ❛ s✐♥❣❧❡ ♠♦❞❡

s❤❛♣❡ t❤❛t ♦♥❧② ❝♦rr✉❣❛t❡s ❡✳❣✳ t❤❡ ❡❞❣❡s ❛♥❞ ❧❡❛✈❡s t❤❡ ❝r♦✇♥ ✢❛t ❞♦❡s ♥♦t

❡①✐st ❛♥❞ ❛❧s♦ ❜❡tt❡r ♠✐♠✐❝s t❤❡ ✐♥t❡♥❞❡❞ ♦♣t✐♠✐s❛t✐♦♥ ♣r♦❝❡ss ✭s❤♦✇♥ ✐♥ t❤❡

❝❛s❡ st✉❞②✮✱ ✇❤❡r❡ ❛ ♥✉♠❜❡r ♦❢ ♠♦❞❡s ❛r❡ ❝♦♠❜✐♥❡❞ ✇✐t❤ ❞✐✛❡r❡♥t ✇❡✐❣❤ts t♦

❢♦r♠ ❛ ❝✉r✈❛t✉r❡✲st✐✛❡♥❡❞ s❤❡❧❧✳ ❚❤❡ ❞✐✛❡r❡♥t s❤❛♣❡s ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✹✳✸✳✷
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❋✐❣✉r❡ ✹✳✸✳✶ ✕ ❚❤❡ ❜❛rr❡❧ ✈❛✉❧t r❡❢❡r❡♥❝❡ ❣❡♦♠❡tr② ❬♠❪

✇❤❡r❡ t❤❡ ❝♦❧♦✉rs r❡♣r❡s❡♥t t❤❡ ❛r❡❛ ❝❛t❡❣♦r② t❤❡② ❜❡❧♦♥❣ t♦ ✭♦r❛♥❣❡❂✵✳✺✪✱

❜❧✉❡❂✶✪ ❛♥❞ ❣r❡②❂✸✪✮✳ P✐♥♥❡❞ s✉♣♣♦rts ❛t t❤❡ ❣r♦✉♥❞✲❧❡✈❡❧ ✈❡rt✐❝❡s ❛♥❞ ❛

❧♦❛❞ ♠✐♠✐❝❦✐♥❣ s❡❧❢✲✇❡✐❣❤t ❛r❡ ❛♣♣❧✐❡❞ t♦ ❡❛❝❤ str✉❝t✉r❡✳

❋♦r ❡❛❝❤ s❤❛♣❡ t❤❡ ❜✉❝❦❧✐♥❣ ❧♦❛❞ ❢❛❝t♦r ✐s ❝❛❧❝✉❧❛t❡❞ ✉s✐♥❣ t❤❡ ❞❡✈❡❧♦♣❡❞ ❑❛♥❣❛r♦♦

❛♣♣r♦❛❝❤ ❛♥❞ ❆✉t♦❞❡s❦ ❘♦❜♦t✳ ❋♦r t❤❡ ❑❛♥❣❛r♦♦ ❛♣♣r♦❛❝❤ ✐t ✐s ✐♠♣♦rt❛♥t t♦

✐♥❝❧✉❞❡ ❜❡♥❞✐♥❣ ❛❝t✐♦♥ ❛s t❤❡ ❛r❝❤ ❝r♦ss✲s❡❝t✐♦♥ ♦t❤❡r✇✐s❡ ❝♦❧❧❛♣s❡s ✉♥❞❡r ✐ts

♦✇♥ ✇❡✐❣❤t✳ ❚❤❡ ❝♦♠♣✉t❡❞ ❜✉❝❦❧✐♥❣ ❧♦❛❞ ❢❛❝t♦r ✐s ♥♦r♠❛❧✐s❡❞ ❛❝❝♦r❞✐♥❣ t♦

t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ❜❛rr❡❧ ✈❛✉❧t r❡❢❡r❡♥❝❡ s✉❝❤ t❤❛t ❛ ✈❛❧✉❡ ❧❛r❣❡r t❤❛♥ ✶✳✵

✐♥❞✐❝❛t❡s ❛ ❜❡tt❡r s❤❛♣❡❞ s❤❡❧❧ t♦ ❛✈♦✐❞ ❜✉❝❦❧✐♥❣ ❢❛✐❧✉r❡✳ ❙♣❡❝✐✜❝ t♦ t❤❡ ♥♦♥✲

❧✐♥❡❛r ❑❛♥❣❛r♦♦ ❛♣♣r♦❛❝❤ ✐s ❛ st❛rt ❧♦❛❞ ❢❛❝t♦r ♦❢ ✵✳✺✱ ❛ ❧♦❛❞ st❡♣ s✐③❡ ♦❢ ✵✳✵✺✱

❛ st✐✛♥❡ss ♦❢ ✺✵✵ ❛♥❞ ❛ t❤r❡s❤♦❧❞ ♦❢ 1 · 10−6✳ ❚❤❡ r❡s✉❧ts ❢r♦♠ t❤❡ t✇♦ ❞✐✛❡r❡♥t

❛♥❛❧②s✐s ♠❡t❤♦❞♦❧♦❣✐❡s ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✹✳✸✳✸ ❛♥❞ ✹✳✸✳✹✳

●❡♥❡r❛❧ ♦❜s❡r✈❛t✐♦♥s

❚❤❡ ♦r❞❡r ♦❢ t❤❡ ❝✉r✈❡s ✭♦r❛♥❣❡✱ ❜❧✉❡✱ ❣r❡②✮ ✐s ❝♦♥s✐st❡♥t t❤r♦✉❣❤♦✉t t❤❡ st✉❞②✱

✇❤✐❝❤ ❝♦♥✜r♠s t❤❛t ❛ ❧❛r❣❡r s✉r❢❛❝❡ ❛r❡❛ ✐♥❝r❡❛s❡s t❤❡ st✐✛♥❡ss ♦❢ t❤❡ s❤❡❧❧✳

❆❞❞✐t✐♦♥❛❧❧②✱ ❛❧❧ t❤❡ s❤❛♣❡s ❤❛✈❡ ❛ ❜✉❝❦❧✐♥❣ ❧♦❛❞ ❢❛❝t♦r ❧❛r❣❡r t❤❛♥ ✶✳✵ ✐♥❞✐❝❛t✐♥❣

t❤❛t t❤❡ ❝♦rr✉❣❛t✐♦♥s ❤❛✈❡ ❛ ♣♦s✐t✐✈❡ ❡✛❡❝t ♦♥ st✐✛❡♥✐♥❣ t❤❡ s❤❡❧❧✳ ❚❤❡ t❤r❡❡

♣❧♦ts ❢♦r ❡❛❝❤ ❝♦rr✉❣❛t✐♦♥ ❧♦❝❛t✐♦♥ ❛♣♣r♦①✐♠❛t❡❧② ❡①❤✐❜✐t t❤❡ s❛♠❡ t❡♥❞❡♥❝②

✇❤❡r❡ t❤❡ s♣❛❝✐♥❣ ✐♥✲❜❡t✇❡❡♥ t❤❡ ❝✉r✈❡s r❡✢❡❝ts t❤❡ ❞✐✛❡r❡♥❝❡ ✐♥ ❛r❡❛ ✐♥❝r❡❛s❡✳
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❊❞❣❡ ❝♦rr✉❣❛t✐♦♥s

❇♦t❤ ❛♥❛❧②s❡s s❤♦✇ t❤❛t ❛♥ ✐♥❝r❡❛s✐♥❣ ♥✉♠❜❡r ♦❢ ❡❞❣❡ ❝♦rr✉❣❛t✐♦♥s ✐♥✐t✐❛❧❧② ❤❛s

❛ ♣♦s✐t✐✈❡ ❡✛❡❝t ♦♥ t❤❡ ❇▲❋ ❜✉t s❡❡♠s t♦ ❤❛✈❡ ❛ ♣❡❛❦ ✈❛❧✉❡ ❢♦r s❤❛♣❡ ✸ ❛❢t❡r

✇❤✐❝❤ t❤❡ ❇▲❋ ❞❡❝r❡❛s❡s✳ ❆ ❢✉rt❤❡r ✐♥✈❡st✐❣❛t✐♦♥ ♦❢ t❤❡ ❜✉❝❦❧✐♥❣ ♠♦❞❡s ❢r♦♠

t❤❡ ❘♦❜♦t ❛♥❛❧②s✐s s❤♦✇s t❤❛t t❤❡ ✜rst ❜✉❝❦❧✐♥❣ ♠♦❞❡ ❝❤❛♥❣❡s ❢r♦♠ s✇❛②✐♥❣

✐♥ t❤❡ ❧♦♥❣✐t✉❞✐♥❛❧ ❞✐r❡❝t✐♦♥ t♦ t❤❡ tr❛♥s✈❡rs❡ ❞✐r❡❝t✐♦♥ ❜❡t✇❡❡♥ s❤❛♣❡ ✷ ❛♥❞

✸✱ ✇❤✐❝❤ ❡①♣❧❛✐♥s t❤❡ ✐♥❝r❡❛s✐♥❣ ✈❛❧✉❡ ❢♦r s❤❛♣❡ ✸✳ ❍♦✇❡✈❡r✱ t❤❡ ❞❡❝r❡❛s✐♥❣

✈❛❧✉❡ ❢♦r s❤❛♣❡ ✹ ✐♥❞✐❝❛t❡s t❤❛t t❤❡r❡ ✐s ❛ ❝♦♠♣r♦♠✐s❡ ❜❡t✇❡❡♥ ♠♦r❡ ✇❛✈❡s ❛♥❞

s♠❛❧❧❡r ❛♠♣❧✐t✉❞❡ ♦r ❢❡✇❡r ✇❛✈❡s ❛♥❞ ❧❛r❣❡r ❛♠♣❧✐t✉❞❡ ✐♥ ♦r❞❡r t♦ s❛t✐s❢② t❤❡

❛r❡❛ r❡q✉✐r❡♠❡♥t✳ ❋♦r s❤❛♣❡ ✹ t❤❡ ❛♠♣❧✐t✉❞❡ ✐s s♦ s♠❛❧❧ t❤❛t t❤❡ ❡❞❣❡s ❛❧♠♦st

❜❡❝♦♠❡ ✢❛t ❛♥❞ t❤❡ s❤❡❧❧ t❤❡r❡❢♦r❡ ❣❛✐♥s ❧❡ss st✐✛♥❡ss ❢r♦♠ ✐ts ❝✉r✈❛t✉r❡✳

❈r♦✇♥ ❝♦rr✉❣❛t✐♦♥s

■♥❝r❡❛s✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ❝r♦✇♥ ❝♦rr✉❣❛t✐♦♥s ❤❛s ❛ ♥❡❣❛t✐✈❡ ❡✛❡❝t ♦♥ t❤❡ ❇▲❋

❛❝❝♦r❞✐♥❣ t♦ ❜♦t❤ ❛♥❛❧②s❡s✳ ❚❤❡ t❡♥❞❡♥❝② ✐s ❧❡ss ❝❧❡❛r ❢♦r t❤❡ ✵✳✺✪ ❛♥❞ ✶✪ ❛r❡❛

✐♥❝r❡❛s❡ ❢r♦♠ t❤❡ ❘♦❜♦t ❛♥❛❧②s✐s✱ ❜✉t ✐♥ ❣❡♥❡r❛❧ ♥♦ ❛❞❞✐t✐♦♥❛❧ ❝❛♣❛❝✐t② ✐s ❣❛✐♥❡❞

❢r♦♠ s❤❛♣❡ ✶ t♦ ✹✳ ❆s ❛ ❝♦rr✉❣❛t✐♦♥ ♦❢ t❤❡ ❝r♦✇♥ ❤❛s ❛ s✐♠✐❧❛r ❡✛❡❝t ❛s ❛❞❞✐♥❣ ❛

st✐✛❡♥❡❞ ❧♦♥❣✐t✉❞✐♥❛❧ ❜❡❛♠ t♦ t❤❡ ❜❛rr❡❧ ✈❛✉❧t ✭▼❛❧❡❦✱ ✷✵✶✷✮✱ t❤✐s ❜❡❤❛✈✐♦✉r ❝❛♥

❜❡ ❡①♣❧❛✐♥❡❞ ❜② t❤❡ ❞❡❝r❡❛s✐♥❣ ♠♦♠❡♥t ♦❢ ✐♥❡rt✐❛ ❞✉❡ t♦ t❤❡ s♠❛❧❧❡r ❛♠♣❧✐t✉❞❡

❛s t❤❡ ♥✉♠❜❡r ♦❢ ✇❛✈❡s ✐♥ t❤❡ ❝r♦✇♥ ✐s ✐♥❝r❡❛s❡❞✳

■♥✲♣❤❛s❡ ❝♦rr✉❣❛t✐♦♥s

❋♦r ❛ ✵✳✺✪ ❛♥❞ ✶✪ ❛r❡❛ ✐♥❝r❡❛s❡ t❤❡ ✐♥✲♣❤❛s❡ ❝♦rr✉❣❛t✐♦♥s ❤❛✈❡ ❛ ♣♦s✐t✐✈❡

❡✛❡❝t ♦♥ t❤❡ ❇▲❋ ✇✐t❤ ♣❡❛❦ ✈❛❧✉❡s ❢♦r s❤❛♣❡ ✷ ❛♥❞ ✸✳ ❋♦r ❛ ✸✪ ❛r❡❛ ✐♥❝r❡❛s❡

❜♦t❤ ❛♥❛❧②s❡s s❤♦✇ s✐❣♥✐✜❝❛♥t ❣❛✐♥s ✐♥ ❇▲❋ ❜✉t t❤❡ ❜❡❤❛✈✐♦✉r ❜❡t✇❡❡♥ t❤❡♠

❞✐✛❡rs✳ ❲❤✐❧❡ t❤❡ ❑❛♥❣❛r♦♦ ❛♥❛❧②s✐s ❛♠♣❧✐❢② t❤❡ ❜❡❤❛✈✐♦✉r ❢r♦♠ t❤❡ ✵✳✺✪ ❛♥❞

✶✪ ❝❛s❡s✱ t❤❡ r❡s✉❧ts ❢r♦♠ t❤❡ ❘♦❜♦t ❛♥❛❧②s✐s ❝♦♥t✐♥✉♦✉s❧② ❣r♦✇ ❛❧t❤♦✉❣❤ ✇✐t❤

❛ ♠✉❝❤ s❧♦✇❡r r❛t❡ ❜❡t✇❡❡♥ s❤❛♣❡ ✸ ❛♥❞ ✹✳ ❈♦rr✉❣❛t✐♥❣ t❤❡ ❡❞❣❡ ❛♥❞ t❤❡

❝r♦✇♥ s✐♠✉❧t❛♥❡♦✉s❧② ❤❡❧♣s t♦ ✐♥❝r❡❛s❡ t❤❡ ❜❡♥❞✐♥❣ st✐✛♥❡ss ♦❢ t❤❡ ❡♥t✐r❡ s❤❡❧❧

❞✉❡ t♦ ❝r♦ss s❡❝t✐♦♥ ✈❛r✐❛t✐♦♥s ✭▼❛❧❡❦✱ ✷✵✶✷✮✳ ❚❤❡ ❞❡❝r❡❛s✐♥❣ ❇▲❋ ❢♦r s❤❛♣❡

✹ t❤❡r❡❢♦r❡ ✐♠♣❧✐❡s t❤❛t t❤❡ ❛♠♣❧✐t✉❞❡ ❜❡❝♦♠❡s t♦♦ s♠❛❧❧ t♦ ♣r♦✈✐❞❡ ❡♥♦✉❣❤

❝r♦ss✲s❡❝t✐♦♥ ✈❛r✐❛t✐♦♥ t❤❡r❡❜② r❡❞✉❝✐♥❣ t❤❡ st✐✛♥❡ss ✐♥ t❤❡ tr❛♥s✈❡rs❡ ❞✐r❡❝t✐♦♥✳

❙❤❛♣❡ ✶ s✉✛❡rs ❢r♦♠ t♦♦ ❢❡✇ ❡❞❣❡ ❝♦rr✉❣❛t✐♦♥s t♦ ♠❛❦❡ t❤❡ s❤❡❧❧ s✉✣❝✐❡♥t❧②

st✐✛ ✐♥ t❤❡ ❧♦♥❣✐t✉❞✐♥❛❧ ❞✐r❡❝t✐♦♥✱ ✇❤✐❝❤ r❡s✉❧ts ✐♥ ❧❛r❣❡ ❞❡❢♦r♠❛t✐♦♥s ♦❢ t❤❡ ❢r❡❡

❡❞❣❡s✳ ❙❤❛♣❡ ✷ ❛♥❞ ✸ ❛r❡ t❤❡r❡❢♦r❡ t❤❡ ❜❡st ❝♦♠♣r♦♠✐s❡✳ ❆ ❢✉rt❤❡r ✐♥✈❡st✐❣❛t✐♦♥

♦❢ t❤❡ ❞✐✛❡r❡♥t t❡♥❞❡♥❝② ❢♦r t❤❡ ❘♦❜♦t ❛♥❛❧②s✐s ♦❢ t❤❡ ✸✪ ❝❛s❡ s❤♦✇s t❤❛t
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t❤❡ tr❛♥s✈❡rs❡ st✐✛♥❡ss ✐s r❡❞✉❝❡❞ ❛t ❛ ❧❛t❡r st❛❣❡ ❞✉❡ t♦ t❤❡ ✐♥❝r❡❛s❡❞ ❛r❡❛✱

✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡ ❜❡st ❝♦♠♣r♦♠✐s❡ r❛t❤❡r ❡①✐sts ❜❡t✇❡❡♥ s❤❛♣❡ ✸ ❛♥❞ ✹✳

❆♥ ❛❞❞✐t✐♦♥❛❧ t❡st ❝❛s❡ ✇✐t❤ ♠♦r❡ ✐♥✲♣❤❛s❡ ❝♦rr✉❣❛t✐♦♥s ✈❡r✐✜❡s t❤❛t t❤❡ ❇▲❋

st❛rts t♦ ❞❡❝r❡❛s❡ ❛❢t❡r t❤✐s ♣♦✐♥t✳ ■♥ ❣❡♥❡r❛❧✱ t❤❡ ❇▲❋ ❧❡✈❡❧ ❢♦r ❜♦t❤ ❛♥❛❧②s❡s

s❤♦✇s t❤❛t t❤❡ ✐♥✲♣❤❛s❡ ❝♦rr✉❣❛t✐♦♥s ❛r❡ ♠♦r❡ ❡✣❝✐❡♥t t❤❛♥ t❤❡ ❡❞❣❡✲ ❛♥❞ ❝r♦✇♥

❝♦rr✉❣❛t✐♦♥s s❡♣❛r❛t❡❧②✳

❊✈❛❧✉❛t✐♦♥

❚❤✐s ❜❛rr❡❧ ✈❛✉❧t st✉❞② s❤♦✇s ♣r♦♠✐s✐♥❣ r❡s✉❧ts ✐♥ t❡r♠s ♦❢ ♦❜s❡r✈✐♥❣ s✐♠✐❧❛r

❜❡❤❛✈✐♦✉r ❜❡t✇❡❡♥ t❤❡ ❑❛♥❣❛r♦♦ ❛♥❞ ❘♦❜♦t ❜✉❝❦❧✐♥❣ ❛♥❛❧②s✐s✱ ✇❤✐❝❤ ❤❡❧♣s t♦

✐♥❝r❡❛s❡ ❝♦♥✜❞❡♥❝❡ ✐♥ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥✳ ❚❤❡ ❧✐♥❡❛r ✈❡rs✉s ♥♦♥✲❧✐♥❡❛r ❛♥❛❧②s✐s

t②♣❡✱ ❝♦♠❜✐♥❡❞ ✇✐t❤ t❤❡ ❡✛❡❝t ♦❢ t❤❡ str❡♥❣t❤ r❛t✐♦ ❞❡✜♥❡❞ ❢♦r t❤❡ ❑❛♥❣❛r♦♦

❛♥❛❧②s✐s ❛♥❞ ✐ts r❡❧❛t✐♦♥ t♦ t❤❡ ❝❤♦s❡♥ ✷✵✵ ♠♠ t❤✐❝❦♥❡ss ✐♥ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t

❛♥❛❧②s✐s✱ ❛r❡ t❤❡ ♠♦st ❧✐❦❡❧② ❡①♣❧❛♥❛t✐♦♥s ❢♦r t❤❡ ♦❜s❡r✈❡❞ ❞❡✈✐❛t✐♦♥s✳ ❆s t❤❡

❑❛♥❣❛r♦♦ ❜✉❝❦❧✐♥❣ ❛♥❛❧②s✐s t❛❦❡s ❧❡ss t❤❛♥ ✷ s❡❝♦♥❞s t♦ ♣❡r❢♦r♠ ❛♥❞ t❤❡ ❛✈✲

❡r❛❣❡ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡ ❢♦r t❤❡ ❘♦❜♦t ❜✉❝❦❧✐♥❣ ❛♥❛❧②s✐s ✐s ✶✳✶ ♠✐♥✉t❡s✱ t❤❡

s✐♠✐❧❛r✐t② ✐♥ r❡s✉❧ts ♠❛❦❡s t❤❡ ❑❛♥❣❛r♦♦ ❛♥❛❧②s✐s t♦♦❧ ❛ttr❛❝t✐✈❡ ❢♦r t❤❡ ❝♦♥❝❡♣✲

t✉❛❧ ❞❡s✐❣♥ st❛❣❡✳ ▼❛❧❡❦ ✭✷✵✶✷✮ ❡①♣❡r✐❡♥❝❡s ❛♥ ✐♥❝r❡❛s❡ ✐♥ ❜✉❝❦❧✐♥❣ ❝❛♣❛❝✐t② ❢♦r

❛♥ ✐♥❝r❡❛s✐♥❣ ♥✉♠❜❡r ♦❢ ✇❛✈❡s ❛t ❡❛❝❤ ❝♦rr✉❣❛t✐♦♥ ❧♦❝❛t✐♦♥ ❛♥❞ ♦❜s❡r✈❡s t❤❛t

t❤❡ ✐♥✲♣❤❛s❡ ❝♦rr✉❣❛t✐♦♥s ❛r❡ t❤❡ ♠♦st ❡✛❡❝t✐✈❡ ♠❡❛♥s ♦❢ st✐✛❡♥✐♥❣ t❤❡ ❜❛rr❡❧

✈❛✉❧t✳ ❍♦✇❡✈❡r✱ s❡✈❡r❛❧ ❛s♣❡❝ts ♠❛❦❡ ✐t ❞✐✣❝✉❧t t♦ ❝♦♠♣❛r❡ t❤❡ r❡s✉❧ts ❢r♦♠

t❤✐s st✉❞② ✇✐t❤ t❤♦s❡ ❝♦♥❝❧✉s✐♦♥s✱ ✐♥❝❧✉❞✐♥❣ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ ❛ ❞✐✛❡r❡♥t

❝r♦ss✲s❡❝t✐♦♥✱ t❤❡ s♣❛♥✲t♦✲❤❡✐❣❤t r❛t✐♦ ❛♥❞ ✇❛✈❡ ❛♠♣❧✐t✉❞❡s✳ ■❢ t❤❡ s❛♠❡ str✉❝✲

t✉r❛❧ ❜❡❤❛✈✐♦✉r ✐s ❡①♣❡❝t❡❞✱ ✐t ✐s ❝r✉❝✐❛❧ t❤❛t t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♠❛t❝❤✳

❚❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✐♥ t❤✐s st✉❞② ❛r❡ ❧✐♠✐t❡❞ t♦ ♣✐♥♥❡❞ s✉♣♣♦rts ❞✉❡ t♦

t❤❡ st❛❣❡ ♦❢ ❞❡✈❡❧♦♣♠❡♥t ❛t t❤❡ t✐♠❡ ♦❢ ✇r✐t✐♥❣✱ ❛♥❞ ❢♦r ❝♦♠♣❛r❛❜✐❧✐t② r❡❛s♦♥s

♣r✐♦r✐t✐s❡❞ t♦ ❜❡ s✐♠✐❧❛r ✐♥ t❤❡ ❘♦❜♦t ♠♦❞❡❧✳ ❚❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✐♥ t❤❡

st✉❞② ❜② ▼❛❧❡❦ ❛r❡ ❞✐✛❡r❡♥t ❜✉t q✉❡st✐♦♥❛❜❧❡✱ ❛s t❤❡② ✐♥❝❧✉❞❡ ✈❡rt✐❝❛❧ s✉♣♣♦rts

❛t t❤❡ ❡♥❞s ♦❢ t❤❡ ❜❛rr❡❧ ✈❛✉❧t✳ ❊q✉❛❧❧② ✐♠♣♦rt❛♥t ✐s t❤❡ ❢❛❝t t❤❛t t❤❡ ❛♠♣❧✐t✉❞❡

♦❢ t❤❡ ❝♦rr✉❣❛t✐♦♥s ✐♥ ▼❛❧❡❦✬s st✉❞② ❛r❡ ❞❡✜♥❡❞ ❛s ❛ r❛t✐♦ ♦❢ t❤❡ ❤❡✐❣❤t ♦r t❤❡

❧❡♥❣t❤ r❛t❤❡r t❤❛♥ ❝♦♥tr♦❧❧❡❞ ❜② t❤❡ ❛r❡❛ ✐♥❝r❡❛s❡ ❛♥❞ ❤❡r ❝♦♥❝❧✉s✐♦♥s ✐♥ t❤✐s

r❡❣❛r❞ ❛r❡ t❤❡r❡❢♦r❡ ♥♦t s✉r♣r✐s✐♥❣✳ ❆♥ ❛r❡❛ ✇❡✐❣❤t✐♥❣ ✐s ✐♥tr♦❞✉❝❡❞ ❛t ❛ ❧❛t❡r

st❛❣❡ ❜✉t ✇✐t❤ t❤❡ ♣✉r♣♦s❡ ♦❢ ❞❡t❡r♠✐♥✐♥❣ t❤❡ ♠♦st ❡✣❝✐❡♥t ❧♦❝❛t✐♦♥ t♦ ❝♦rr✉❣✲

❛t❡ t❤❡ ✈❛✉❧t✳ ■♥ ❣❡♥❡r❛❧ t❤✐s ❞✐s❝✉ss✐♦♥ ❤✐❣❤❧✐❣❤ts t❤❡ ❞✐✣❝✉❧t✐❡s ♦❢ ❝♦♠♣❛r✐♥❣

t❤❡ ❜✉❝❦❧✐♥❣ ❝❛♣❛❝✐t② ❜❡t✇❡❡♥ ❞✐✛❡r❡♥t s❤❛♣❡s✳
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❈❤❛♣t❡r ✺

❈❛s❡ st✉❞②

❚❤✐s ❝❤❛♣t❡r ❞❡♠♦♥str❛t❡s t❤❡ ❛♣♣❧✐❝❛❜✐❧✐t② ♦❢ t❤❡ ❞❡✈❡❧♦♣❡❞ s♦❢t✇❛r❡ t♦♦❧ ✐♥ ❛♥

❛r❝❤✐t❡❝t✉r❛❧ ❛♥❞ ❡♥❣✐♥❡❡r✐♥❣ ❝♦♥t❡①t ✉s✐♥❣ t❤❡ ❇r✐t✐s❤ ▼✉s❡✉♠ ●r❡❛t ❈♦✉rt

❘♦♦❢ ❛s ❛ ❝❛s❡ st✉❞②✳

✺✳✶ ❚❤❡ ❇r✐t✐s❤ ▼✉s❡✉♠ ●r❡❛t ❈♦✉rt ❘♦♦❢

❋✐❣✉r❡ ✺✳✶✳✶ ✕ ❚❤❡ ❇r✐t✐s❤ ▼✉s❡✉♠ ●r❡❛t ❈♦✉rt ❘♦♦❢

❚❤❡ ❇r✐t✐s❤ ▼✉s❡✉♠ ●r❡❛t ❈♦✉rt ❘♦♦❢ ✐♥ ▲♦♥❞♦♥ ❛s s❡❡♥ ✐♥ ❋✐❣✉r❡ ✺✳✶✳✶ ✇❛s

❝♦♠♣❧❡t❡❞ ✐♥ ✷✵✵✵ ❛♥❞ ❞❡s✐❣♥❡❞ ❜② ❋♦st❡r ✰ P❛rt♥❡rs ✐♥ ❝♦❧❧❛❜♦r❛t✐♦♥ ✇✐t❤ ❇✉r♦

❍❛♣♣♦❧❞ ❛♥❞ ❈❤r✐s ❲✐❧❧✐❛♠s✳ ❙✐♥❝❡ t❤❡♥ ✐t ❤❛s ❛ttr❛❝t❡❞ ♠✉❝❤ ❛tt❡♥t✐♦♥ ❞✉❡
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t♦ ✐ts ❛r❝❤✐t❡❝t✉r❛❧ q✉❛❧✐t② ❛♥❞ ✉♥✐q✉❡ ❣❡♦♠❡tr✐❝ ❞❡✜♥✐t✐♦♥ ❛♥❞ t❤❡ ♣r♦❥❡❝t ❤❛s

✐♥ ❣❡♥❡r❛❧ ❡♥❝♦✉r❛❣❡❞ t❤❡ ❞❡s✐❣♥ ♦❢ ❣r✐❞s❤❡❧❧ str✉❝t✉r❡s ❡✈❡♥ t❤♦✉❣❤ ✐t ✇❛s ♥♦t

t❤❡ ✜rst ♦❢ ✐ts ❦✐♥❞✳

❚❤❡ r♦♦❢ s✉r❢❛❝❡ ✐s ❞❡✜♥❡❞ ❛s ❛ s✉♠ ♦❢ t❤r❡❡ ♠❛t❤❡♠❛t✐❝❛❧ ❢✉♥❝t✐♦♥s ✐♥ ♦r❞❡r t♦

❢✉❧✜❧ s♣❡❝✐✜❝ s✐t❡ ❝♦♥str❛✐♥ts ❛♥❞ ♦♥❧② tr❛♥s❢❡r ❤♦r✐③♦♥t❛❧ t❤r✉st t♦ t❤❡ ❝♦r♥❡rs

♦❢ t❤❡ ❜✉✐❧❞✐♥❣ t❤❛t s✉♣♣♦rts ✐t ✭❲✐❧❧✐❛♠s ❛♥❞ ❙❤❡♣❤❡r❞✱ ✷✵✶✵✮✳ ❚❤❡ t❤r❡❡

❢✉♥❝t✐♦♥s ❛r❡ ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✺✳✶✳✷✳

❋✐❣✉r❡ ✺✳✶✳✷ ✕ ❚❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❢✉♥❝t✐♦♥s ❞❡✜♥✐♥❣ t❤❡ ❇r✐t✐s❤ ▼✉s❡✉♠ r♦♦❢ s✉r❢❛❝❡✳ ❛✮
❧❡✈❡❧ ❝❤❛♥❣❡ ❢✉♥❝t✐♦♥✱ ❜✮ ❢✉♥❝t✐♦♥ ✇✐t❤♦✉t ❝✉r✈❛t✉r❡ s✐♥❣✉❧❛r✐t② ❛♥❞ ❝✮ ❢✉♥❝t✐♦♥ ✇✐t❤ ❝✉r✈❛t✉r❡
s✐♥❣✉❧❛r✐t② ✭❲✐❧❧✐❛♠s ❛♥❞ ❙❤❡♣❤❡r❞✱ ✷✵✶✵✮

❚❤❡ ❛✐♠ ♦❢ t❤✐s ❝❛s❡ st✉❞② ✐s t❤r❡❡❢♦❧❞✿ ❋✐rst❧② t♦ ❞❡❝♦♠♣♦s❡ t❤❡ s✉r❢❛❝❡ ✐♥t♦

✐ts ❤❛r♠♦♥✐❝ ❝♦♠♣♦♥❡♥ts t♦ ❣❛✐♥ ❛ ❜❡tt❡r ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ ✇❤❛t ✐t ✐s ❜✉✐❧t ✉♣

❢r♦♠✳ ❙❡❝♦♥❞❧② t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ tr❛❞❡✲♦✛ ❜❡t✇❡❡♥ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❛❝❝✉r❛❝②

❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❝❧✉❞❡❞ ♠♦❞❡s✱ ✇❤✐❧st s✐♠✉❧t❛♥❡♦✉s❧② ❡✈❛❧✉❛t✐♥❣ t❤❡ ❡✛❡❝t

♦❢ ❡❛❝❤ ♠♦❞❡ ✇✐t❤ r❡❣❛r❞ t♦ t❤❡ ❜✉❝❦❧✐♥❣ ❝❛♣❛❝✐t②✳ ❆♥❞ t❤✐r❞❧② t♦ ❡①♣❧♦r❡

❞✐✛❡r❡♥t ✈❛r✐❛t✐♦♥s ♦❢ t❤❡ s❤❛♣❡ ❜② ❛ ♠♦❞✐✜❝❛t✐♦♥ ♦❢ t❤❡ ♠♦❞❛❧ ❝♦♠♣♦♥❡♥ts

❜❛s❡❞ ♦♥ ♣✉r❡ ❛❡st❤❡t✐❝s ❛♥❞ ❛ ❜✉❝❦❧✐♥❣ ♦♣t✐♠✐s❛t✐♦♥✳

✺✳✶✳✶ ❙❤❛♣❡ ❛♥❛❧②s✐s

❆ ❉❳❋ ✜❧❡ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❣❡♦♠❡tr② ♦❢ t❤❡ ❇r✐t✐s❤ ▼✉s❡✉♠ r♦♦❢ str✉❝t✉r❡ ✐s ✉s❡❞

❛s ❜❛s✐s ❢♦r t❤✐s st✉❞②✳ ❆ ♣♦✐♥t ❝❧♦✉❞ ✐s ❝r❡❛t❡❞ ❢r♦♠ t❤❡ ✐♥t❡rs❡❝t✐♦♥s ❜❡t✇❡❡♥

❛❧❧ t❤❡ ❝✉r✈❡s ❛♥❞ ❛♣♣r♦①✐♠❛t❡❞ ❜② ❛ ◆❯❘❇❙ s✉r❢❛❝❡ ♣❛t❝❤ ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡

✺✳✶✳✸✳

❚❤❡ ❤❛r♠♦♥✐❝ ♠♦❞❡❧❧✐♥❣ ❢r❛♠❡✇♦r❦ r❡q✉✐r❡s ❛ ♠❡s❤ ❛s ✐♥♣✉t✳ ❆ ♠❡s❤ s✐♠✐❧❛r t♦

t❤❡ ♦♥❡ ✉s❡❞ ❢♦r t❤❡ ❣r✐❞ ♦❢ t❤❡ ❇r✐t✐s❤ ▼✉s❡✉♠ ❜❡❢♦r❡ ✐t ✇❛s r❡❧❛①❡❞ ♦✈❡r t❤❡

♠❛t❤❡♠❛t✐❝❛❧❧② ❞❡✜♥❡❞ s✉r❢❛❝❡ ✐s ❞♦✇♥❧♦❛❞❡❞ ❢r♦♠ ●❡♦♠❡tr②●②♠ ✭▼✐rts❝❤✐♥✱

✷✵✵✾✮✳ ■t ❝♦♥s✐sts ♦❢ ✶✽✵✻ ✈❡rt✐❝❡s ❛♥❞ ✸✸✼✷ ❢❛❝❡s ❛♥❞ ✐s s②♠♠❡tr✐❝ ❛❜♦✉t t❤❡

①✲❛①✐s ✭s❡❡ ❋✐❣✉r❡ ✺✳✶✳✹✮✳ ❚❤❡ ✈❡rt✐❝❡s ♦❢ t❤❡ ♠❡s❤ ❛r❡ ♣r♦❥❡❝t❡❞ ✈❡rt✐❝❛❧❧② ♦♥t♦

❛ r✉❧❡❞ s✉r❢❛❝❡ s♣❛♥♥✐♥❣ ❜❡t✇❡❡♥ t❤❡ ❜♦✉♥❞❛r② ❝✉r✈❡s ✭❧♦❝❛t❡❞ ✐♥ t✇♦ ❞✐✛❡r❡♥t
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❧❡✈❡❧s✮ t♦ ❜❡ ❛❜❧❡ t♦ ✜① t❤❡ ♠❡s❤ ❛t t❤❡s❡ ❧♦❝❛t✐♦♥s✳ ❋✐①✐♥❣ t❤❡ ❜♦✉♥❞❛r✐❡s ❤❡❧♣s

t♦ ❡♥s✉r❡ ❛ ❣♦♦❞ ❛♣♣r♦①✐♠❛t✐♦♥ ✇✐t❤ ❛ ❧✐♠✐t❡❞ ♥✉♠❜❡r ♦❢ ✈❛r✐❛❜❧❡s✳

❋✐❣✉r❡ ✺✳✶✳✸ ✕ ❙✉r❢❛❝❡ ♣❛t❝❤ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❇r✐t✐s❤ ▼✉s❡✉♠ r♦♦❢ str✉❝t✉r❡

❋✐❣✉r❡ ✺✳✶✳✹ ✕ ❚❤❡ ♠❡s❤ ✉s❡❞ ❢♦r t❤❡ ❤❛r♠♦♥✐❝ ♠♦❞❡❧❧✐♥❣ ❢r❛♠❡✇♦r❦

❋r♦♠ ❛ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❣r❛♣❤ ▲❛♣❧❛❝✐❛♥ ❢♦❧❧♦✇❡❞ ❜② ❛♥ ❡✐❣❡♥❞❡❝♦♠♣♦s✐✲

t✐♦♥✱ t❤❡ ✶✵ ♠♦st s✐❣♥✐✜❝❛♥t ♠♦❞❡s t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ ◆❯❘❇❙ s✉r❢❛❝❡ ♣❛t❝❤

❛r❡ ❜❛❝❦✲❝❛❧❝✉❧❛t❡❞✱ ❛s ✈✐s✉❛❧✐s❡❞ ✐♥ ❋✐❣✉r❡ ✺✳✶✳✺✳ ❚❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ r❡s✉❧t ✐s

s♠♦♦t❤ ❛♥❞ ❤❛s ❛ ❘▼❙ ✈❛❧✉❡ ♦❢ ✵✳✶✹ ♠✱ ✇❤✐❝❤ ✐s ❛❝❝❡♣t❛❜❧❡ ✇❤❡♥ ❝♦♠♣❛r❡❞

t♦ t❤❡ s✐③❡ ♦❢ t❤❡ str✉❝t✉r❡ ✭✼✷ ① ✾✻ ♠✮ ❛♥❞ t❤❡ ❢❛❝t t❤❛t ♦♥❧② ✶✵ ✈❛r✐❛❜❧❡s

❛r❡ ✉s❡❞✳ ❚❤❡ ♠♦❞❛❧ ❝♦♠♣♦♥❡♥ts ❛r❡ ❜♦t❤ ❢❛s❝✐♥❛t✐♥❣ ❛♥❞ r❡✈❡❛❧✐♥❣ ❛t t❤❡

s❛♠❡ t✐♠❡✳ ❊s♣❡❝✐❛❧❧② t❤❡ ✜rst ✸ ♠♦❞❡s✱ ✇❤✐❝❤ ❤❛✈❡ ✈❡r② r❡❝♦❣♥✐s❛❜❧❡ s❤❛♣❡

❝❤❛r❛❝t❡r✐st✐❝s✳
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❋✐❣✉r❡ ✺✳✶✳✺ ✕ ❚❤❡ ✶✵ ♠♦st s✐❣♥✐✜❝❛♥t ❤❛r♠♦♥✐❝ ♠♦❞❡s ♦❢ t❤❡ ❇r✐t✐s❤ ▼✉s❡✉♠ ❛♥❞ t❤❡
❛♣♣r♦①✐♠❛t✐♦♥ r❡s✉❧t

✺✳✶✳✷ ❆♣♣r♦①✐♠❛t✐♦♥ ❛❝❝✉r❛❝② ❛♥❞ ❜✉❝❦❧✐♥❣ ❝❛♣❛❝✐t②

❚❤❡ ♣❧♦t ✐♥ ❋✐❣✉r❡ ✺✳✶✳✻ s❡r✈❡s t♦ ❣❛✐♥ ❛ ❜❡tt❡r ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡ tr❛❞❡✲♦✛

❜❡t✇❡❡♥ t❤❡ ♥✉♠❜❡r ♦❢ ✈❛r✐❛❜❧❡s ✭♠♦❞❡ s❤❛♣❡s ✇✐t❤ ✇❡✐❣❤ts✮ ❛♥❞ t❤❡ ❛♣♣r♦①✲

✐♠❛t✐♦♥ ❛❝❝✉r❛❝② ✭q✉❛♥t✐✜❡❞ ❜② ♠❡❛♥s ♦❢ ❛ ❘▼❙ ✈❛❧✉❡✮ ❛♥❞ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢

t❤❡ ❝❤♦✐❝❡ ♦❢ ▲❛♣❧❛❝✐❛♥✳ ❋♦r ❧❡ss t❤❛♥ ✷✺ ✈❛r✐❛❜❧❡s t❤❡ ❣r❛♣❤ ▲❛♣❧❛❝✐❛♥ ❣✐✈❡s

t❤❡ ❜❡st ❛❝❝✉r❛❝② ❛❢t❡r ✇❤✐❝❤ t❤❡ ❝♦t❛♥❣❡♥t ▲❛♣❧❛❝✐❛♥ ✇✐t❤♦✉t ❛r❡❛ ✇❡✐❣❤t✐♥❣

❜❡❝♦♠❡s ♠♦r❡ ❡✣❝✐❡♥t✳ ❚❤❡ ❛r❡❛ ✇❡✐❣❤t❡❞ ❝♦t❛♥❣❡♥t ▲❛♣❧❛❝✐❛♥ ❝♦♥s✐st❡♥t❧②

r❡s✉❧ts ✐♥ ❧♦✇❡r ❛❝❝✉r❛❝② ❢♦r ❛♥② ♥✉♠❜❡r ♦❢ ✈❛r✐❛❜❧❡s✳ ❚❤✐s ❜❡❤❛✈✐♦✉r ✐s ❞✉❡ t♦
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t❤❡ ✈❡r② r❡❣✉❧❛r ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ✈❡rt✐❝❡s ✐♥ t❤❡ ♠❡s❤✳ ❚❤❡ ♣❧♦t ❛❧s♦ s❤♦✇s

❤♦✇ t❤❡ ❘▼❙ ✈❛❧✉❡ r❛♣✐❞❧② ❞❡❝r❡❛s❡s t♦✇❛r❞s ③❡r♦ ❢♦r t❤❡ ✜rst ✷✵ ♠♦❞❡s ❛♥❞

❛❢t❡r✇❛r❞s ❤❛s ❛ ♠✉❝❤ s❧♦✇❡r r❛t❡✳ ❚❤✐s ✐s ♣r♦♠✐s✐♥❣ ❛s ✐t ♠❡❛♥s t❤❛t ❛ ❣♦♦❞

❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❇r✐t✐s❤ ▼✉s❡✉♠ ●r❡❛t ❈♦✉rt ❘♦♦❢ ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ✇✐t❤

❧❡ss t❤❛♥ ✷✵ ✈❛r✐❛❜❧❡s ❢♦r ❛ ♠❡s❤ ✇✐t❤ ✶✽✵✻ ✈❡rt✐❝❡s✳

❋✐❣✉r❡ ✺✳✶✳✻ ✕ ❆♣♣r♦①✐♠❛t✐♦♥ ❛❝❝✉r❛❝② ♦❢ t❤❡ ❇r✐t✐s❤ ▼✉s❡✉♠ ✇✐t❤ ❞✐✛❡r❡♥t ❞✐s❝r❡t✐s❛t✐♦♥s
♦❢ t❤❡ ▲❛♣❧❛❝✐❛♥

■t ✐s ♦❢t❡♥ t❤❡ ❝❛s❡ t❤❛t t❤❡ str✉❝t✉r❛❧ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ❛ s❤❡❧❧ ❝❛♥ ❜❡ ♥♦t✐❝❡❛❜❧②

❛✛❡❝t❡❞ ❜② ♦♥❧② s♠❛❧❧ ❝❤❛♥❣❡s t♦ t❤❡ ❣❡♦♠❡tr②✳ ❚❤❡ ❜✉❝❦❧✐♥❣ ❝❛♣❛❝✐t② ✐s ♦♥❡

s✉❝❤ ♠❡❛s✉r❡ t❤❛t ✐s ✈❡r② s❡♥s✐t✐✈❡ t♦ ✐ts s❤❡❧❧ ❢♦r♠ ❛♥❞ ✐t ✐s t❤❡r❡❢♦r❡ ✐♥t❡r❡st✐♥❣

t♦ st✉❞② ❤♦✇ t❤❡ ❛❞❞✐t✐♦♥ ♦❢ ❡①tr❛ ♠♦❞❡s ✐♥✢✉❡♥❝❡s t❤❡ ♣❡r❢♦r♠❛♥❝❡✳ ❙♦♠❡

♠♦❞❡s ♠❛② ♦♥❧② ❜❡ ♦❢ ❛❡st❤❡t✐❝ ❝❤❛r❛❝t❡r ✇❤✐❧❡ ♦t❤❡rs ✐♠♣r♦✈❡ t❤❡ ❜✉❝❦❧✐♥❣

❝❛♣❛❝✐t②✳ ❆ ♣❧♦t ♦❢ t❤❡ ❜✉❝❦❧✐♥❣ ❧♦❛❞ ❢❛❝t♦r ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢

♠♦❞❡s ✐♥❝❧✉❞❡❞ t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ t❛r❣❡t s❤❛♣❡ t❤❡r❡❢♦r❡ ❤❡❧♣s t♦ ❣✉✐❞❡ t❤❡

✜♥❛❧ ❞❡s✐❣♥ t♦✇❛r❞s ❛ ❣♦♦❞ ❝♦♠♣r♦♠✐s❡✳

❋♦r t❤✐s ❛♥❛❧②s✐s t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛r❡ s✐♠♣❧✐✜❡❞ t♦ ♣✐♥♥❡❞ s✉♣♣♦rts ❛❧♦♥❣

t❤❡ t✇♦ ❜♦✉♥❞❛r② ❝✉r✈❡s ✐♥st❡❛❞ ♦❢ t❤❡ s❧✐❞✐♥❣ s✉♣♣♦rts✱ ✇❤✐❝❤ ✇❡r❡ ✉s❡❞ ❢♦r t❤❡

r❡❛❧ ♣r♦❥❡❝t t♦ ♦♥❧② ❛❧❧♦✇ ❤♦r✐③♦♥t❛❧ t❤r✉st t♦ ❜❡ tr❛♥s❢❡rr❡❞ ❛t t❤❡ ❝♦r♥❡rs✳ ❚❤✐s

✐s ❞✉❡ t♦ t❤❡ ❧✐♠✐t❛t✐♦♥s ♦❢ t❤❡ s♦❢t✇❛r❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ r❡❧❛t❡❞ t♦ ❜✉❝❦❧✐♥❣ ❛t

t❤❡ t✐♠❡ ♦❢ ✇r✐t✐♥❣✳ ■t ✐s t❤❡r❡❢♦r❡ ✐♠♣♦rt❛♥t t♦ ❡♠♣❤❛s✐s❡ t❤❛t t❤❡ ❝♦♥❝❧✉s✐♦♥s

❛♥❞ r❡s✉❧ts ♦✉t❧✐♥❡❞ ✐♥ t❤✐s ❝❛s❡ st✉❞② ❞♦ ♥♦t t❛❦❡ t❤❡ str✉❝t✉r❛❧ ❝♦♥str❛✐♥ts ✐♥t♦
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❛❝❝♦✉♥t✱ ✇❤✐❝❤ ✇❡r❡ ❝r✐t✐❝❛❧ ❢♦r t❤❡ ♦r✐❣✐♥❛❧ s❤❡❧❧✳ ❍♦✇❡✈❡r✱ ✐t st✐❧❧ ❞❡♠♦♥str❛t❡s

t❤❡ ❝❛♣❛❜✐❧✐t✐❡s ♦❢ t❤❡ ❞❡✈❡❧♦♣❡❞ ❞❡s✐❣♥ t♦♦❧✳

❚❤❡ ❜✉❝❦❧✐♥❣ ❧♦❛❞ ❢❛❝t♦r ❢♦r ❡❛❝❤ s❤❛♣❡ ✐s ❝❛❧❝✉❧❛t❡❞ ✇✐t❤ ❜♦t❤ t❤❡ ♥♦♥✲❧✐♥❡❛r

❑❛♥❣❛r♦♦ ❛♣♣r♦❛❝❤ ✭✐♥❝❧✉❞✐♥❣ ❜❡♥❞✐♥❣ ❛❝t✐♦♥✮ ❛♥❞ ❛ ❧✐♥❡❛r ❜✉❝❦❧✐♥❣ ❛♥❛❧②s✐s

✐♥ ❆✉t♦❞❡s❦ ❘♦❜♦t✳ ❆s ❡①♣❡❝t❡❞✱ t❤❡ ❢❛✐❧✉r❡ ✐s ♦❜s❡r✈❡❞ t♦ ❜❡ ❛ ❝♦❧❧❛♣s❡ ♦❢ t❤❡

❞♦♠❡✲❧✐❦❡ ♣❛rt ✇✐t❤ t❤❡ ❧♦♥❣❡st s♣❛♥✳ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡ ❢♦r t❤❡ ❑❛♥❣❛r♦♦

❝♦♠♣♦♥❡♥t ✐s ♦♥ ❛✈❡r❛❣❡ ✶✵ s❡❝♦♥❞s ✇❤✐❧❡ t❤❡ ❘♦❜♦t ❝♦♠♣♦♥❡♥t ✉s❡s ❛t ❧❡❛st ✸

♠✐♥✉t❡s t♦ ❝❛❧❝✉❧❛t❡ t❤❡ s♦❧✉t✐♦♥✳ ❚❤❡ ❘♦❜♦t ❛♥❛❧②s✐s ✐s t❤❡r❡❢♦r❡ ♦♥❧② ❢❡❛s✐❜❧❡

❜❡❝❛✉s❡ ✶✵ s❤❛♣❡s ❛r❡ st✉❞✐❡❞ ❜✉t ✐s ♥♦t s✉✐t❛❜❧❡ ❢♦r ❛♥ ♦♣t✐♠✐s❛t✐♦♥ ✇♦r❦ ✢♦✇✳

❚❤❡ r❡s✉❧t ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✺✳✶✳✼✳

❆ s✐♠✐❧❛r✐t② ❜❡t✇❡❡♥ t❤❡ r❡s✉❧ts ✐s ♥♦t✐❝❡❛❜❧❡ ✉♣ ✉♥t✐❧ t❤❡ ❛❞❞✐t✐♦♥ ♦❢ ✼ ♠♦❞❡s✳

❆❢t❡r t❤❛t t❤❡ ❇▲❋ s✐❣♥✐✜❝❛♥t❧② ❞❡❝r❡❛s❡s ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❘♦❜♦t ❛♥❛❧②s✐s ✇❤✐❧❡

t❤❡ ❑❛♥❣❛r♦♦ ❛♥❛❧②s✐s ♣r❡❞✐❝ts ❛ ❝♦♥t✐♥✉♦✉s ✐♥❝r❡❛s❡✳ ❚❤❡ ❞✐✛❡r❡♥t ❝❛❧❝✉❧❛t✐♦♥

str❛t❡❣✐❡s ✭❧✐♥❡❛r ✈❡rs✉s ♥♦♥✲❧✐♥❡❛r✮ ❛♥❞ t❤❡ ❛r❜✐tr❛r✐❧② ❞❡✜♥❡❞ str❡♥❣t❤ r❛t✐♦

❜❡t✇❡❡♥ ♠❡♠❜r❛♥❡ ❛♥❞ ❜❡♥❞✐♥❣ ❛❝t✐♦♥ ♦❢ t❤❡ s❤❡❧❧ ❢♦r t❤❡ ❑❛♥❣❛r♦♦ s✐♠✉❧❛t✐♦♥

❛r❡ ❝♦♥❝❧✉❞❡❞ t♦ ❜❡ t❤❡ ♠♦st s✐❣♥✐✜❝❛♥t ❝❛✉s❡ ❢♦r t❤❡ ❞❡✈✐❛t✐♦♥✳ ❉✉❡ t♦ t❤❡

❧❛tt❡r✱ t✇♦ ❞✐✛❡r❡♥t s❤❡❧❧ t❤✐❝❦♥❡ss ❛r❡ ❡①❛♠✐♥❡❞ ✭t❂✷✵✵ ♠♠ ❛♥❞ t❂✹✵✵ ♠♠✮

❢♦r t❤❡ ❘♦❜♦t ❛♥❛❧②s✐s✳ ■t ✐s ❡✈✐❞❡♥t ❤♦✇ t❤✐s ❛❧t❡rs t❤❡ ❢♦r❝❡ ❞✐str✐❜✉t✐♦♥ ❛♥❞

t❤❡r❡❢♦r❡ ❛✛❡❝ts t❤❡ ❇▲❋ r❡s✉❧ts ❡✈❡♥ ✇✐t❤✐♥ t❤❡ s❛♠❡ ❛♥❛❧②s✐s s♦❢t✇❛r❡✳ ❚❤✐s

❤✐❣❤❧✐❣❤ts t❤❡ ❞✐✣❝✉❧t✐❡s ♦❢ ♦❜t❛✐♥✐♥❣ ❛ ❜✉❝❦❧✐♥❣ ♠❡❛s✉r❡ ❢r♦♠ ❛ ❣❡♥❡r✐❝ s❡t✲✉♣✳

❋r♦♠ ❋✐❣✉r❡ ✺✳✶✳✼ ✐t ✐s ❝♦♥❝❧✉❞❡❞ t❤❛t ❛❞❞✐♥❣ t❤❡ s✐① ♠♦st s✐❣♥✐✜❝❛♥t ♠♦❞❡s

❤❛s ❛ ♣♦s✐t✐✈❡ ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ ❜✉❝❦❧✐♥❣ ❝❛♣❛❝✐t② ✇❤✐❧❡ ❛t t❤❡ s❛♠❡ t✐♠❡ ❛♣♣r♦①✲

✐♠❛t✐♥❣ t❤❡ t❛r❣❡t ❜❡tt❡r✳ ❚❤❡ ❞✐✛❡r❡♥t ❛♥❛❧②s❡s ❛❣r❡❡ t❤❛t ♠♦❞❡ t❤r❡❡ ✭s❡❡

❋✐❣✉r❡ ✺✳✶✳✺✮ ❤❛s ❛ ♥❡❣❛t✐✈❡ ❡✛❡❝t ♦♥ t❤❡ str✉❝t✉r❛❧ ♣❡r❢♦r♠❛♥❝❡ ❛♥❞ t❤❡r❡❢♦r❡

✐s ♦❢ ♣✉r❡ ❛❡st❤❡t✐❝ ✈❛❧✉❡✳ ❚❤❡ ❞❡s✐❣♥ t♦♦❧ ♠❛❦❡s ✐t ♣♦ss✐❜❧❡ t♦ r❡♠♦✈❡ t❤✐s

♠♦❞❡ ❛♥❞ st✉❞② t❤❡ s❤❛♣❡ ❝♦♥s✐st✐♥❣ ♦❢ ♠♦❞❡ ✶✰✷✰✹✰✺✰✻ ✐♥st❡❛❞✳ ❚❤❡ ❜✉❝❦✲

❧✐♥❣ ❧♦❛❞ ❢❛❝t♦r ✐♥❝r❡❛s❡s ❢r♦♠ t❤✐s ❛❝t✐♦♥ ✭❑❛♥❣❛r♦♦✿ ✹✳✼✺✱ ❘♦❜♦t ✭t❂✵✳✷✮✿ ✺✽✳✾

❛♥❞ ❘♦❜♦t ✭t❂✵✳✹✮✿ ✶✹✺✳✷✮ ❝♦♠♣❛r❡❞ t♦ t❤❡ ✈❛❧✉❡s ❢r♦♠ ❋✐❣✉r❡ ✺✳✶✳✼ ✭♥✉♠❜❡r

♦❢ ♠♦❞❡s ❂ ✻✮✳ ❚❤✐s ♠❡t❤♦❞ ✐s t❤❡r❡❢♦r❡ ❛♥ ❡✛❡❝t✐✈❡ ♠❡❛♥s ♦❢ ✐♠♣r♦✈✐♥❣ t❤❡

str✉❝t✉r❛❧ ♣❡r❢♦r♠❛♥❝❡ ✇✐t❤ ❧✐tt❧❡ ❞❡✈✐❛t✐♦♥ ❢r♦♠ t❤❡ t❛r❣❡t✳
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❋✐❣✉r❡ ✺✳✶✳✼ ✕ ❚❤❡ ❜✉❝❦❧✐♥❣ ❧♦❛❞ ❢❛❝t♦r ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❝❧✉❞❡❞ ♠♦❞❡s✳
❚❤❡ ♠❡❛s✉r❡♠❡♥t ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ ❑❛♥❣❛r♦♦ ✭♦r❛♥❣❡✮✱ ❆✉t♦❞❡s❦ ❘♦❜♦t ✇✐t❤ ❛ t❤✐❝❦♥❡ss ♦❢
✷✵✵ ♠♠ ✭❜❧✉❡✮ ❛♥❞ ✹✵✵ ♠♠ ✭❣r❡②✮
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✺✳✶✳✸ ❙❤❛♣❡ ✈❛r✐❛t✐♦♥s

❲✐t❤ t❤❡ ✶✵ s❤♦rt✲❧✐st❡❞ ♠♦❞❛❧ ❝♦♠♣♦♥❡♥ts ❢♦r t❤❡ ❇r✐t✐s❤ ▼✉s❡✉♠ ●r❡❛t ❈♦✉rt

❘♦♦❢ ✐t ✐s ❡❛s② t♦ ❡①♣❧♦r❡ ❛ ✈❛r✐❡t② ♦❢ ♦t❤❡r ❞❡s✐❣♥ ♣♦ss✐❜✐❧✐t✐❡s ❡♠❛♥❛t✐♥❣ ❢r♦♠

t❤❡ ♦r✐❣✐♥❛❧ s❤❛♣❡ ❜② ♠♦❞✐❢②✐♥❣ t❤❡ q✉❛♥t✐t✐❡s ♦❢ t❤❡s❡ ❝♦♠♣♦♥❡♥ts ❛♥❞ ❛❞❞✐♥❣

♥❡✇ ✐♥t❡r❡st✐♥❣ ♦♥❡s ❛s ✇❡❧❧✳

❆❡st❤❡t✐❝s

❆ ❢❡✇ ❡①❛♠♣❧❡s ♦❢ s❤❛♣❡s ❝r❡❛t❡❞ ❢r♦♠ ❛ ♣✉r❡ ❛❡st❤❡t✐❝ ♣♦✐♥t ♦❢ ✈✐❡✇ ❛r❡ s❤♦✇♥

✐♥ ❋✐❣✉r❡ ✺✳✶✳✽✳ ❚❤❡② ❤✐❣❤❧✐❣❤t t❤❡ ✇✐❞❡ r❛♥❣❡ ♦❢ ❞❡s✐❣♥s t❤❛t ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞

❢r♦♠ t❤❡ t❛r❣❡t s✉r❢❛❝❡✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ✉s❡❞ ❛s ✐♥s♣✐r❛t✐♦♥ ❢♦r t❤❡ ❛r❝❤✐t❡❝t ✐♥ t❤❡

❝♦♥❝❡♣t✉❛❧ st❛❣❡✳

❋✐❣✉r❡ ✺✳✶✳✽ ✕ ❙❤❛♣❡ ✈❛r✐❛t✐♦♥s ♦❢ t❤❡ ❇r✐t✐s❤ ▼✉s❡✉♠ ●r❡❛t ❈♦✉rt ❘♦♦❢ ❢r♦♠ ❛ ♠♦❞✐✜❝❛t✐♦♥
♦❢ t❤❡ ❤❛r♠♦♥✐❝ ✐♥❣r❡❞✐❡♥ts ❛♥❞ q✉❛♥t✐t✐❡s ❢r♦♠ ❛♥ ❛❡st❤❡t✐❝ ♣❡rs♣❡❝t✐✈❡

❖♣t✐♠✐s❛t✐♦♥

❚❤❡ ♠♦❞✐✜❝❛t✐♦♥ ♦❢ t❤❡ ♠♦❞❡ s❤❛♣❡s ❝❛♥ ❛❧s♦ ❜❡ ❜❛s❡❞ ♦♥ ❛♥ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡

❜✉❝❦❧✐♥❣ ❝❛♣❛❝✐t② ✐♥ ❛♥ ♦♣t✐♠✐s❛t✐♦♥ ♣r♦❝❡ss✳ ❚❤✐s ✇♦r❦ ✢♦✇ ✐s s✉♣♣♦rt❡❞ ❜② t❤❡

❧♦✇✲♣❛r❛♠❡tr✐s❛t✐♦♥ ♦❢ t❤❡ ♠❡s❤ ❛♥❞ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ s♣❡❡❞ ♦❢ t❤❡ ♥♦♥✲❧✐♥❡❛r

❑❛♥❣❛r♦♦ ❜✉❝❦❧✐♥❣ ❝♦♠♣♦♥❡♥t✳ ❚❤✉s✱ t❤❡ ✈❛r✐❛❜❧❡s ❜❡❝♦♠❡ t❤❡ ✇❡✐❣❤ts ♦❢ t❤❡

✶✵ ♠♦st s✐❣♥✐✜❝❛♥t ♠♦❞❡s ♣❧✉s t❤❡ s❝❛❧❡ ❢❛❝t♦r ❛♥❞ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ❢♦r t❤❡

♦♣t✐♠✐s❛t✐♦♥ ✐s t♦ ♠❛①✐♠✐s❡ t❤❡ ❜✉❝❦❧✐♥❣ ❧♦❛❞ ❢❛❝t♦r✳ ❚❤❡ ❜✉✐❧t✲✐♥ ✏●❛❧❛♣❛❣♦s✑

❝♦♠♣♦♥❡♥t ✐♥ ●r❛ss❤♦♣♣❡r ✇✐t❤ ❛ s✐♠✉❧❛t❡❞ ❛♥♥❡❛❧✐♥❣ s❡❛r❝❤ str❛t❡❣② ✐s ✉s❡❞

❢♦r t❤✐s ♣✉r♣♦s❡✳

■♥ ♦r❞❡r t♦ ❝♦♠♣❛r❡ t❤❡ r❡s✉❧ts ❧✐❦❡ ❢♦r ❧✐❦❡ ✐t ✐s ❡ss❡♥t✐❛❧ t❤❛t t❤❡ ❣❡♥❡r❛t❡❞

s❤❛♣❡s s❤❛r❡ t❤❡ s❛♠❡ ❛r❡❛ ✐♥❝r❡❛s❡ ❢r♦♠ t❤❡ t❛r❣❡t s✉r❢❛❝❡ s✉❝❤ t❤❛t t❤❡ ❜❡st

s❤❛♣❡ r❡✢❡❝ts ❣❡♦♠❡tr✐❝ st✐✛♥❡ss r❛t❤❡r t❤❛♥ st✐✛♥❡ss ❢r♦♠ ♠♦r❡ ♠❛t❡r✐❛❧✳ ❆s
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t❤❡ ✈❛st ♠❛❥♦r✐t② ♦❢ t❤❡ ❣❡♥❡r❛t❡❞ s❤❛♣❡s ✇✐❧❧ ❤❛✈❡ ❛♥ ❛r❡❛ ✇❤✐❝❤ ❞♦❡s ♥♦t ❝♦r✲

r❡s♣♦♥❞ t♦ t❤❡ ❞❡s✐r❛❜❧❡ ✐♥❝r❡❛s❡✱ ❛♥ ❛❧❣♦r✐t❤♠ ✐s ❞❡✈❡❧♦♣❡❞ t♦ ❛✈♦✐❞ ❞✐s❝❛r❞✐♥❣

❛❧❧ t❤❡s❡ ♣♦t❡♥t✐❛❧ s♦❧✉t✐♦♥s✳ ❚❤❡ ❛❧❣♦r✐t❤♠ ❝❛❧❝✉❧❛t❡s t❤❡ ❛r❡❛ ♦❢ t❤❡ t❛r❣❡t

♠❡s❤ ❛♥❞ t❤❡ ❛r❡❛ ♦❢ t❤❡ ♥❡✇❧② ❣❡♥❡r❛t❡❞ ♠❡s❤ ❛♥❞ ❡✈❛❧✉❛t❡s ✇❤❡t❤❡r t❤❡

✇❡✐❣❤ts ♥❡❡❞ t♦ ❜❡ ✐♥❝r❡❛s❡❞ ♦r ❞❡❝r❡❛s❡❞ ✐♥ ♦r❞❡r t♦ r❡❛❝❤ ❛ ❞❡✜♥❡❞ ♣❡r❝❡♥t❛❣❡

✭t❤❡ ❞❡s✐r❛❜❧❡ ❛r❡❛ ✐♥❝r❡❛s❡✮✳ ❇❛s❡❞ ♦♥ t❤✐s ❡✈❛❧✉❛t✐♦♥ t❤❡ ✇❡✐❣❤ts ❛r❡ ❝❤❛♥❣❡❞

✐♥ s♠❛❧❧ st❡♣s ❞❡✜♥❡❞ ❛s ❛ ❢❛❝t♦r ♦❢ t❤❡ ❞❡✈✐❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ✇❡✐❣❤ts ♦❢ t❤❡

t❛r❣❡t ❛♥❞ t❤❡ ✇❡✐❣❤ts ♦❢ t❤❡ ❣❡♥❡r❛t❡❞ s❤❛♣❡✳ ❆❢t❡r ❡❛❝❤ st❡♣✱ t❤❡ ❛r❡❛ ♦❢ t❤❡

♠❡s❤ ❢r♦♠ t❤❡ ❛❞❥✉st❡❞ ✇❡✐❣❤ts ❞❡t❡r♠✐♥❡s ✇❤❡t❤❡r t❤❡ ❞❡s✐r❛❜❧❡ ♣❡r❝❡♥t❛❣❡ ✐s

❤✐t ♦r t❤❡ ♣r♦❝❡ss s❤❛❧❧ ❝♦♥t✐♥✉❡✳ ❆ ❜✐s❡❝t✐♦♥ str❛t❡❣② ✐s ❡♠❜❡❞❞❡❞ t♦ ❛❞❥✉st

t❤❡ st❡♣ s✐③❡ ✐❢ t❤❡ t❛r❣❡t ♣❡r❝❡♥t❛❣❡ ✐s ♣❛ss❡❞✳ ❚❤✐s ✇❛② ✐t ✐s ❛✈♦✐❞❡❞ t♦ ✉s❡

❛♥ ✐♥❡✣❝✐❡♥t ❛r❡❛ ✜❧t❡r ❛♥❞ ❛❧❧ ♣♦t❡♥t✐❛❧ s♦❧✉t✐♦♥s ❣❡t ❛ ❝❤❛♥❝❡ t♦ ❜❡ ❡✈❛❧✉❛t❡❞

✐♥ t❡r♠s ♦❢ t❤❡✐r ❜✉❝❦❧✐♥❣ ❝❛♣❛❝✐t② ❜② ❜❡✐♥❣ r❡s❝❛❧❡❞✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ✇❡✐❣❤t

❝♦rr❡s♣♦♥❞✐♥❣ t♦ ♠♦❞❡ ♥✉♠❜❡r ✶ ✐s ❧✐♠✐t❡❞ t♦ ♥❡❣❛t✐✈❡ ✈❛❧✉❡s ♦♥❧② ✭r❡❢❡rr✐♥❣ t♦

❋✐❣✉r❡ ✺✳✶✳✺✮ t♦ ❛✈♦✐❞ ❤❛♥❣✐♥❣ str✉❝t✉r❡s✳

❋✐❣✉r❡ ✺✳✶✳✾ s❤♦✇s t❤❡ ♦♣t✐♠✐s❡❞ r❡s✉❧ts ❢♦r ❛ ✶✪✱ ✸✪ ❛♥❞ ✺✪ ❛r❡❛ ✐♥❝r❡❛s❡

❢r♦♠ t❤❡ ❛♣♣r♦①✐♠❛t❡❞ t❛r❣❡t s✉r❢❛❝❡ ✉s✐♥❣ ✶✵ ✇❡✐❣❤ts✳ ❋♦r ❛ ✶✪ ❛r❡❛ ✐♥❝r❡❛s❡

t❤❡r❡ ✐s ♥♦t ♠✉❝❤ ❢r❡❡❞♦♠ t♦ s✐❣♥✐✜❝❛♥t❧② ❛❧t❡r t❤❡ ❣❡♦♠❡tr② ❢r♦♠ t❤❡ ♦r✐❣✐♥❛❧

r♦♦❢ s❤❛♣❡ ❜✉t ✐t ✐s ♥♦t❡❞ t❤❛t t❤❡ ❝♦r♥❡rs ✭✇❤❡r❡ t❤❡ ❜✐❣❣❡st s♣❛♥s ♦❝❝✉r✮ ❛r❡

✐♥✢❛t❡❞ ✇❤✐❧❡ t❤❡ ♠✐❞❞❧❡ ♣❛rts ✇✐t❤ t❤❡ s❤♦rt❡st s♣❛♥s ❛r❡ ❞❡✢❛t❡❞ ❛♥❞ ❜② ❞♦✐♥❣

s♦ t❤❡ ❇▲❋ ✐s ✐♥❝r❡❛s❡❞ ❢r♦♠ ✺✳✺ t♦ ✻✳✷✺✳ ❆ s✐♠✐❧❛r t❡♥❞❡♥❝② ✐s ♦❜s❡r✈❡❞ ❢♦r t❤❡

✸✪ ❛r❡❛ ✐♥❝r❡❛s❡ ✇❤❡r❡ ✐t ❢✉rt❤❡r♠♦r❡ ❜❡❝♦♠❡s ❝❧❡❛r ❤♦✇ t❤❡ ❤❛r♠♦♥✐❝s ❤❡❧♣

t♦ st✐✛❡♥ t❤❡ ✐♥✢❛t❡❞ ♣❛rts ♦❢ t❤❡ s❤❡❧❧ t❤r♦✉❣❤ ❝✉r✈❛t✉r❡ ✐♥ ❡✛❡❝t ❞♦✉❜❧✐♥❣ t❤❡

❜✉❝❦❧✐♥❣ ❧♦❛❞ ❢❛❝t♦r✦ ❚❤❡ ❢♦r♠✲❢♦✉♥❞ s❤❛♣❡ ❢♦r t❤❡ ✺✪ ❛r❡❛ ✐♥❝r❡❛s❡ ❞♦❡s ♥♦t

❢♦❧❧♦✇ t❤❡ s❛♠❡ ♠❛t❡r✐❛❧ ❞✐str✐❜✉t✐♦♥ ♣❛tt❡r♥✱ ✇❤✐❝❤ r❡s✉❧ts ✐♥ ❛ ❞✐s❛♣♣♦✐♥t✐♥❣

❜✉❝❦❧✐♥❣ ❧♦❛❞ ❢❛❝t♦r✳ ❚❤✐s ♠❛② ❜❡ ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❧❛r❣❡ s❡❛r❝❤ s♣❛❝❡

❛♥❞ ❝♦♠♣✉t❛t✐♦♥❛❧ s♣❡❡❞ t♦ ❝❛❧❝✉❧❛t❡ ♦♥❡ s♦❧✉t✐♦♥ ✭✶✵ s❡❝♦♥❞s✮ ❛s t❤❡ ❜❡st ✜t ✐s

✐♥✢✉❡♥❝❡❞ ❜② t❤❡ r✉♥ t✐♠❡✳ ❆♥♦t❤❡r ♦♣t✐♦♥ ✐s t❤❛t ✐t r❡✢❡❝ts ❛ ❝♦♠♣r♦♠✐s❡ ✇✐t❤

t❤❡ s❡❧❢✲✇❡✐❣❤t ♦❢ t❤❡ str✉❝t✉r❡ ❜✉t ✐t ♥❡❡❞s ❢✉rt❤❡r ✐♥✈❡st✐❣❛t✐♦♥✳ ■♥ ❣❡♥❡r❛❧ ✐t

✐s ♥♦t❡❞ t❤❛t t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ❑❛♥❣❛r♦♦ ❛♥❞ ❘♦❜♦t ❛♥❛❧②s✐s ❛❣r❡❡

✐♥ t❡r♠s ♦❢ r❛♥❦✐♥❣ t❤❡ s❤❛♣❡s ❛❝❝♦r❞✐♥❣ t♦ t❤❡✐r ❜✉❝❦❧✐♥❣ ❝❛♣❛❝✐t②✱ ✇❤✐❝❤ ♠❛❦❡

t❤❡ r❡s✉❧ts ♠♦r❡ r❡❧✐❛❜❧❡✳

■t ✐s ✐♠♣♦rt❛♥t t♦ ❤✐❣❤❧✐❣❤t t❤❛t t❤❡ s❤❡❧❧s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✺✳✶✳✾ ❛r❡ ♦♣t✐♠✐s❡❞

❢♦r ❜✉❝❦❧✐♥❣ ♦♥❧②✱ ✇❤❡r❡❛s ❛ r❡❛❧ str✉❝t✉r❡ ❤❛s ♦t❤❡r str✉❝t✉r❛❧ ♣❡r❢♦r♠❛♥❝❡

r❡q✉✐r❡♠❡♥ts t❤❛t ♥❡❡❞s t♦ ❜❡ ❢✉❧✜❧❧❡❞ ❛s ✇❡❧❧✳
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Chapter 5: Case study

❋✐❣✉r❡ ✺✳✶✳✾ ✕ ❚❤❡ r❡s✉❧ts ❢r♦♠ ❛ ❜✉❝❦❧✐♥❣ ♦♣t✐♠✐s❛t✐♦♥ ✇✐t❤ ❞✐✛❡r❡♥t r❡q✉✐r❡♠❡♥ts t♦ t❤❡
❛r❡❛ ✐♥❝r❡❛s❡ ❢r♦♠ t❤❡ ♦r✐❣✐♥❛❧ r♦♦❢
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❈❤❛♣t❡r ✻

❈♦♥❝❧✉s✐♦♥s

✻✳✶ ❙✉♠♠❛r②

❚❤❡ ❛✐♠ ♦❢ t❤✐s r❡s❡❛r❝❤ ✇❛s t♦ ❞❡✈❡❧♦♣ ❛ s♦❢t✇❛r❡ t♦♦❧ t♦ ❛ss✐st ✐♥ t❤❡ ❞❡s✐❣♥ ♦❢

s❤❡❧❧s ✐♥ t❤❡ ❝♦♥❝❡♣t✉❛❧ ❞❡s✐❣♥ st❛❣❡ t♦ ❡♥❝♦✉r❛❣❡ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡

❛r❝❤✐t❡❝t ❛♥❞ t❤❡ ❡♥❣✐♥❡❡r r❛t❤❡r t❤❛♥ ❡✐t❤❡r✴♦r✳ ❚❤✐s ❤❛s ❜❡❡♥ ❛❝❝♦♠♣❧✐s❤❡❞ ❜②

❛♥ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❛ ❧♦✇ ♣❛r❛♠❡tr✐s❛t✐♦♥ ♠♦❞❡❧❧✐♥❣ str❛t❡❣② ✇✐t❤ ❛♥ ✐♥❤❡r❡♥t

s❤❛♣❡ ❧❛♥❣✉❛❣❡ s✉✐t❛❜❧❡ ❢♦r t❤❡ st✐✛❡♥✐♥❣ ♦❢ s❤❡❧❧s t❤r♦✉❣❤ t❤❡✐r ❝✉r✈❛t✉r❡ ❛♥❞

q✉❛♥t✐✜❡❞ ❜② ❛ r❡❛❧✲t✐♠❡ ❜✉❝❦❧✐♥❣ ♠❡❛s✉r❡✳ ❚❤❡ s♦❢t✇❛r❡ t♦♦❧ ✇❛s ❞❡✈❡❧♦♣❡❞

❛s ❛ ♣❧✉❣✲✐♥ t♦ ●r❛ss❤♦♣♣❡r ✭s❡❡ ❆♣♣❡♥❞✐① ❈✮ t♦ ♠❛❦❡ ✐t ❛❝❝❡ss✐❜❧❡ ❢♦r ❛ ✇✐❞❡

r❛♥❣❡ ♦❢ ✉s❡rs ❛♥❞ ✐♥t❡❣r❛t❡ ✐t ✇✐t❤ ❝✉rr❡♥t ✇♦r❦ ✢♦✇s✳

❚❤❡ ♠♦❞❡❧❧✐♥❣ str❛t❡❣② ✇❛s ❜❛s❡❞ ♦♥ ❤❛r♠♦♥✐❝s✱ ✇✐t❤ ❛ ❞✐r❡❝t ❧✐♥❦ t♦ ❋♦✉r✐❡r

❛♥❛❧②s✐s t♦ ❛❝❤✐❡✈❡ t❤❡ ❧♦✇ ♣❛r❛♠❡tr✐s❛t✐♦♥✳ ❆ ❧✐t❡r❛t✉r❡ r❡✈✐❡✇ ❤✐❣❤❧✐❣❤t❡❞ t❤❛t

t❤❡ ❢r❛♠❡✇♦r❦ ❜❡❤✐♥❞ t❤✐s ✇❛s ✇❡❧❧✲❦♥♦✇♥ ❛♥❞ ✇✐❞❡❧② ✉s❡❞ ✐♥ ❝♦♠♣✉t❡r ❣r❛♣❤✲

✐❝s ❜✉t ❤❛❞ ♥♦t ②❡t ❜❡❡♥ s❛t✐s❢❛❝t♦r✐❧② ❛❞❛♣t❡❞ t♦ ❛♥ ❛r❝❤✐t❡❝t✉r❛❧ ❝♦♥t❡①t✳ ❆

♥✉♠❜❡r ♦❢ ✐♥✐t✐❛t✐✈❡s ✇❡r❡ ✐♥tr♦❞✉❝❡❞✱ ✇❤✐❝❤ ✐♥❝❧✉❞❡❞ ❛ s✐♥❣❧❡ ❞❡❣r❡❡ ♦❢ ❢r❡❡❞♦♠

❞❡s✐❣♥ ❛♣♣r♦❛❝❤ ❢♦r s✐♠♣❧✐❝✐t②✱ t❤❡ ❛❜✐❧✐t② t♦ ✐♠♣♦s❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ ❛✐❞s

❢♦r ✈✐s✉❛❧✐s❛t✐♦♥ ❛♥❞ ❣✉✐❞❡❧✐♥❡s t♦✇❛r❞s s♣❡❝✐✜❝ s♣❛t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥s✳ ❚❤❡ r❡s✲

✉❧t ✇❛s ❛ ✢❡①✐❜❧❡ ❢r❡❡✲❢♦r♠ ♠♦❞❡❧❧✐♥❣ t♦♦❧ t❤❛t ♥♦t ♦♥❧② ❡♥❛❜❧❡❞ t❤❡ ❝r❡❛t✐♦♥ ♦❢

❛r❜✐tr❛r② ❞♦✉❜❧②✲❝✉r✈❡❞ s✉r❢❛❝❡s✱ ❜✉t ❛❧s♦ ❛❧❧♦✇❡❞ s✐♠✉❧t❛♥❡♦✉s s❤❛♣❡ ❛♥❛❧②s✐s

t♦ ❛❝❤✐❡✈❡ ❛ ❜❡tt❡r ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡ s♣❛t✐❛❧ ❝♦♠♣♦♥❡♥ts✱ r❡♠♦✈❡ ♥♦✐s❡ ❛♥❞

✐♥s♣✐r❡ ♥❡✇ s❤❛♣❡s ❡♠❛♥❛t✐♥❣ ❢r♦♠ t❤❡ ♦r✐❣✐♥❛❧ s❤❛♣❡✳
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Chapter 6: Conclusions

❚❤❡ ✐♥❤❡r❡♥t❧② ❞✐✛❡r❡♥t s❤❛♣❡s ❝♦♠♣❛r❡❞ t♦ ◆❯❘❇❙ ❛♥❞ s✉❜❞✐✈✐s✐♦♥ s✉r❢❛❝❡s

✭❣✐✈❡♥ t❤❡ s❛♠❡ ❛♠♦✉♥t ♦❢ ♣❛r❛♠❡t❡rs✮ ♠❛❞❡ ❜✉❝❦❧✐♥❣ ❛♥ ✐♥t❡r❡st✐♥❣ str✉❝t✉r❛❧

♣❡r❢♦r♠❛♥❝❡ ❝r✐t❡r✐❛ t♦ ❛ss❡s t❤❡ ❡✣❝✐❡♥❝② ♦❢ t❤❡ s❤❛♣❡✳ ❋✉rt❤❡r♠♦r❡ t❤❡ ❧✐t❡r✲

❛t✉r❡ r❡✈✐❡✇ ✐❞❡♥t✐✜❡❞ t❤❛t ❜✉❝❦❧✐♥❣ ✇❛s ❝♦♥s✐❞❡r❡❞ t❤❡ ❞♦♠✐♥❛♥t ❢❛✐❧✉r❡ ♠♦❞❡

❢♦r s❤❡❧❧ str✉❝t✉r❡s✱ ②❡t ❛ ❝❛♣❛❝✐t② ❝❤❡❝❦ ✇❛s ♦♥❧② ❝❛❧❝✉❧❛t❡❞ ✐♥ t❤❡ ❧❛t❡ str✉❝✲

t✉r❛❧ ✈❡r✐✜❝❛t✐♦♥ ♣❤❛s❡✱ ✇❤✐❧st ♦t❤❡r ♠♦r❡ ❝♦♠♠♦♥ q✉❛♥t✐t✐❡s s✉❝❤ ❛s str❡ss

♦r ❞❡✢❡❝t✐♦♥ ✇❡r❡ ✉s❡❞ t♦ ✐♥❥❡❝t ❧♦❣✐❝ ✐♥t♦ t❤❡ s❤❛♣❡ ❞❡s✐❣♥✳ ❖♥❧② ♦♥❡ st✉❞②

t❤❛t r❡❧❛t❡❞ s❤❡❧❧ ❣❡♦♠❡tr② ✇✐t❤ t❤❡ ❜✉❝❦❧✐♥❣ ❝❛♣❛❝✐t② ✇❛s ❢♦✉♥❞✱ ❤♦✇❡✈❡r t❤❡

✇♦r❦ ✢♦✇ ✇❛s t♦♦ ❝✉♠❜❡rs♦♠❡ ❢♦r ✐♥t❡❣r❛t✐♦♥ ✐♥ t❤❡ ❝♦♥❝❡♣t✉❛❧ ❞❡s✐❣♥ st❛❣❡

❛♥❞ t❤✉s r❛t❤❡r ♣r♦✈✐❞❡❞ r✉❧❡s ♦❢ t❤✉♠❜ t♦ ✉s❡ ❛t t❤✐s st❛❣❡✳ ❑❛♥❣❛r♦♦✱ ❛

❢♦r❝❡ ❜❛s❡❞ ❛❧❣♦r✐t❤♠ t❤❛t ✐♥t❡❣r❛t❡s ◆❡✇t♦♥✬s s❡❝♦♥❞ ❧❛✇ ♦❢ ♠♦t✐♦♥✱ ✇❛s s❝r✐♣✲

t❡❞ ❢♦r ❜❡s♣♦❦❡ ❛♣♣❧✐❝❛t✐♦♥ ✐♥ r❡❧❛t✐♦♥ t♦ ❜✉❝❦❧✐♥❣ t♦ s✐♠✉❧❛t❡ s❤❡❧❧ ❜❡❤❛✈✐♦✉r

✉♥❞❡r ❛♥ ✐♥❝r❡❛s✐♥❣ ❧♦❛❞✳ ❚❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ s❤♦✇❡❞ ✈❡r② ♣r♦♠✐s✐♥❣ r❡s✉❧ts

✐♥ t❡r♠s ♦❢ ❝♦♠♣✉t❛t✐♦♥❛❧ s♣❡❡❞ ❛♥❞ ❢r♦♠ ❝♦♠♣❛r✐s♦♥s ✇✐t❤ r❡s✉❧ts ♦❜t❛✐♥❡❞

❢r♦♠ ❆✉t♦❞❡s❦ ❘♦❜♦t ✐t ✇❛s ❝♦♥❝❧✉❞❡❞ t♦ ❜❡ ♦❢ s✉✣❝✐❡♥t ❛❝❝✉r❛❝② t♦ ♣r♦✈✐❞❡ ❛

q✉❛♥t✐t❛t✐✈❡ ❜✉❝❦❧✐♥❣ ♠❡❛s✉r❡ ❢♦r t❤❡ ❝♦♥❝❡♣t✉❛❧ ❞❡s✐❣♥ st❛❣❡✳

❚❤❡ s♦❢t✇❛r❡ ✇❛s ❛♣♣❧✐❡❞ t♦ t❤❡ r♦♦❢ str✉❝t✉r❡ ♦❢ t❤❡ ❇r✐t✐s❤ ▼✉s❡✉♠ ●r❡❛t

❈♦✉rt✱ ✇❤✐❝❤ ❞❡♠♦♥str❛t❡❞ ❤♦✇ t❤❡ ♠♦st s✐❣♥✐✜❝❛♥t ♠♦❞❡ s❤❛♣❡s ❝♦✉❧❞ ❜❡ ✉s❡❞

t♦ ❣❛✐♥ ❛ ❜❡tt❡r ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❣❡♦♠❡tr② ❛♥❞ ❤❡❧♣ ✐♠♣r♦✈❡ ✐t ❜②

❡✈❛❧✉❛t✐♥❣ ❡❛❝❤ ♠♦❞❡ ✐♥ t❡r♠s ♦❢ ✐ts ❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ ♦✈❡r❛❧❧ ❛♣♣r♦①✐♠❛t✐♦♥

❛❝❝✉r❛❝② ❛♥❞ ❜✉❝❦❧✐♥❣ ❝❛♣❛❝✐t②✳ ■t ❛❧s♦ s❤♦✇❡❞ ❤♦✇ ❞✐✛❡r❡♥t s❤❛♣❡ ✈❛r✐❛t✐♦♥s

♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❣❡♦♠❡tr② ❝♦✉❧❞ ❜❡ ❡①♣❧♦r❡❞✱ ❡✐t❤❡r ❢r♦♠ ❛ ♣✉r❡ ❛❡st❤❡t✐❝ ♣♦✐♥t ♦❢

✈✐❡✇ ♦r ❜❛s❡❞ ♦♥ ❛♥ ♦♣t✐♠✐s❛t✐♦♥ ♣r♦❝❡ss ✐❢ ♠♦r❡ ❞❡s✐❣♥ ❢r❡❡❞♦♠ ✇❛s ❛❧❧♦✇❡❞✳

❚❤❡ ♦♣t✐♠✐s❡❞ s❤❡❧❧ ❣❡♦♠❡tr✐❡s ❛❧❧ ❤❛❞ t❤❡✐r ❤❛r♠♦♥✐❝ ❝♦♠♣♦♥❡♥ts ❛♠♣❧✐✜❡❞

❛♥❞ t❤❡② ❡①❤✐❜✐t❡❞ ✉♣ t♦ ❛ ❞♦✉❜❧✐♥❣ ✐♥ ❜✉❝❦❧✐♥❣ ❝❛♣❛❝✐t② ❢♦r ❛ ✸✪ ✐♥❝r❡❛s❡ ✐♥

r♦♦❢ s✉r❢❛❝❡ ❛r❡❛✳

✻✳✷ ❉✐s❝✉ss✐♦♥ ❛♥❞ ❢✉t✉r❡ ✇♦r❦

❖♥❡ ♦❢ t❤❡ ♠❛✐♥ ❞✐s❛❞✈❛♥t❛❣❡s ♦❢ t❤❡ ❤❛r♠♦♥✐❝ ♠♦❞❡❧❧✐♥❣ t♦♦❧ ✐s t❤❡ ❧❛❝❦ ♦❢

t❛♥❣✐❜❧❡ s♣❛t✐❛❧ ❝♦♥tr♦❧ ❧✐❦❡ t❤❡ ❝♦♥tr♦❧ ♣♦❧②❣♦♥ ❢♦r ◆❯❘❇❙ ❛♥❞ s✉❜❞✐✈✐s✐♦♥

s✉r❢❛❝❡s✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ ♣❛r❛♠❡t❡rs ❛r❡ ♠♦r❡ ❛❜str❛❝t ❛♥❞ ✐t ✐s ❣❡♥❡r❛❧❧② ❤❛r❞

t♦ ♣r❡❞✐❝t t❤❡ r❡s✉❧t ♦❢ ❛❞❞✐♥❣ ♠✉❧t✐♣❧❡ ♠♦❞❡ s❤❛♣❡s t♦❣❡t❤❡r✳ ❍♦✇❡✈❡r✱ t❤✐s ✐s

❝♦✉♥t❡r❜❛❧❛♥❝❡❞ ❜② t❤❡ ❛❜✐❧✐t② t♦ ❛♥❛❧②s❡ t❤❡ s❤❛♣❡ ✇❤✐❧st ♠♦❞❡❧❧✐♥❣✳ ❚❤❡r❡❢♦r❡

t❤❡ ❜✐❣❣❡st ❛❞✈❛♥t❛❣❡ ♦❢ t❤✐s t♦♦❧ ✐s r❡❛❧✐s❡❞ t❤r♦✉❣❤ ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ♠♦❞❡❧❧✐♥❣

t❡❝❤♥✐q✉❡s s✉❝❤ t❤❛t✱ ❢♦r ❡①❛♠♣❧❡ ◆❯❘❇❙ s✉r❢❛❝❡s ❛r❡ ✉s❡❞ t♦ ✐♠♣❧② t❤❡ s♣❛t✐❛❧
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Chapter 6: Conclusions

❞❡s✐❣♥ ✐♥t❡♥t ❛♥❞ s✉❜s❡q✉❡♥t❧② t❤❡ ❤❛r♠♦♥✐❝ ♠♦❞❡❧❧✐♥❣ t♦♦❧ ✐s ✉s❡❞ t♦ ❛♥❛❧②s❡

t❤✐s s❤❛♣❡✱ ♠❛❦❡ ✐t ❝❧❡❛♥❡r ❛♥❞ ♣♦ss✐❜❧② ✐♥s♣✐r❡ ♥❡✇ s❤❛♣❡s✳ ❚❤❡ ❙♣❡❝✐❛❧✐st

▼♦❞❡❧❧✐♥❣ ●r♦✉♣ ❛t ❋♦st❡r ✰ P❛rt♥❡rs ❡①♣r❡ss❡❞ ♣♦s✐t✐✈❡ ❢❡❡❞❜❛❝❦ ❛❜♦✉t t❤✐s

❛♣♣r♦❛❝❤ ❛♥❞ ✐♠❛❣✐♥❡❞ ✐t ✇♦✉❧❞ ❜❡ ✉s❡❢✉❧ ✇❤❡♥ s❝✉❧♣t✐♥❣ s✉r❢❛❝❡s✳

❚❤❡ ❛❜✐❧✐t② t♦ ✐♠♣♦s❡ ❜♦✉♥❞❛r② ❝♦♥str❛✐♥ts ✇❛s ♦♥❡ ♦❢ t❤❡ ♠❛✐♥ ✐♥✐t✐❛t✐✈❡s t♦

❛❞❛♣t t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❢r❛♠❡✇♦r❦ ❜❡❤✐♥❞ t❤❡ ❤❛r♠♦♥✐❝s ✐♥t♦ ❛♥ ❛r❝❤✐t❡❝t✉r❛❧

s❡tt✐♥❣✳ P✐♥♥❡❞ s✉♣♣♦rts ✇❡r❡ s✉❝❝❡ss❢✉❧❧② ❛ss✐❣♥❡❞ t♦ s♣❡❝✐✜❝❛❧❧② ❝❤♦s❡♥ ✈❡r✲

t✐❝❡s✱ ❜✉t ✐t ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ♥✉♠❜❡r ♦❢ ❧✐♠✐t❛t✐♦♥s✳ ❋✐rst ♦❢ ❛❧❧✱ t❤❡ ❝❤♦s❡♥

s✐♥❣❧❡ ❞❡❣r❡❡ ♦❢ ❢r❡❡❞♦♠ ❞❡s✐❣♥ ❛♣♣r♦❛❝❤ ♦♥❧② ♠❛❞❡ ✐t ♣♦ss✐❜❧❡ t♦ ❞❡✜♥❡ ♣✐♥♥❡❞

s✉♣♣♦rts✱ ✇❤✐❝❤ ❢r♦♠ ❛♥ ❛r❝❤✐t❡❝t✉r❛❧ ♣❡rs♣❡❝t✐✈❡ ❧✐♠✐t❡❞ t❤❡ ❝♦♥tr♦❧ ♦❢ t❤❡

t❛♥❣❡♥❝② ❛t t❤❡s❡ ❧♦❝❛t✐♦♥s✳ ❋✉rt❤❡r♠♦r❡✱ ✐t ✇❛s ♦❜s❡r✈❡❞ t❤❛t t❤❡ ❛r❡❛ ✇❡✐❣❤t✲

✐♥❣ ♦❢ t❤❡ ❝♦t❛♥❣❡♥t ▲❛♣❧❛❝✐❛♥ ❝❛✉s❡❞ ♥♦♥✲s♠♦♦t❤ ❜♦✉♥❞❛r② tr❛♥s✐t✐♦♥s ❡✈❡♥

t❤♦✉❣❤ ✐ts ♣✉r♣♦s❡ ✇❛s t♦ ♠❛❦❡ t❤❡ ❤❛r♠♦♥✐❝ ❜❡❤❛✈✐♦✉r ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡

♠❡s❤✳ ❚❤✐s s✉❣❣❡sts ❛ ❢✉rt❤❡r ✐♥✈❡st✐❣❛t✐♦♥ ✐♥t♦ r♦t❛t✐♦♥❛❧ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠

t♦ ✐♠♣r♦✈❡ t❤❡s❡ s❤♦rt❝♦♠✐♥❣s ✇❤✐❧❡ ❛t t❤❡ s❛♠❡ t✐♠❡ ♣r✐♦r✐t✐s✐♥❣ ❛ s✐♠♣❧✐st✐❝

❞❡s✐❣♥ t♦♦❧ ✇♦✉❧❞ ❜❡ ❜❡♥❡✜❝✐❛❧✳

■♥ ❣❡♥❡r❛❧ t❤❡ ❛r❡❛ ✇❡✐❣❤t✐♥❣ ♦❢ t❤❡ ❝♦t❛♥❣❡♥t ▲❛♣❧❛❝✐❛♥ ❞✐❞ ♥♦t s❤♦✇ ✐ts ♣♦✲

t❡♥t✐❛❧✱ ❛s ✐t ♣❡r❢♦r♠❡❞ ✇♦rs❡ t❤❛♥ t❤❡ s✐♠♣❧❡ ❣r❛♣❤ ▲❛♣❧❛❝✐❛♥ ♦r ✉♥✇❡✐❣❤t❡❞

❝♦t❛♥❣❡♥t ▲❛♣❧❛❝✐❛♥ ✐♥ ♠♦st ❝❛s❡s ❢♦r t❛r❣❡t ❛♣♣r♦①✐♠❛t✐♦♥ ♣✉r♣♦s❡s✳ ❲❤❡t❤❡r

t❤✐s ✇❛s ❞✉❡ t♦ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥✱ ♦r t❤❡ ✉♥✐❢♦r♠ ✈❡rt❡① ❞✐str✐❜✉t✐♦♥s ♠❛s❦❡❞

✐ts ❡✛❡❝ts✱ ✐s ✉♥❦♥♦✇♥ ❜✉t ♥❡❡❞s ❢✉rt❤❡r ✐♥✈❡st✐❣❛t✐♦♥✳ ❙✐♥❝❡ ♦t❤❡r ❧✐♥❡❛r ♦♣❡r✲

❛t♦rs ❝❛♥ ❜❡ ✉s❡❞ ❢♦r t❤❡ ❤❛r♠♦♥✐❝ ❢r❛♠❡✇♦r❦ ❛s ✇❡❧❧✱ ❛♥♦t❤❡r ✐♥t❡r❡st✐♥❣ ❛r❡❛

♦❢ st✉❞② ✇♦✉❧❞ ❜❡ t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ❇✐❤❛r♠♦♥✐❝ ♦♣❡r❛t♦r✱ ✇❤✐❝❤ ✐s t❤❡ s❡❝♦♥❞

♦r❞❡r ▲❛♣❧❛❝✐❛♥ ✭❇♦ts❝❤ ❡t ❛❧✳✱ ✷✵✶✵✮ ❛♥❞ ♦❜s❡r✈❡ ✐❢ ❛♥② ❜❡❤❛✈✐♦✉r❛❧ ❞✐✛❡r❡♥❝❡s

♦❝❝✉r✳ ❲❤✐❧❡ t❤❡ ▲❛♣❧❛❝✐❛♥ ♦♣❡r❛t♦r tr✐❡s t♦ ❛✈❡r❛❣❡ t❤❡ ❣r❛❞✐❡♥t ✭♣✉s❤✐♥❣ ❡❛❝❤

✈❡rt❡① t♦✇❛r❞s t❤❡ ❜❛r②❝❡♥t❡r ♦❢ ✐ts ✶✲r✐♥❣ ♥❡✐❣❤❜♦✉rs t♦ ♠❛❦❡ ✐t ✢❛t✮✱ t❤❡ ❇✐✲

❤❛r♠♦♥✐❝ ♦♣❡r❛t♦r tr✐❡s t♦ ❛✈❡r❛❣❡ t❤❡ ❝✉r✈❛t✉r❡ ❜② t❛❦✐♥❣ t❤❡ ✷✲r✐♥❣ ♥❡✐❣❤❜♦✉rs

✐♥t♦ ❛❝❝♦✉♥t✳ ❚❤✐s ❜❡❤❛✈✐♦✉r ✐s ✐♥t❡r❡st✐♥❣ ❜❡❝❛✉s❡ ✐t ♠✐♠✐❝s ❜❡♥❞✐♥❣ ❛♥❞ t❤❡

✐♥❝❧✉s✐♦♥ ♦❢ t❤❡ ✷✲r✐♥❣ ♥❡✐❣❤❜♦✉rs ♠✐❣❤t ❛❧❧♦✇ ♠♦r❡ ❝♦♥tr♦❧ ♦❢ t❤❡ t❛♥❣❡♥❝② ❛t

t❤❡ ❜♦✉♥❞❛r✐❡s✳

❈✉rr❡♥t❧② t❤❡ s❧♦✇❡st ♣❛rt ♦❢ t❤❡ s♦❢t✇❛r❡ ✇♦r❦✢♦✇ ✐s t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡

❡✐❣❡♥✈❛❧✉❡s✴✈❡❝t♦rs ❜② ❧✐♥❦✐♥❣ t♦ ▼❛t❧❛❜✳ ▼❛t❧❛❜ ✇❛s ❝❤♦s❡♥ ❢♦r ✐ts r❡❧✐❛❜✐❧✐t②✱

♦♣t✐♦♥ t♦ s♦rt t❤❡ ❡✐❣❡♥✈❡❝t♦rs ✐♥ ❛s❝❡♥❞✐♥❣ ♦r❞❡r ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❢r❡q✉❡♥❝✐❡s

❛♥❞ ❝❛♣❛❜✐❧✐t② t♦ ♦♥❧② ❡①tr❛❝t ❛ ❞❡s✐r❡❞ r❛♥❣❡ ♦❢ ❡✐❣❡♥✈❡❝t♦rs ❜❛s❡❞ ♦♥ ❛ r❡❢❡r❡♥❝❡

❡✐❣❡♥✈❛❧✉❡✳ ❍♦✇❡✈❡r✱ t♦ ♠❛❦❡ t❤❡ ♣❧✉❣✲✐♥ ✐♥❞❡♣❡♥❞❡♥t ♦❢ ♣r♦♣r✐❡t❛r② s♦❢t✇❛r❡

❛♥❞ ♣♦ss✐❜❧② ✐♠♣r♦✈❡ ❝♦♠♣✉t❛t✐♦♥❛❧ s♣❡❡❞ ✐t ✐s r❡❝♦♠♠❡♥❞❡❞ t♦ ✐♥✈❡st✐❣❛t❡
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♦t❤❡r ❧✐❜r❛r✐❡s ❢♦r t❤✐s t❛s❦✳ ▼❛t❧❛❜ ❝❛♥ t❤❡♥ s❡r✈❡ ❛s ❛ ❣♦♦❞ ♣❧❛t❢♦r♠ t♦

✈❛❧✐❞❛t❡ t❤❡ ♥❡✇ ✐♠♣❧❡♠❡♥t❛t✐♦♥✳

■♥ ❝♦♥tr❛st t♦ ♦t❤❡r str✉❝t✉r❛❧ ♣❡r❢♦r♠❛♥❝❡ ♠❡❛s✉r❡♠❡♥ts s✉❝❤ ❛s str❡ss ♦r

❞❡✢❡❝t✐♦♥✱ ❜✉❝❦❧✐♥❣ ♦❢ s❤❡❧❧ str✉❝t✉r❡s ✐s ♠♦r❡ ❞✐✣❝✉❧t t♦ q✉❛♥t✐❢② ❜❡❝❛✉s❡ t❤❡

❛ss♦❝✐❛t❡❞ ❧❛r❣❡ ❞❡✢❡❝t✐♦♥s ❛❧t❡r t❤❡ ✇❛② t❤❡ ❛♣♣❧✐❡❞ ❧♦❛❞ ✐s r❡s✐st❡❞ ❜② t❤❡ str✉❝✲

t✉r❡ ❛♥❞ r❡s✉❧ts ✐♥ ❛ ♥♦♥✲❧✐♥❡❛r r❡❧❛t✐♦♥✳ ❚❤❡ ✐♠♣❧❡♠❡♥t❡❞ ♣❤②s✐❝❛❧ s✐♠✉❧❛t✐♦♥

♦❢ t❤✐s ❜✉❝❦❧✐♥❣ ❜❡❤❛✈✐♦✉r ✉s✐♥❣ ❑❛♥❣❛r♦♦ ❤✐❣❤❧✐❣❤t❡❞ ❛ s❡♥s✐t✐✈✐t② t♦ s❡✈❡r❛❧

✐ss✉❡s✱ ✐♥❝❧✉❞✐♥❣ t❤❡ ❧♦❛❞ st❡♣ s✐③❡✱ ❡q✉✐❧✐❜r✐✉♠ t♦❧❡r❛♥❝❡✱ t❤❡ r❛t✐♦ ❜❡t✇❡❡♥

♠❡♠❜r❛♥❡ ❛♥❞ ❜❡♥❞✐♥❣ ❛❝t✐♦♥ ❛♥❞ ❛ ❣❡♥❡r✐❝ ❝r✐t❡r✐❛ t♦ ❞❡t❡r♠✐♥❡ ✇❤❡♥ ❜✉❝❦✲

❧✐♥❣ ♦❝❝✉rr❡❞✳ ❚❤❡ r❛t✐♦ ❜❡t✇❡❡♥ ♠❡♠❜r❛♥❡ ❛♥❞ ❜❡♥❞✐♥❣ ❛❝t✐♦♥ ✇❛s ♠♦st❧②

❜❛s❡❞ ♦♥ tr✐❛❧ ❛♥❞ ❡rr♦r ❛♥❞ ♥❡❡❞s ❢✉rt❤❡r ✐♥✈❡st✐❣❛t✐♦♥ t♦ ✐♠♣r♦✈❡ t❤❡ ❛❝❝✉r✲

❛❝② ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥✳ ■❞❡❛❧❧② t❤✐s ✇♦✉❧❞ ❧❡❛❞ t♦ s♦♠❡ ❣✉✐❞❡❧✐♥❡s t❤❛t r❡❧❛t❡s t❤❡

r❛t✐♦ t♦ t❤❡ ✐♥t❡♥❞❡❞ t❤✐❝❦♥❡ss ♦❢ t❤❡ str✉❝t✉r❡✳ ❚❤✐s ❢❛❝t♦r ✐s ❝r✉❝✐❛❧✱ ❜❡❝❛✉s❡

✇✐t❤♦✉t ✐t✱ ❛ ❜❛rr❡❧ ✈❛✉❧t ❢❛✐❧s ✉♥❞❡r ✐ts ♦✇♥ ✇❡✐❣❤t✱ ✇❤❡r❡❛s ❛ r❛t✐♦ t❤❛t ♠❛❦❡s

❜❡♥❞✐♥❣ ❛❝t✐♦♥ t♦♦ ❞♦♠✐♥❛♥t r❡s✉❧ts ✐♥ ♠♦r❡ ❞✉❝t✐❧❡ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ str✉❝✲

t✉r❡ ❛♥❞ ❝❛✉s❡s t❤❡ ❜✉❝❦❧✐♥❣ ❧♦❛❞ ❢❛❝t♦r t♦ ❜❡ ❞❡t❡r♠✐♥❡❞ ❢r♦♠ ❛ ♠❛①✐♠✉♠

❞❡✢❡❝t✐♦♥ ❝r✐t❡r✐❛ r❛t❤❡r t❤❛♥ ❛ s✉❞❞❡♥ ❝❤❛♥❣❡ ✐♥ ❞✐s♣❧❛❝❡♠❡♥ts✳ ❚❤✐s r❡s❡❛r❝❤

♦♥❧② ✐♥❝❧✉❞❡❞ t❤❡ s❡❧❢✲✇❡✐❣❤t ♦❢ t❤❡ str✉❝t✉r❡✱ ❤♦✇❡✈❡r t❤❡ ❜✉❝❦❧✐♥❣ ❝♦♠♣♦♥❡♥t

✐s s✉❝❤ t❤❛t ❛♥② ❧♦❛❞ ❝❛s❡ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ ✇✐t❤♦✉t ❢✉rt❤❡r ❝♦♠♣❧✐❝❛t✐♦♥s✳ ❚❤❡

♥❡①t st❡♣ ✐s t♦ ✐♥❝❧✉❞❡ s❧✐❞✐♥❣ s✉♣♣♦rts ❛s t❤❡ s❤❡❧❧ ❜❡❤❛✈✐♦✉r ✐s ✈❡r② ❞❡♣❡♥❞❡♥t

♦♥ ✐ts ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ❚❤✐s ✐s str❛✐❣❤t ❢♦r✇❛r❞ s✐♥❝❡ ❛ ❑❛♥❣❛r♦♦ ❢♦r❝❡

❣♦❛❧ ✭✏❆♥❝❤♦r❳❨❩✑✮ t❤❛t ♦♥❧② r❡str❛✐♥s ❛ ✈❡rt❡① ❛❧♦♥❣ ❞❡✜♥❡❞ ❣❧♦❜❛❧ ❞✐r❡❝t✐♦♥s

❛❧r❡❛❞② ❡①✐sts✳

❖♥ ❛ ✜♥❛❧ ♥♦t❡✱ ✐t ✐s ❡ss❡♥t✐❛❧ t♦ ❡♠♣❤❛s✐s❡ t❤❛t t❤❡ ❤❛r♠♦♥✐❝ ♠♦❞❡❧❧✐♥❣ t♦♦❧

❛♥❞ t❤❡ ❜✉❝❦❧✐♥❣ ❛♥❛❧②s✐s ❝❛♥ ❜❡ s❡❡♥ ❛s s❡♣❛r❛t❡ ♣❛rts✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t ✐t

✐s ♣♦ss✐❜❧❡ t♦ ✉s❡ s✉❜❞✐✈✐s✐♦♥ s✉r❢❛❝❡s ❢♦r ❡①❛♠♣❧❡ ❛s t❤❡ ❧♦✇ ♣❛r❛♠❡tr✐s❛t✐♦♥

str❛t❡❣② ✐♥st❡❛❞ ❛♥❞ ❧❡t t❤❡ ❝♦♥tr♦❧ ♣♦✐♥ts ❜❡ ♠♦❞✐✜❡❞ ❛❝❝♦r❞✐♥❣ t♦ ❛ ❜✉❝❦❧✐♥❣

❡✈❛❧✉❛t✐♦♥✳ ❆♥♦t❤❡r ♦♣t✐♦♥ ✐s t♦ ❧✐♥❦ t❤❡ ❤❛r♠♦♥✐❝ ♠♦❞❡❧❧✐♥❣ t♦♦❧ t♦ ❛♥♦t❤❡r

str✉❝t✉r❛❧ q✉❛♥t✐t② s✉❝❤ ❛s ♠❛①✐♠✉♠ str❡ss ❧❡✈❡❧ ♦r ❡✈❡♥ ❡①❝❧✉❞❡ ❛♥② ❦✐♥❞ ♦❢

str✉❝t✉r❛❧ ❧♦❣✐❝✳ ❍♦✇❡✈❡r✱ ✇❤❛t ❜✐♥❞s t❤❡ t✇♦ ♣❛rts t♦❣❡t❤❡r ✐s t❤❡ ✐♥❤❡r❡♥t

❞♦✉❜❧② ❝✉r✈❡❞ ♥❛t✉r❡ ♦❢ t❤❡ ❤❛r♠♦♥✐❝ s❤❛♣❡s✱ ✇❤✐❝❤ ❤❛s ♣r♦✈❡♥ ✈❡r② ✉s❡❢✉❧ t♦

st✐✛❡♥ s❤❡❧❧s ❛❣❛✐♥st ❜✉❝❦❧✐♥❣ ❢❛✐❧✉r❡ ❛s t❤❡ ❜❛rr❡❧ ✈❛✉❧t ❛♥❞ t❤❡ ❇r✐t✐s❤ ▼✉✲

s❡✉♠ ●r❡❛t ❈♦✉rt ❘♦♦❢ ❞❡♠♦♥str❛t❡❞✳ ❲❤❡♥ ✉s❡❞ t♦❣❡t❤❡r ✐♥ ❛♥ ♦♣t✐♠✐s❛t✐♦♥

♣r♦❝❡ss✱ ❝❛r❡ ❤❛s t♦ ❜❡ ❡①❡r❝✐s❡❞ ❝♦♥❝❡r♥✐♥❣ t❤❡ ❛r❡❛ ✐♥ ♦r❞❡r t♦ ❝♦♠♣❛r❡ ❧✐❦❡

❢♦r ❧✐❦❡ ❛♥❞ t❤❡r❡❜② ♦❜t❛✐♥ r❡s✉❧ts t❤❛t r❡✢❡❝t ❛♥ ✐♥❝r❡❛s❡❞ st✐✛♥❡ss t❤r♦✉❣❤

❣❡♦♠❡tr② ✐♥st❡❛❞ ♦❢ st✐✛♥❡ss t❤r♦✉❣❤ ❡①tr❛ ♠❛t❡r✐❛❧✳
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❖✈❡r❛❧❧ ❛ ❤❛r♠♦♥✐❝ ❢♦r♠✲✜♥❞✐♥❣ t♦♦❧ ❢♦r t❤❡ ❞❡s✐❣♥ ♦❢ ❝✉r✈❛t✉r❡✲st✐✛❡♥❡❞ s❤❡❧❧s

❤❛s ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ❛♥❞ t❡st❡❞ t❤r♦✉❣❤ ♠✉❧t✐♣❧❡ ❝❛s❡ st✉❞✐❡s ✇✐t❤ ♣r♦♠✐s✐♥❣

r❡s✉❧ts ❢♦r t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ✐♥ t❤❡ ❝♦♥❝❡♣t✉❛❧ ❞❡s✐❣♥ st❛❣❡✳
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❇✐❜❧✐♦❣r❛♣❤②

❆❞r✐❛❡♥ss❡♥s✱ ❙✳✱ ▼✳ ❇❛r♥❡s✱ ❘✳ ❍❛rr✐s✱ ❛♥❞ ❈✳ ❲✐❧❧✐❛♠s✿ ✷✵✶✹✱ ❙❤❡❧❧ str✉❝t✉r❡s
❢♦r ❛r❝❤✐t❡❝t✉r❡✿ ❉②♥❛♠✐❝ r❡❧❛①❛t✐♦♥✳ ❘♦✉t❧❡❞❣❡✳

❆✉t♦❞❡s❦✿ ✷✵✶✺❛✱ ❵❆✉t♦❞❡s❦ ▼❛②❛✿ ❖✈❡r✈✐❡✇ ❬❖♥❧✐♥❡❪✬✳ ❆✈❛✐❧❛❜❧❡ ❢r♦♠✿
✇✇✇✳❛✉t♦❞❡s❦✳❝♦♠✴♣r♦❞✉❝ts✴♠❛②❛✴♦✈❡r✈✐❡✇ ❬❆❝❝❡ss❡❞ ✷✷ ❏✉❧② ✷✵✶✺❪✳

❆✉t♦❞❡s❦✿ ✷✵✶✺❜✱ ❵❘♦❜♦t ❙tr✉❝t✉r❛❧ ❆♥❛❧②s✐s Pr♦❢❡ss✐♦♥❛❧✿ ❖✈❡r✈✐❡✇ ❬❖♥✲
❧✐♥❡❪✬✳ ❆✈❛✐❧❛❜❧❡ ❢r♦♠✿ ✇✇✇✳❛✉t♦❞❡s❦✳❝♦♠✴♣r♦❞✉❝ts✴r♦❜♦t✲str✉❝t✉r❛❧✲
❛♥❛❧②s✐s✴♦✈❡r✈✐❡✇ ❬❆❝❝❡ss❡❞ ✾ ❏✉♥❡ ✷✵✶✺❪✳

❆③❛❞✱ ❑✳✿ ✷✵✶✵✱ ❵■♥t✉✐t✐✈❡ ❯♥❞❡rst❛♥❞✐♥❣ ❖❢ ❊✉❧❡rs ❋♦r♠✉❧❛ ❬❖♥❧✐♥❡❪✬✳
❆✈❛✐❧❛❜❧❡ ❢r♦♠✿ ✇✇✇✳❜❡tt❡r❡①♣❧❛✐♥❡❞✳❝♦♠✴❛rt✐❝❧❡s✴✐♥t✉✐t✐✈❡✲✉♥❞❡rst❛♥❞✐♥❣✲
♦❢✲❡✉❧❡rs✲❢♦r♠✉❧❛ ❬❆❝❝❡ss❡❞ ✶✸ ❏✉❧② ✷✵✶✺❪✳

❆③❛❞✱ ❑✳✿ ✷✵✶✷✱ ❵❆♥ ■♥t❡r❛❝t✐✈❡ ●✉✐❞❡ ❚♦ ❚❤❡ ❋♦✉r✐❡r ❚r❛♥s❢♦r♠ ❬❖♥❧✐♥❡❪✬✳
❆✈❛✐❧❛❜❧❡ ❢r♦♠✿ ✇✇✇✳❜❡tt❡r❡①♣❧❛✐♥❡❞✳❝♦♠✴❛rt✐❝❧❡s✴❛♥✲✐♥t❡r❛❝t✐✈❡✲❣✉✐❞❡✲t♦✲
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✷✶✾✕✷✷✶✳
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❑❛r❛♠❜❛✸❉✿ ✷✵✶✺✱ ❵❑❛r❛♠❜❛✿ ❆❜♦✉t ❬❖♥❧✐♥❡❪✬✳ ❆✈❛✐❧❛❜❧❡ ❢r♦♠✿
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▲é✈②✱ ❇✳ ❛♥❞ ❍✳ ❩❤❛♥❣✿ ✷✵✵✾✱ ❵❙♣❡❝tr❛❧ ▼❡s❤ Pr♦❝❡ss✐♥❣ ❬❖♥❧✐♥❡❪✬✳ ❆✈❛✐❧❛❜❧❡
❢r♦♠✿ ✇✇✇✳❡♠✉✳❡❞✉✴❝❥♣✴s♣✐✴❝♦✉rs❡s✴✻✷✹ ❬❆❝❝❡ss❡❞ ✷✽ ❆♣r✐❧ ✷✵✶✺❪✳

▼❛❧❡❦✱ ❙✳ ❘✳✿ ✷✵✶✷✱ ❵❚❤❡ ❊✛❡❝t ♦❢ ●❡♦♠❡tr② ❛♥❞ ❚♦♣♦❧♦❣② ♦♥ t❤❡ ▼❡❝❤❛♥✐❝s
♦❢ ●r✐❞ ❙❤❡❧❧s✬✳ ❉♦❝t♦r ♦❢ ♣❤✐❧♦s♦♣❤② ✐♥ t❤❡ ✜❡❧❞ ♦❢ str✉❝t✉r❡s ❛♥❞ ♠❛t❡r✐❛❧s✱
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▼❆❚▲❆❇ ❢r♦♠ ❈ s❤❛r♣ ❈❧✐❡♥t ❬❖♥❧✐♥❡❪✬✳ ❆✈❛✐❧❛❜❧❡ ❢r♦♠✿
✇✇✇✳✉❦✳♠❛t❤✇♦r❦s✳❝♦♠✴❤❡❧♣✴♠❛t❧❛❜✴♠❛t❧❛❜❴❡①t❡r♥❛❧✴❝❛❧❧✲♠❛t❧❛❜✲
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▼❝●✉✐r❡✱ ▼✳✿ ✷✵✵✵✱ ❵❚❤❡ ❍❛❧❢✲❊❞❣❡ ❉❛t❛ ❙tr✉❝t✉r❡ ❬❖♥❧✐♥❡❪✬✳ ❆✈❛✐❧❛❜❧❡ ❢r♦♠✿
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▼❛② ✷✵✶✺❪✳

▼❝◆❡❡❧✿ ✷✵✶✹❛✱ ❵❘❤✐♥♦❝❡r♦s ✺ ❋❡❛t✉r❡s ❬❖♥❧✐♥❡❪✬✳ ❆✈❛✐❧❛❜❧❡ ❢r♦♠✿
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♦r❡t✐❝❛❧ ❢♦✉♥❞❛t✐♦♥ ❢♦r ❡①t❡♥❞✐♥❣ t❤❡s❡ ♣r✐♥❝✐♣❧❡s t♦ ♠❡s❤❡s ✐♥ t❤r❡❡ ❞✐♠❡♥s✐♦♥s✳

❋✐❣✉r❡ ❆✳✵✳✶ ✕ ❈♦♥t✐♥✉♦✉s sq✉❛r❡ ✇❛✈❡ ❢✉♥❝t✐♦♥ ❛♣♣r♦①✐♠❛t❡❞ ❜② ❛ ❋♦✉r✐❡r ❙❡r✐❡s ✇✐t❤ ❛♥
✐♥❝r❡❛s✐♥❣ ♥✉♠❜❡r ♦❢ s✐♥✉s♦✐❞s

❋♦✉r✐❡r ❛♥❛❧②s✐s ❡♥❛❜❧❡s t❤❡ ❣❧♦❜❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ❛ ❢✉♥❝t✐♦♥ ❜② ❛ s✉♠ ♦❢ s✐♥✉s✲

♦✐❞s ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ❆✳✵✳✶ ❢♦r ❛ ❝♦♥t✐♥✉♦✉s sq✉❛r❡ ✇❛✈❡ ❢✉♥❝t✐♦♥✳ ❚❤❡ ♠♦r❡

s✐♥✉s♦✐❞s t❤❛t ❛r❡ ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ s✉♠♠❛t✐♦♥✱ t❤❡ ❜❡tt❡r ❛♣♣r♦①✐♠❛t✐♦♥✳ ❚❤✐s

❛♣♣r♦①✐♠❛t✐♦♥ ✐s ❛❞✈❛♥t❛❣❡♦✉s ❜❡❝❛✉s❡ ✐t ❡♥❛❜❧❡s ❛ ♣♦ss✐❜❧② ❝♦♠♣❧❡① ❡①♣r❡s✲

s✐♦♥ t♦ ❜❡ r❡❞✉❝❡❞ t♦ t❡r♠s ♦❢ tr✐❣♦♥♦♠❡tr✐❝ ❢✉♥❝t✐♦♥s t❤✉s s✐♠♣❧✐❢②✐♥❣ ✈❛r✐♦✉s

♣r♦❜❧❡♠s✳

✾✾
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■♥ ♦r❞❡r t♦ ❞♦ s♦✱ t❤❡ ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ✐♥ t❤❡ s♣❛t✐❛❧ ❞♦♠❛✐♥ ✐s tr❛♥s❢♦r♠❡❞

✐♥t♦ t❤❡ ❢r❡q✉❡♥❝② ❞♦♠❛✐♥ ❜② ♠❡❛♥s ♦❢ t❤❡ ❋♦✉r✐❡r ❚r❛♥s❢♦r♠ ❛♥❞ t❤❡♥ ❜❛❝❦

t♦ t❤❡ s♣❛t✐❛❧ ❞♦♠❛✐♥ ❛s ❛ s✉♠ ♦❢ s✐♥✉s♦✐❞s ✈✐❛ t❤❡ ■♥✈❡rs❡ ❋♦✉r✐❡r ❚r❛♥s❢♦r♠✳

❆t ✜rst✱ t❤✐s tr❛♥s❢♦r♠❛t✐♦♥ ❢r♦♠ t❤❡ s♣❛t✐❛❧ ❞♦♠❛✐♥ t♦ t❤❡ ❢r❡q✉❡♥❝② ❞♦♠❛✐♥

♠❛② s❡❡♠ ♠②st❡r✐♦✉s ❜✉t t❤❡ ♣✉r♣♦s❡ ✐s t♦ ❝❤❛♥❣❡ t❤❡ ♣❡rs♣❡❝t✐✈❡ ❢r♦♠ ✏✇❤❛t

❝❛♥ ■ s❡❡❄✑ t♦ ✏✇❤❛t ✐s ✐t ♠❛❞❡ ♦❢❄✑ ✭❆③❛❞✱ ✷✵✶✷✮✳ ■♠❛❣✐♥❡ t❤❡ ❢✉♥❝t✐♦♥ ❛s ❛

❝❛❦❡✱ t❤❡♥ t❤❡ ❋♦✉r✐❡r ❚r❛♥s❢♦r♠ ✜♥❞s t❤❡ r❡❝✐♣❡ ❢♦r t❤❛t ❝❛❦❡ ❡✳❣ ✸✳✺ ❞❧ ✢♦✉r✱

✶✳✵ ❞❧ s✉❣❛r✱ ✷✳✵ ❞❧ ✇❛t❡r✳ ❚❤✐s ❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥t♦ ✐♥❣r❡❞✐❡♥ts ✐s ✈❡r② ✉s❡❢✉❧

❜❡❝❛✉s❡ ✐t ❞❡s❝r✐❜❡s t❤❡ ♦r✐❣✐♥❛❧ ✐♥♣✉t ♠✉❝❤ ❜❡tt❡r s✉❝❤ t❤❛t ✐t ❝❛♥ ❜❡ ❛♥❛❧②s❡❞✱

❝♦♠♣❛r❡❞ ❛♥❞ ♠♦❞✐✜❡❞✳ ❈♦♥t✐♥✉✐♥❣ ✇✐t❤ t❤❡ ❝❛❦❡ ❛♥❛❧♦❣②✱ t❤❡ ✐♥✈❡rs❡ ❋♦✉r✐❡r

❚r❛♥s❢♦r♠ ✐s t❤❡♥ r❡s♣♦♥s✐❜❧❡ ❢♦r ♠✐①✐♥❣ t❤❡ ✐♥❣r❡❞✐❡♥ts ❜❛❝❦ t♦❣❡t❤❡r t♦ t❤❡

♦r✐❣✐♥❛❧ ❝❛❦❡✳

❚❤❡ ❋♦✉r✐❡r ❚r❛♥s❢♦r♠ ✐s ❛❜❧❡ t♦ ✜♥❞ t❤❡ r❡❝✐♣❡ ❜② r✉♥♥✐♥❣ t❤❡ ❢✉♥❝t✐♦♥ t❤r♦✉❣❤

✈❛r✐♦✉s ✜❧t❡rs t❤❛t ❝❛t❝❤ t❤❡ ❞✐✛❡r❡♥t ✐♥❣r❡❞✐❡♥ts✳ ❊❛❝❤ ✜❧t❡r ❤❛s t❤❡ ♣r♦♣❡rt②

♦❢ ♦♥❧② ❝❛t❝❤✐♥❣ ♦♥❡ s♣❡❝✐✜❝ ✐♥❣r❡❞✐❡♥t ❛♥❞ ✐♥ t♦t❛❧ t❤❡r❡ ♠✉st ❜❡ ❛s ♠❛♥② ✜❧t❡rs

❛s t❤❡r❡ ❛r❡ ✐♥❣r❡❞✐❡♥ts ✐♥ ♦r❞❡r t♦ ❝❛t❝❤ t❤❡♠ ❛❧❧✳ ❚❤❡ ✐❞❡❛ ✐s t❤❛t ❛♥② ❢✉♥❝t✐♦♥

✭s✐❣♥❛❧✮ ❝❛♥ ❜❡ ✜❧t❡r❡❞ ✐♥t♦ ✈❛r✐♦✉s ❞✐✛❡r❡♥t ❝✐r❝✉❧❛r ♣❛t❤s ❛♥❞ ❜❡ r❡❜✉✐❧❞ ❛❣❛✐♥

❢r♦♠ t❤❡♠ ✭❆③❛❞✱ ✷✵✶✷✮✳

❋✐❣✉r❡ ❆✳✵✳✷ ✕ ❚r❛✈❡rs✐♥❣ ❛ ❝✐r❝❧❡ ✐♥ t✇♦ ❞✐✛❡r❡♥t ✇❛②s ❞❡s❝r✐❜❡❞ ❜② ❊✉❧❡r✬s ❢♦r♠✉❧❛

❆ ❝✐r❝✉❧❛r ♣❛t❤ ✭♠❡❛♥✐♥❣ ❤♦✇ t♦ ♠♦✈❡ ✐♥ ❝✐r❝❧❡s✮ ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ✐♥ t✇♦ ❞✐✛❡r✲

❡♥t ✇❛②s ❛❝❝♦r❞✐♥❣ t♦ ❊✉❧❡r✬s ❢♦r♠✉❧❛ ✭❆③❛❞✱ ✷✵✶✵✮ ❛♥❞ ✐s ✈✐s✉❛❧✐s❡❞ ✐♥ ❋✐❣✉r❡
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❆✳✵✳✷

eix = cos(x) + i · sin(x) ✭❆✳✵✳✶✮

❉✉❡ t♦ ✐ts s✐♠♣❧✐❝✐t② ❛♥❞ ❝♦♠♣❛❝t♥❡ss t❤❡ ❝♦♠♣❧❡① ❡①♣♦♥❡♥t✐❛❧ ❢✉♥❝t✐♦♥ ✐s ✉s❡❞

✐♥ t❤❡ ❢♦r♠✉❧❛ ❢♦r t❤❡ ❋♦✉r✐❡r ❚r❛♥s❢♦r♠✳ ❊✉❧❡r✬s ❢♦r♠✉❧❛ ❞❡s❝r✐❜❡s t❤❡ ♠♦✈❡✲

♠❡♥t ❛❧♦♥❣ ❛ ✉♥✐t ❝✐r❝❧❡ ✭✐♠♣❧✐❝✐t ❛ ❢❛❝t♦r ♦❢ ✶ ✐♥ ❢r♦♥t ♦❢ t❤❡ ❡①♣r❡ss✐♦♥✮ ❜✉t

t♦ ♠❛❦❡ ✐t ♠♦r❡ ❣❡♥❡r❛❧ ❛♥② ❢❛❝t♦r ♠✉❧t✐♣❧✐❡❞ ✇✐t❤ t❤❡ ❡①♣r❡ss✐♦♥ ❞❡t❡r♠✐♥❡s

t❤❡ ❛♠♣❧✐t✉❞❡ ✭r❛❞✐✉s✮✳ ❚❤❡ ✐❞❡❛ ❜❡❤✐♥❞ t❤❡ ❋♦✉r✐❡r ❚r❛♥s❢♦r♠ ✐s t❤❡r❡❢♦r❡ t♦

✜❧t❡r ❛♥② s✐❣♥❛❧ ✐♥t♦ ❝②❝❧❡s ♦❢ ❞✐✛❡r❡♥t ❢r❡q✉❡♥❝✐❡s ✭❛s ♠❛♥② ❛s ♥❡❡❞❡❞ t♦ ❝❛t❝❤

❛❧❧ t❤❡ ✐♥❣r❡❞✐❡♥ts✮✱ ✇❤❡r❡ ❡❛❝❤ ❝②❝❧❡ ✐s ✉♥✐q✉❡❧② ❞❡✜♥❡❞ ❢r♦♠ t❤❡ ♣♦❧❛r ❢♦r♠ ♦❢

❊✉❧❡r✬s ❊q✉❛t✐♦♥ ✭r · eix✮ s♣❡❝✐❢②✐♥❣ t❤❡ ❛♠♣❧✐t✉❞❡ ✭r❛❞✐✉s✮ ❛♥❞ ♣❤❛s❡ ✭❛♥❣❧❡ ♦❢

st❛rt✐♥❣ ♣♦✐♥t✮✳ ❚❤❡ ✐♥✈❡rs❡ ❋♦✉r✐❡r ❚r❛♥s❢♦r♠ ❝♦♠❜✐♥❡s t❤❡s❡ ❝②❝❧❡s ❛❣❛✐♥ t♦

r❡❜✉✐❧❞ t❤❡ s✐❣♥❛❧✳ ❲❤❡♥ ❞✐✛❡r❡♥t ❝②❝❧❡s ❛r❡ ❝♦♠❜✐♥❡❞ ✐t ❝❛✉s❡s ❝♦♥str✉❝t✐✈❡ ♦r

❞❡str✉❝t✐✈❡ ✐♥t❡r❢❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡♠ ❛♥❞ ✐t ✐t t❤✐s ❜❡❤❛✈✐♦✉r t❤❛t ✐s ❡①♣❧♦✐t❡❞

t♦ r❡❛❝❤ ❛ s♣❡❝✐✜❝ t❛r❣❡t ✈❛❧✉❡✳

❖♥❧② t❤❡ ❞✐s❝r❡t❡ ✈❡rs✐♦♥ ♦❢ t❤❡ ❋♦✉r✐❡r ❚r❛♥s❢♦r♠ ✭❉❋❚✮ ✐s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡

❢♦❧❧♦✇✐♥❣ ❛s ✐t ✐s t❤❡ ♠♦st r❡❧❡✈❛♥t ✈❡rs✐♦♥ t♦ ♣r❛❝t✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s ✇❤❡r❡ ♦♥❧②

❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ s❛♠♣❧❡ ♣♦✐♥ts ❡①✐st✳ ■t ❛❧s♦ ❜❡tt❡r r❡❧❛t❡s t♦ t❤❡ ❛♣♣❧✐❝❛t✐♦♥

✐♥ t❤✐s t❤❡s✐s s✐♥❝❡ t❤❡ ❣❡♥❡r❛t❡❞ ✸✲❞✐♠❡♥s✐♦♥❛❧ s❤❛♣❡ ✐s r❡♣r❡s❡♥t❡❞ ❜② ❛ ♠❡s❤✱

✇❤✐❝❤ ✐s t❤❡ ❞✐s❝r❡t❡ ✈❡rs✐♦♥ ♦❢ ❛ s♠♦♦t❤ s✉r❢❛❝❡✳

❆ ❣✐✈❡♥ s✐❣♥❛❧❳ ❝♦♥s✐st✐♥❣ ♦❢◆ r❡❛❧ ♦r ❝♦♠♣❧❡① ♥✉♠❜❡rsX = [x0, x1, . . . , xN−1]
T

❝❛♥ ❜❡ tr❛♥s❢♦r♠❡❞ ✐♥t♦ ❛ s❛♠❡✲s✐③❡❞ ◆ ✲♣❡r✐♦❞✐❝ s✐❣♥❛❧ ♦❢ ❝♦♠♣❧❡① ♥✉♠❜❡rs ❜②

t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥ ❛❧s♦ ❦♥♦✇♥ ❛s t❤❡ ❉✐s❝r❡t❡ ❋♦✉r✐❡r ❚r❛♥s❢♦r♠ ✭❉❋❚✮

X̃k =
1

N
·
N−1
∑

n=0

xn · e−2πikn/N , n ∈ Z, k = 0, 1, . . . , N − 1 ✭❆✳✵✳✷✮

■♥ t♦t❛❧ ◆ ♥❡✇ ✈❛❧✉❡s ❛r❡ ♦❜t❛✐♥❡❞ ✭♦♥❡ ♣❡r ❢r❡q✉❡♥❝②✮✳ ■t ✐s ❣❡♥❡r❛❧❧② t❤❡ ❝❛s❡

t❤❛t ❡❛❝❤ ♥❡✇ ✈❛❧✉❡ X̃k ✐s ❛ ❝♦♠♣❧❡① ♥✉♠❜❡r ❡✈❡♥ ✐❢ t❤❡ s✐❣♥❛❧ ♦♥❧② ❝♦♥s✐sts ♦❢

r❡❛❧ ✈❛❧✉❡s✳ ❆s ♠❡♥t✐♦♥❡❞✱ t❤✐s ❝♦♠♣❧❡① ♥✉♠❜❡r r❡♣r❡s❡♥ts ❜♦t❤ t❤❡ ❛♠♣❧✐t✉❞❡

❛♥❞ ♣❤❛s❡ ♦❢ ❛ ❝✐r❝✉❧❛r ♣❛t❤ ♦❢ ❢r❡q✉❡♥❝② ❦ ❝②❝❧❡s ♣❡r ◆ s❛♠♣❧❡s ✭❲❡✐sst❡✐♥✱

✷✵✶✺❜✮✱ ✇❤✐❝❤ ❣✐✈❡s ❛♥ ♦✈❡r❛❧❧ ♠❡❛s✉r❡ ❢♦r t❤❡ ❛♠♦✉♥t ♦❢ ❛ ❝❡rt❛✐♥ ❢r❡q✉❡♥❝②

t❤❛t ❡①✐sts ✐♥ t❤❡ ♦r✐❣✐♥❛❧ s✐❣♥❛❧✳ ❚❤✉s✱ t❤❡ s✐❣♥❛❧ ❤❛s ❜❡❡♥ tr❛♥s❢♦r♠❡❞ ❢r♦♠ t❤❡

s♣❛t✐❛❧ ❞♦♠❛✐♥ ✐♥t♦ ❝✐r❝✉❧❛r ♣❛t❤ ✐♥❣r❡❞✐❡♥ts ✐♥ t❤❡ ❢r❡q✉❡♥❝② ❞♦♠❛✐♥✳ ❋r♦♠

❡❛❝❤ ❝✐r❝✉❧❛r ♣❛t❤ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛ ❢r❡q✉❡♥❝② ❦ ✐♥ t❤❡ ❝♦♠♣❧❡① ♣❧❛♥❡✱ t❤❡

❢❛♠✐❧✐❛r s✐♥✉s♦✐❞❛❧ ❝✉r✈❡ ✭❛s s❡❡♥ ❢r♦♠ ❋✐❣✉r❡ ❆✳✵✳✶✮ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② tr❛❝✐♥❣
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t❤❡ r❡❛❧ ✈❛❧✉❡ ♦❢ t❤❡ ♠♦✈✐♥❣ ♣♦✐♥t ❛❧♦♥❣ t❤❡ ❝✐r❝❧❡ ❛♥❞ ✐t ❝❛♥ ❜❡ ✈✐s✉❛❧✐s❡❞ ❜② t❤❡

❡①♣r❡ss✐♦♥ ✭❞❡r✐✈❡❞ ❛s t❤❡ r❡❛❧ ♣❛rt ♦❢ t❤❡ r✐❣❤t✲❤❛♥❞✲s✐❞❡ ♦❢ ❊✉❧❡r✬s ❡q✉❛t✐♦♥✮

f(x) = r · cos ((2πk/N) · x+ ϕ) ✭❆✳✵✳✸✮

❚❤❡ ♦r✐❣✐♥❛❧ s✐❣♥❛❧ ❝❛♥ s✉❜s❡q✉❡♥t❧② ❜❡ r❡❝♦♥str✉❝t❡❞ ❜② t❤❡ ■♥✈❡rs❡ ❉✐s❝r❡t❡

❋♦✉r✐❡r ❚r❛♥s❢♦r♠ ✭■❉❋❚✮ ❞❡✜♥❡❞ ❜②

xn =
N−1
∑

k=0

X̃k · e2πikn/N , k ∈ Z, n = 0, 1, . . . , N − 1 ✭❆✳✵✳✹✮

❚❤❡ r❡❝♦♥str✉❝t❡❞ s✐❣♥❛❧ ❝❛♥ ❜❡ ✈✐s✉❛❧✐s❡❞ ❜② ❛❞❞✐♥❣ ❛❧❧ t❤❡ s✐♥✉s♦✐❞s t♦❣❡t❤❡r

❛♥❞ t❤❡ ❞❡s✐r❛❜❧❡ ❜❡❤❛✈✐♦✉r ✐s ❛❝❤✐❡✈❡❞ ❛s t❤❡ ❝♦♠❜✐♥❡❞ ✇❛✈❡ ♣❛ss❡s t❤r♦✉❣❤ ❛❧❧

t❤❡ s❛♠♣❧❡ ♣♦✐♥ts✳ ❲❤❛t ❤❛♣♣❡♥s ✐♥ ❜❡t✇❡❡♥ ✐s ✐rr❡❧❡✈❛♥t ❜❡❝❛✉s❡ ✐t ✐s ✉♥❦♥♦✇♥

❤♦✇ t❤❡ s✐❣♥❛❧ tr❛✈❡❧s t❤❡r❡✳

❚❤❡ ❞✐s❝r❡t❡ ✈❡rs✐♦♥ ♦❢ t❤❡ sq✉❛r❡ ✇❛✈❡ ❢r♦♠ ❋✐❣✉r❡ ❆✳✵✳✶ ✐s ✉s❡❞ ❛s ❛♥ ❡①❛♠♣❧❡

t♦ ❜❡tt❡r ✉♥❞❡rst❛♥❞ t❤❡ ❝♦♥❝❡♣ts ❛♥❞ ❢♦r♠✉❧❛s ❞❡s❝r✐❜❡❞ ❛❜♦✈❡✳

❊①❛♠♣❧❡ ✲ ❉✐s❝r❡t❡ sq✉❛r❡ ✇❛✈❡

❋✐❣✉r❡ ❆✳✵✳✸ ✕ ❉✐s❝r❡t❡ sq✉❛r❡ ✇❛✈❡ ✇✐t❤ ✐ts ❢r❡q✉❡♥❝② ❝♦♠♣♦♥❡♥ts

❆ ❞✐s❝r❡t❡ sq✉❛r❡ ✇❛✈❡ s✐❣♥❛❧ ❝♦♥s✐st✐♥❣ ♦❢ s✐① ✈❛❧✉❡s ✭◆❂✻✮ ✐s ❣✐✈❡♥ ❜②

X = [1, 1, 1,−1,−1,−1]T
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Chapter A: Fourier analysis

❚❤❡ s✐❣♥❛❧ ✐s ✈✐s✉❛❧✐s❡❞ ✐♥ ❋✐❣✉r❡ ❆✳✵✳✸ ❛s ✈❡rt✐❝❛❧ ❧✐♥❡s✳ ❚❤❡ ❉✐s❝r❡t❡ ❋♦✉r✐❡r

❚r❛♥s❢♦r♠ ✭❉❋❚✮ ✜❧t❡rs t❤❡ s✐❣♥❛❧ ✐♥t♦ ✐ts ❢r❡q✉❡♥❝② ❝♦♠♣♦♥❡♥ts ❛s ❢♦❧❧♦✇s ❜②

✐♥s❡rt✐♥❣ ✐♥ ❊q✉❛t✐♦♥ ❆✳✵✳✷

x̃0 = 1
6 · (1 + 1 + 1− 1− 1− 1) = 0

x̃1 = 1
6 ·

(

1 + e−
1·π

3
·i + e−

2π

3
·i − e−

3π

3
·i − e−

4π

3
·i − e−

5π

3
·i
)

= 2
3
· e−π

3
·i

x̃2 = 1
6 ·

(

1 + e−
2π

3
·i + e−

4π

3
·i − e−

6π

3
·i − e−

8π

3
·i − e−

10π

3
·i
)

= 0

x̃3 = 1
6 ·

(

1 + e−1·π·i + e−2·π·i − e−3·π·i − e−4·π·i − e−5·π·i
)

= 1
3

x̃4 = 1
6 ·

(

1 + e−
4π

3
·i + e−

8π

3
·i − e−

12π

3
·i − e−

16π

3
·i − e−

20π

3
·i
)

= 0

x̃5 = 1
6 ·

(

1 + e−
5π

3
·i + e−

10π

3
·i − e−

15π

3
·i − e−

20π

3
·i − e−

25π

3
·i
)

= 2
3
· eπ

3
·i

■t ✐s ♦❜s❡r✈❡❞ t❤❛t ❛❧❧ ♦❢ t❤❡ ❡✈❡♥ ❢r❡q✉❡♥❝② ❝♦♠♣♦♥❡♥ts ❞♦ ♥♦t ❡①✐st ✐♥ t❤❡

s✐❣♥❛❧ ❛s t❤❡✐r ❛♠♦✉♥ts ❛r❡ ③❡r♦✳ ❚❤❡ ❛♠♣❧✐t✉❞❡ ❛♥❞ ♣❤❛s❡ ♦❢ ❡❛❝❤ ❢r❡q✉❡♥❝②

❝♦♠♣♦♥❡♥t t❤❛t ❡①✐st ✐♥ t❤❡ s✐❣♥❛❧ ❝❛♥ ❜❡ ❞✐r❡❝t❧② ❡①tr❛❝t❡❞ ❢r♦♠ t❤❡ ❝♦♠♣❧❡①

♥✉♠❜❡rs ❣✐✈❡♥ ♦♥ ♣♦❧❛r ❢♦r♠ ❛s ❢♦❧❧♦✇s

a1 = 2
3
, ϕ1 = −π

3

a3 = 1
3
, ϕ3 = 0

a5 = 2
3
, ϕ5 = π

3

❚❤❡ s✐♥✉s♦✐❞s ✇✐t❤ ❢r❡q✉❡♥❝② ❦❂✶✱ ❦❂✷ ❛♥❞ ❦❂✸ ❛♥❞ ✇✐t❤ t❤❡✐r ❝♦rr❡s♣♦♥❞✐♥❣

❛♠♣❧✐t✉❞❡ ❛♥❞ ♣❤❛s❡ ❛r❡ ❛❧s♦ ♣❧♦tt❡❞ ✐♥ ❋✐❣✉r❡ ❆✳✵✳✸ ✉s✐♥❣ ❊q✉❛t✐♦♥ ❆✳✵✳✸✳ ❚❤❡

s✉♠ ♦❢ t❤❡s❡ s✐♥✉s♦✐❞s ✐s ❤✐❣❤❧✐❣❤t❡❞ ✐♥ ❜❧✉❡ ❛♥❞ ✐t ✐s ♦❜s❡r✈❡❞ ❤♦✇ t❤✐s ❝✉r✈❡

❡①❛❝t❧② ♣❛ss❡s t❤r♦✉❣❤ t❤❡ s❛♠♣❧❡ ♣♦✐♥ts ♦❢ t❤❡ ♦r✐❣✐♥❛❧ s✐❣♥❛❧✳ ■t ✐s ❢✉rt❤❡r✲

♠♦r❡ ♥♦t❡❞ ❤♦✇ t❤❡ t❤r❡❡ ✇❛✈❡s ♦❢ ❞✐✛❡r❡♥t ❢r❡q✉❡♥❝② r❡❛❝❤ t❤❡ t❛r❣❡t ✈❛❧✉❡

✇❤❡♥ t❤❡② ❛r❡ s✉♠♠❡❞ ✉♣ ❜② ❡✐t❤❡r ❝♦♥str✉❝t✐✈❡ ♦r ❞❡str✉❝t✐✈❡ ✐♥t❡r❢❡r❡♥❝❡✳

❚❤❡ ✜❣✉r❡ ♣r♦✈❡s t❤❛t t❤❡ ✈❛❧✉❡s ❛t t❤❡ s❛♠♣❧❡ ♣♦✐♥t ❧♦❝❛t✐♦♥s ❡①❛❝t❧② ♠❛t❝❤

t❤❡ ♦r✐❣✐♥❛❧ s✐❣♥❛❧ ✇❤❡♥ ❛♣♣r♦①✐♠❛t❡❞ ❜② ❛ s✉♠ ♦❢ s✐♥✉s♦✐❞s✳ ■t ❝❛♥ ❛❧s♦ ❜❡

❝❛❧❝✉❧❛t❡❞ ❛♥❞ ✈❡r✐✜❡❞ ❜② t❤❡ ✐♥✈❡rs❡ ❞✐s❝r❡t❡ ❋♦✉r✐❡r ❚r❛♥s❢♦r♠ ✭s❡❡ ❊q✉❛t✐♦♥

❆✳✵✳✹✮ ✐♥ ❛ s✐♠✐❧❛r ✇❛②✳

❚❤❡ ❉✐s❝r❡t❡ ❋♦✉r✐❡r ❚r❛♥s❢♦r♠ ❤❛s ♠❛♥② ♣r❛❝t✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s ✇❤✐❝❤ ❛❧❧ t❛❦❡

❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ❛❜✐❧✐t② t♦ ❡①tr❛❝t t❤❡ ✐♥❣r❡❞✐❡♥ts ♦❢ ❛ ❣✐✈❡♥ s✐❣♥❛❧✳ ❆ ✈✐❜r❛✲

t✐♦♥❛❧ s✐❣♥❛❧ ❝❛♥ ❜❡ r❡❝♦r❞❡❞ ❢r♦♠ ❛♥ ❡❛rt❤q✉❛❦❡ ❛♥❞ ✐ts ✐♥❣r❡❞✐❡♥ts ✭✇❛✈❡s ♦❢
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Chapter A: Fourier analysis

❞✐✛❡r❡♥t ❢r❡q✉❡♥❝② ❛♥❞ ❛♠♣❧✐t✉❞❡✮ ❛r❡ ✉s❡❢✉❧ t♦ ❜✉✐❧❞✐♥❣ ❞❡s✐❣♥❡rs ✇❤♦ ❝❛♥ ✉s❡

t❤❡ ✐♥❢♦r♠❛t✐♦♥ t♦ ❞❡s✐❣♥ str✉❝t✉r❡s ✇✐t❤ ✈✐❜r❛t✐♦♥❛❧ ♠♦❞❡s t❤❛t ❞♦ ♥♦t ✐♥t❡r❛❝t

✇✐t❤ t❤❡ str♦♥❣❡st ✇❛✈❡s✳ ❉❡❝♦♠♣♦s✐♥❣ ❛ s♦✉♥❞ ✇❛✈❡ ✐♥t♦ ✐ts ✐♥❣r❡❞✐❡♥ts ♠❛❦❡s

✐t ♣♦ss✐❜❧❡ t♦ r❡♠♦✈❡ ❝❡rt❛✐♥ ♥♦✐s② ❢r❡q✉❡♥❝✐❡s ♦r t♦ ❜❡tt❡r ❝♦♠♣❛r❡ t❤❡ s♦✉♥❞

r❡❝✐♣❡ ✇✐t❤ ♦t❤❡r s♦✉♥❞ ✇❛✈❡s✱ ✇❤✐❝❤ ✐s ✇❤❛t ♠✉s✐❝ r❡❝♦❣♥✐t✐♦♥ s♦❢t✇❛r❡ ✉t✐❧✐s❡s✳

❆♥ ✐♠❛❣❡ ❝❛♥ ❛❧s♦ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❛ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ s✐❣♥❛❧ ❛♥❞ ❜② ✜♥❞✐♥❣ ✐ts

✐♥❣r❡❞✐❡♥ts t❤❡ ❧❡ss ✐♠♣♦rt❛♥t ♦♥❡s ❝❛♥ ❜❡ ✐❣♥♦r❡❞✱ ✇❤✐❝❤ ❤❡❧♣s t♦ ❝♦♠♣r❡ss t❤❡

✜❧❡ ❛♥❞ ❤❡♥❝❡ r❡❞✉❝❡ t❤❡ s✐③❡ ✭❆③❛❞✱ ✷✵✶✷✮✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡ ❞❡s❝r✐❜❡s

t❤❡ ❏P❊● ❝♦♠♣r❡ss✐♦♥ ♣r♦❝❡ss ✐♥ ♠♦r❡ ❞❡t❛✐❧✳

❊①❛♠♣❧❡ ✲ ❥♣❡❣ ❝♦♠♣r❡ss✐♦♥

❋✐❣✉r❡ ❆✳✵✳✹ ✕ ❈♦s✐♥❡ ✇❛✈❡s ✉s❡❞ ❢♦r ❏P❊● ❝♦♠♣r❡ss✐♦♥

❚❤❡ ❉✐s❝r❡t❡ ❋♦✉r✐❡r ❚r❛♥s❢♦r♠ ✭♠♦r❡ s♣❡❝✐✜❝❛❧❧② t❤❡ ❉✐s❝r❡t❡ ❈♦s✐♥❡ ❚r❛♥s✲

❢♦r♠✱ ❉❈❚✮ ✐s ✉s❡❞ ❢♦r ❝♦♠♣r❡ss✐♦♥ ♦❢ ❏P❊● ✐♠❛❣❡s✱ t❤❡r❡❜② ❡♥❛❜❧✐♥❣ ❛ tr❛❞❡✲

♦✛ ❜❡t✇❡❡♥ ✐♠❛❣❡ q✉❛❧✐t② ❛♥❞ ✜❧❡ s✐③❡✳ ❆♥ ✐♠❛❣❡ ❝♦♥s✐sts ♦❢ ❛ ✷❉ s♣❛t✐❛❧ ❞♦♠❛✐♥

♦❢ ♣✐①❡❧s ♦r❞❡r❡❞ ✐♥ r♦✇s ❛♥❞ ❝♦❧✉♠♥s✱ ✇❤❡r❡ ❡❛❝❤ ♣✐①❡❧ ❤❛s ❛ ✈❛❧✉❡ ❜❡t✇❡❡♥

✵✲✷✺✺ s♣❡❝✐❢②✐♥❣ ❛ ❝♦❧♦✉r✳ ❋♦r t❤❡ ❤✉♠❛♥ ❡②❡ t♦ ♣❡r❝❡✐✈❡ ❛♥ ✐♠❛❣❡✱ s❤❛r♣ tr❛♥s✲

✐t✐♦♥s ✐♥ ✐♥t❡♥s✐t② ❛r❡ ✐❣♥♦r❡❞✳ ❚❤❡s❡ s❤❛r♣ tr❛♥s✐t✐♦♥s ✐♥ ✐♥t❡♥s✐t② ❝♦rr❡s♣♦♥❞

t♦ ✈❛❧✉❡s ❝❛❧❝✉❧❛t❡❞ ❜② t❤❡ ❉❈❚ ✐♥ t❤❡ ❤✐❣❤❡r ❢r❡q✉❡♥❝② ❞♦♠❛✐♥✳ ❙✐♥❝❡ t❤❡s❡
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❛r❡ ❛❧❧ s♠❛❧❧✱ t❤❡ ❣❡♥❡r❛❧ ✐❞❡❛ ✐s t♦ ❞✐s❝❛r❞ t❤❛t ✐♥❢♦r♠❛t✐♦♥✳ ❚❤✐s ✐s ✇❤② ✐t ✐s

✉s❡❢✉❧ t♦ ❡①tr❛❝t t❤❡ ✐♥❣r❡❞✐❡♥ts ♦❢ t❤❡ ✐♠❛❣❡✱ ✇❤✐❝❤ ✐s ❡①❛❝t❧② ✇❤❛t t❤❡ ❋♦✉r✐❡r

❚r❛♥s❢♦r♠ ✐s r❡s♣♦♥s✐❜❧❡ ❢♦r✳

❚❤❡ ♣r♦❝❡❞✉r❡ ✐s t♦ s✉❜❞✐✈✐❞❡ t❤❡ ✐♠❛❣❡ ✐♥t♦ s♠❛❧❧❡r ❞♦♠❛✐♥s ♦❢ ✽ ① ✽ ♣✐①❡❧ ❛♥❞

❝♦♥str✉❝t ❛ ❝♦rr❡s♣♦♥❞✐♥❣ ✽ ① ✽ ♠❛tr✐① r❡♣r❡s❡♥t✐♥❣ t❤❡ ❝♦❧♦✉r ✈❛❧✉❡ ✐♥ ❡❛❝❤

♣✐①❡❧✳ ❙✐♥❝❡ t❤❡ ♠❛tr✐① ✐s ❛ ✷❉ ❞♦♠❛✐♥✱ ❛ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❉❈❚ ✐s ❛♣♣❧✐❡❞ ❛♥❞

t❤❡ r❡s✉❧t ✐s ❛ ♥❡✇ ✽ ① ✽ ♠❛tr✐① ✇✐t❤ ✈❛❧✉❡s t❤❛t ❡❛❝❤ r❡♣r❡s❡♥ts t❤❡ ❛♠♦✉♥t

♦❢ ❛ ✇❛✈❡ ✇✐t❤ s♣❡❝✐✜❝ ❢r❡q✉❡♥❝② t❤❛t ❡①✐sts ✐♥ t❤❡ ✐♠❛❣❡ s✐❣♥❛❧✳ ❚❤❡ ✻✹ ✷❉

s♣❛♥♥✐♥❣ ❝♦s✐♥❡ ✇❛✈❡s ♦❢ ✐♥❝r❡❛s✐♥❣ ❢r❡q✉❡♥❝② ❛r❡ ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ❆✳✵✳✹✳

❆♥② ✐♠❛❣❡ s✐❣♥❛❧ ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ❜② ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡s❡ ✇❛✈❡s✳

❙✐♥❝❡ t❤❡ ♥❡✇ ♠❛tr✐① ❝♦♥t❛✐♥s ❛s ♠❛♥② ✈❛❧✉❡s ❛s t❤❡ ✐♠❛❣❡ s✐❣♥❛❧ ✐ts❡❧❢ t❤✐s

✐s ❛ ❧♦ss❧❡ss ♣r♦❝❡ss ❛♥❞ ♥♦t❤✐♥❣ ❤❛s ❜❡❡♥ ❛❝❤✐❡✈❡❞✳ ❚❤❡ ✈❛❧✉❡ ❛r✐s❡s ✇❤❡♥ ❛

❝❡rt❛✐♥ ❛♠♦✉♥t ✭s♣❡❝✐✜❡❞ ❜② ❝♦♠♣r❡ss✐♦♥ r❛t✐♦✮ ♦❢ t❤❡ s♠❛❧❧❡r ❝♦❡✣❝✐❡♥ts ❛r❡

r♦✉♥❞❡❞ ♦✛ t♦ ③❡r♦✳ ❇② t❤✐s ♦♣❡r❛t✐♦♥ t❤❡ ✻✹ ♥❡✇ ✈❛❧✉❡s ❝❛♥ ❜❡ r❡❞✉❝❡❞ t♦

t❤❡ ♥✉♠❜❡r ♦❢ ♥♦♥✲③❡r♦ ✈❛❧✉❡s ❛♥❞ t❤✐s ✐s t❤❡ ♦♥❧② ✐♥❢♦r♠❛t✐♦♥ t❤❡ ❝♦♠♣✉t❡r

♥❡❡❞s t♦ st♦r❡ t❤✉s r❡❞✉❝✐♥❣ t❤❡ ✜❧❡ s✐③❡✳ ❚❤✐s ♣r♦❝❡ss ✐s ♣♦ss✐❜❧❡ ❜❡❝❛✉s❡ t❤❡

✻✹ ✇❛✈❡s ✐❧❧✉str❛t❡❞ ✐♥ t❤❡ ✜❣✉r❡ ❛r❡ ❝♦♥st❛♥t ❞✉❡ t♦ t❤❡ ✜①❡❞ str✉❝t✉r❡ ♦❢ t❤❡

✽ ① ✽ r♦✇✴❝♦❧✉♠♥ ♣✐①❡❧ ❜❧♦❝❦s ❛♥❞ t❤❡ ✐♠❛❣❡ ❝❛♥ t❤❡r❡❢♦r❡ ❜❡ r❡❝♦♥str✉❝t❡❞

❢r♦♠ t❤❡ ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ ♥♦♥✲③❡r♦ ❝♦❡✣❝✐❡♥ts ❛♥❞ ✇❤✐❝❤ ✇❛✈❡s t❤❡② ❜❡❧♦♥❣ t♦

✭❲✐❦✐♣❡❞✐❛✱ ✷✵✶✺❜✮ ✳

❚❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ❢r♦♠ t❤❡ s♣❛t✐❛❧ ❞♦♠❛✐♥ t♦ t❤❡ ❢r❡q✉❡♥❝② ❞♦♠❛✐♥ ✐s ❡ss❡♥✲

t✐❛❧❧② ❛ ❝❤❛♥❣❡ ♦❢ ❜❛s✐s✳ ❆ ❜❛s✐s ✐s ❛ s❡t ♦❢ ❧✐♥❡❛r❧② ✐♥❞❡♣❡♥❞❡♥t ✈❡❝t♦rs ✭❘♦✇❧❛♥❞✱

✷✵✶✺✮✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t ♦♥❡ ✈❡❝t♦r ❝❛♥♥♦t ❜❡ r❡♣r❡s❡♥t❡❞ ❛s ❛ s❝❛❧❛r ♠✉❧t✐♣❧❡

♦❢ ❛♥♦t❤❡r ✈❡❝t♦r ✐♥ t❤✐s s❡t✳ ❚❤✉s✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ r❡♣r❡s❡♥t ❛♥② ✈❡❝t♦r ❛s ❛

❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❛❧❧ t❤❡ ❜❛s✐s ✈❡❝t♦rs✳ ❚❤❡ ❝♦♥❝❡♣t ♦❢ t✇♦ ❞✐✛❡r❡♥t ❜❛s❡s

✭{vi} ❛♥❞ {ui}✮ ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ❆✳✵✳✺✳ ❆♥② ✈❡❝t♦r av ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❢r♦♠

❡❛❝❤ ♦❢ t❤♦s❡ ❜❛s❡s✳ ❆ ❝❤❛♥❣❡ ♦❢ ❜❛s✐s ❢r♦♠ {vi} t♦ {ui} ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ❜② ❛♥

♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ ✈❡❝t♦r av ✈✐❛ t❤❡ ✈❡❝t♦r ❞♦t ♣r♦❞✉❝t✳ ❚❤✐s ❝♦♥❝❡♣t

✐s ♥♦t r❡str✐❝t❡❞ t♦ ✷❉ ♦r ✸❉ ❜✉t ✐t ✐s ♦❜✈✐♦✉s❧② ❡❛s✐❡r t♦ ✐❧❧✉str❛t❡ ✐t ✐♥ t❤❡s❡

❞✐♠❡♥s✐♦♥s✳ ❍♦✇❡✈❡r✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡ s❡r✈❡s t♦ ✐♥❝r❡❛s❡ t❤❡ ✉♥❞❡rst❛♥❞✲

✐♥❣ ♦❢ ❤♦✇ t❤✐s ❝♦♥❝❡♣t ❝❛♥ ❜❡ ✉s❡❞ t♦ r❡❢♦r♠✉❧❛t❡ t❤❡ ❡q✉❛t✐♦♥s r❡❧❛t❡❞ t♦ t❤❡

❋♦✉r✐❡r ❚r❛♥s❢♦r♠ ❜② ❡①♣❛♥❞✐♥❣ ✐t t♦ ❤✐❣❤❡r ♦r❞❡r ❞✐♠❡♥s✐♦♥s✳
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❋✐❣✉r❡ ❆✳✵✳✺ ✕ ❈❤❛♥❣❡ ♦❢ ❜❛s✐s ♦❢ ❛♥ ❛r❜✐tr❛r② ✈❡❝t♦r av

❊①❛♠♣❧❡ ✲ ❈❤❛♥❣❡ ♦❢ ❜❛s✐s

❆ st❛♥❞❛r❞ ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s ✭❞❡♥♦t❡❞ ✏st✑✮ ✐s ❞❡✜♥❡❞ ❜② t❤❡ s❡t ♦❢ ♥♦r♠❛❧✐s❡❞

✈❡❝t♦rs

~v1 =













1

0

0

0













, ~v2 =













0

1

0

0













, ~v3 =













0

0

1

0













, ~v4 =













0

0

0

1













❚❤❡ ❞♦t ♣r♦❞✉❝t ♦❢ ❛♥② ✈❡❝t♦r ✇✐t❤ ❛♥♦t❤❡r ✈❡❝t♦r ✐♥ t❤✐s s❡t ✐s ❡q✉❛❧ t♦ ③❡r♦✳ ❆

❣✐✈❡♥ s✐❣♥❛❧ ❳ ✐♥ t❤✐s ❜❛s✐s ❝❛♥ t❤❡r❡❢♦r❡ ❜❡ r❡♣r❡s❡♥t❡❞ ❜② ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥

♦❢ t❤❡ s❡t

X =













3

2

5

8













st

= 3 ·













1

0

0

0













+ 2 ·













0

1

0

0













+ 5 ·













0

0

1

0













+ 8 ·













0

0

0

1













❆♥♦t❤❡r ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s ✭❞❡♥♦t❡❞ ✏♥❡✇✑✮ ✐s ❞❡✜♥❡❞ ❜② t❤❡ s❡t ♦❢ ♥♦r♠❛❧✐s❡❞

✈❡❝t♦rs
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~u1 =













1
2
1
2
1
2
1
2













, ~u2 =













1
2
1
2

− 1
2

− 1
2













, ~u3 =













1
2

− 1
2

− 1
2

1
2













, ~u4 =













1
2

− 1
2

1
2

− 1
2













❆❣❛✐♥✱ t❤❡ ❞♦t ♣r♦❞✉❝t ♦❢ ❛♥② ✈❡❝t♦r ✇✐t❤ ❛♥♦t❤❡r ✈❡❝t♦r ✐♥ t❤✐s s❡t ✐s ❡q✉❛❧ t♦

③❡r♦✳ ❚❤❡ ❝❤❛♥❣❡ ♦❢ ❜❛s✐s ✭♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ s✐❣♥❛❧ ❳ ❢r♦♠ t❤❡ st❛♥❞❛r❞ ❜❛s✐s

♦♥t♦ t❤❡ ♥❡✇ ❜❛s✐s✮ ❣✐✈❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦❡✣❝✐❡♥ts

a1 =













3

2

5

8













·













1
2
1
2
1
2
1
2













= 9, a2 =













3

2

5

8













·













1
2
1
2

− 1
2

− 1
2













= −4

a3 =













3

2

5

8













·













1
2

− 1
2

− 1
2

1
2













= 2, a4 =













3

2

5

8













·













1
2

− 1
2

1
2

− 1
2













= −1

❚❤❡ s✐❣♥❛❧ ✐♥ ❡❛❝❤ ❜❛s✐s ✐s t❤❡r❡❢♦r❡













3

2

5

8













st

=













9

−4

2

−1













new

▼✉❧t✐♣❧②✐♥❣ t❤❡ ❝♦❡✣❝✐❡♥ts ✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✈❡❝t♦rs ✐♥ t❤❡ ♥❡✇ ❜❛s✐s ❛♥❞

s✉♠♠✐♥❣ t❤♦s❡✱ r❡❝♦♥str✉❝ts t❤❡ ♦r✐❣✐♥❛❧ s✐❣♥❛❧ ✐♥ t❤❡ st❛♥❞❛r❞ ❜❛s✐s

∑

ai · ~ui = 9 ·













1
2
1
2
1
2
1
2













−4 ·













1
2
1
2

− 1
2

− 1
2













+ 2 ·













1
2

− 1
2

− 1
2

1
2













−1 ·













1
2

− 1
2

1
2

− 1
2













=













3

2

5

8













st
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❚❤❡ ❋♦✉r✐❡r ❚r❛♥s❢♦r♠ ❝❛♥ t❤❡r❡❢♦r❡ ❜❡ ❡①♣❧❛✐♥❡❞ ❛s ❛ ❝❤❛♥❣❡ ♦❢ ❜❛s✐s ✇❤❡r❡ t❤❡

❞❡s✐r❛❜❧❡ s✐❣♥❛❧ ✭❢✉♥❝t✐♦♥✮ t♦ ❛♣♣r♦①✐♠❛t❡ ✐s ❞❡✜♥❡❞ ✐♥ s♣❛❝❡ ❜② t❤❡ st❛♥❞❛r❞

❜❛s✐s ✭~i, ~j, ~k ✉♥✐t ✈❡❝t♦rs ❢♦❧❧♦✇✐♥❣ t❤❡ ①✱ ② ❛♥❞ ③ ❛①❡s r❡s♣❡❝t✐✈❡❧②✮ ❛♥❞ ❝❤❛♥❣❡❞

❞✉r✐♥❣ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ✐♥t♦ ❛ ❢r❡q✉❡♥❝② ❜❛s✐s ❜✉✐❧❞ ❢r♦♠ t❤❡ ❝♦♠♣❧❡① ❡①♣♦✲

♥❡♥t✐❛❧ ❢✉♥❝t✐♦♥ ek = e2πikn/N ✳ ■♥ ❜♦t❤ ❝❛s❡s t❤❡ s❡t ♦❢ ✈❡❝t♦rs ❞❡✜♥✐♥❣ t❤❡

❜❛s✐s ❛r❡ ♦rt❤♦❣♦♥❛❧ t♦ ❡❛❝❤ ♦t❤❡r ✭t❤❡ ❞♦t ♣r♦❞✉❝t ♦❢ ❛ ♣❛✐r ♦❢ ✈❡❝t♦rs ❡q✉❛❧s

③❡r♦✮✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ♣r❡✈✐♦✉s ❡①❛♠♣❧❡✱ t❤✐s ❝❤❛♥❣❡ ♦❢ ❜❛s✐s ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞

❜② ❛ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ s♣❛t✐❛❧ ✈❡❝t♦r s✐❣♥❛❧ ❳ ♦♥t♦ t❤❡ ❢r❡q✉❡♥❝② ❜❛s✐s ✈❡❝t♦rs

ek✳ ❆s ❛ r❡s✉❧t✱ t❤❡ ❉❋❚ ❛s ❞❡✜♥❡❞ ✐♥ ❊q✉❛t✐♦♥ ❆✳✵✳✷ ❝❛♥ ❜❡ r❡❢♦r♠✉❧❛t❡❞ ❛s

X̃k =< X, ek > ✭❆✳✵✳✺✮

❍❡r❡ <,> s②♠❜♦❧✐s❡s t❤❡ ❞♦t ♣r♦❞✉❝t✳ ❆s t❤❡ ❞♦t ♣r♦❞✉❝t ❣❡♦♠❡tr✐❝❛❧❧② ❞❡✲

s❝r✐❜❡s ❤♦✇ ♠✉❝❤ ♦❢ ♦♥❡ ✈❡❝t♦r ✐s ❝♦♥t❛✐♥❡❞ ✐♥ ❛♥♦t❤❡r ✈❡❝t♦r✱ t❤❡ ❝♦❡✣❝✐❡♥t

X̃k ✐s s✐♠♣❧② ❛ ♠❡❛s✉r❡ ♦❢ t❤❡ ❛♠♣❧✐t✉❞❡ ♦❢ t❤❡ s✐♥✉s♦✐❞ ✇✐t❤ ❢r❡q✉❡♥❝② k t❤❛t

✐s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ s♣❛t✐❛❧ s✐❣♥❛❧ ❳✳ ❚❤❡ ■❉❋❚ ❛s ❞❡✜♥❡❞ ✐♥ ❊q✉❛t✐♦♥ ❆✳✵✳✹ ❝❛♥

s✐♠✐❧❛r❧② ❜❡ r❡❢♦r♠✉❧❛t❡❞ ❛s ✭❇♦ts❝❤ ❡t ❛❧✳✱ ✷✵✶✵✮

xn =
N−1
∑

k=0

< X, ek > ·ek ✭❆✳✵✳✻✮
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❆♣♣❡♥❞✐① ❇

❇♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s st✉❞②

❚❤✐s ❛♣♣❡♥❞✐① ❝♦♥t❛✐♥s ❛ ❞❡t❛✐❧❡❞ st✉❞② ♦♥ ❤♦✇ t♦ ❛rt✐✜❝✐❛❧❧② ✐♠♣♦s❡ ❜♦✉♥❞❛r②

❝♦♥❞✐t✐♦♥s ❜② ❛ ♠❛♥✐♣✉❧❛t✐♦♥ ♦❢ t❤❡ ▲❛♣❧❛❝✐❛♥ ♠❛tr✐①✳ ❚❤❡ st✉❞② ✐s ❜❛s❡❞ ♦♥ ❛

s✐♠♣❧❡ ✷❉ ❡①❛♠♣❧❡ ♦❢ ❛ str✐♥❣ ✇✐t❤ t❤❡ r❡❢❡r❡♥❝❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ❇✳✵✳✶ ✭t♦♣✮✳

❋✐❣✉r❡ ❇✳✵✳✶ ✕ ❚❤❡ r❡❢❡r❡♥❝❡ str✐♥❣ s❡t✲✉♣ ✇❤❡r❡ t❤❡ ❜♦①❡s s②♠❜♦❧✐s❡ ✜①✐t✐❡s

❚❤❡ ❣r❛♣❤ ▲❛♣❧❛❝✐❛♥ ❢♦r t❤✐s ✹✲✈❡rt❡① str✐♥❣ ✐s ❞❡✜♥❡❞ ❛s

L =













1 −1 0 0

−1 2 −1 0

0 −1 2 −1

0 0 −1 1













❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡✐❣❡♥✈❛❧✉❡s ❛♥❞ ❡✐❣❡♥✈❡❝t♦rs ❛r❡

λ0 = 0.0, λ1 = 0.586, λ2 = 2.0, λ3 = 3.414
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~v0 =













−0.5

−0.5

−0.5

−0.5













, ~v1 =













0.653

0.271

−0.271

−0.653













, ~v2 =













0.5

−0.5

−0.5

0.5













, ~v3 =













−0.271

0.653

−0.653

0.271













❚❤❡ ❡✐❣❡♥✈❡❝t♦rs ✐♥t❡r♣r❡t❡❞ ❛s ✈❡rt❡① ❞✐s♣❧❛❝❡♠❡♥ts ♦❢ t❤❡ r❡❢❡r❡♥❝❡ str✐♥❣ ❛r❡

✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ❇✳✵✳✷✳

❋✐❣✉r❡ ❇✳✵✳✷ ✕ ❚❤❡ ❞✐s♣❧❛❝❡♠❡♥t ❡✐❣❡♥❢✉♥❝t✐♦♥s ♦❢ ❛ ✹✲✈❡rt❡① str✐♥❣ ✇❤❡r❡ ✭❛✮ r❡♣r❡s❡♥ts
v0✱ ✭❜✮ v1✱ ✭❝✮ v2 ❛♥❞ ✭❞✮ v3

❚♦ ❡✈❛❧✉❛t❡ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ❞✐✛❡r❡♥t ♠❛tr✐① ♠❛♥✐♣✉❧❛t✐♦♥ ♦♣t✐♦♥s✱ t❤❡ ✹✲

✈❡rt❡① r❡❢❡r❡♥❝❡ str✐♥❣ ✐s ❡①♣❛♥❞❡❞ ✇✐t❤ ♦♥❡ ❛❞❞✐t✐♦♥❛❧ ✈❡rt❡① ✐♥ ❜♦t❤ ❡♥❞s ❛s

s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ❇✳✵✳✶ ✭❜♦tt♦♠✮ ✇❤❡r❡ t❤❡ ❣♦❛❧ ✐s t♦ ✜① t❤♦s❡ ✈❡rt✐❝❡s✳

❘♦✇✴❝♦❧✉♠♥ ❡❧✐♠✐♥❛t✐♦♥ ♦r ❡q✉✐✈❛❧❡♥t st✐❢❢♥❡ss ♠❡t❤♦❞

❖♥❡ ♦♣t✐♦♥ ✐s t♦ ✐❣♥♦r❡ t❤❡ ✈❡rt✐❝❡s t❤❛t ❛r❡ s♣❡❝✐✜❡❞ ❛s ✜①❡❞ ❛♥❞ t❤✉s ♦♥❧②

s❡t ✉♣ t❤❡ ▲❛♣❧❛❝✐❛♥ ♠❛tr✐① ❢♦r ✐♥t❡r♥❛❧ ✈❡rt✐❝❡s ♦r ✐♥ ♦t❤❡r ✇♦r❞s ❡❧✐♠✐♥✲

❛t❡ r♦✇s✴❝♦❧✉♠♥s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ✜①❡❞ ✈❡rt✐❝❡s✳ ❚❤❡ ♦✉t❝♦♠❡ ✇✐t❤ t❤✐s

str❛t❡❣② ✐s ✐♥ t❤✐s ❝❛s❡ ❛ ✹ ① ✹ ♠❛tr✐① ✇✐t❤ t❤❡ s❛♠❡ ❡✐❣❡♥✈❛❧✉❡s ❛♥❞ ❡✐❣❡♥✈❡❝t♦rs

❛s t❤❡ r❡❢❡r❡♥❝❡✳ ❙✐♥❝❡ t❤❡ str✐♥❣ ❝♦♥s✐sts ♦❢ s✐① ✈❡rt✐❝❡s✱ t❤❡s❡ ❢♦✉r ✈❛❧✉❡s ❛r❡

♦♥❧② ♠❛♣♣❡❞ ❜❛❝❦ t♦ t❤❡ ✐♥t❡r♥❛❧ ✈❡rt✐❝❡s ❛♥❞ t❤❡ ✜①❡❞ ✈❡rt✐❝❡s st❛② ✐♥ ♣❧❛❝❡✳

■♥ r❡❧❛t✐♦♥ t♦ ❋✐❣✉r❡ ❇✳✵✳✷ ✐t ♠❡❛♥s t❤❛t t❤❡ ❡♥❞ ♣♦✐♥ts ♦❢ t❤❡ str✐♥❣ ❛r❡ ❝♦♥♥❡❝✲

t❡❞ ❜❛❝❦ t♦ ♣♦✐♥ts ❧♦❝❛t❡❞ ❛t t❤❡ ③❡r♦ ❧✐♥❡✳ ❍♦✇❡✈❡r✱ ✇❤❡♥ t❤❡ s✐♠♣❧❡ str✐♥❣ ✐s

r❡♣❧❛❝❡❞ ✇✐t❤ ❛ ❝♦♠♣❧❡① ♠❡s❤✱ ✇❤❡r❡ t❤❡ ✈❡rt✐❝❡s ♠❛② ❜❡ s♦rt❡❞ ✐♥ ❛♥ ❛r❜✐tr❛r②

♦r❞❡r✱ ✐t ❜❡❝♦♠❡s ❝✉♠❜❡rs♦♠❡ t♦ ❦❡❡♣ tr❛❝❦ ♦❢ ✇❤✐❝❤ ✈❛❧✉❡ ✐♥ t❤❡ ❡✐❣❡♥✈❡❝t♦r

❝♦rr❡s♣♦♥❞s t♦ ✇❤✐❝❤ ✈❡rt❡①✳
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❚♦ ❛✈♦✐❞ t❤✐s ❝♦♠♣❧❡①✐t② ✐t ✐s ❞❡s✐r❛❜❧❡ t♦ ♠❛✐♥t❛✐♥ t❤❡ s✐③❡ ♦❢ t❤❡ ▲❛♣❧❛❝✐❛♥

♠❛tr✐① s✉❝❤ t❤❛t ❡❛❝❤ ✈❛❧✉❡ ✐♥ t❤❡ ❡✐❣❡♥✈❡❝t♦rs ✐s ♠❛♣♣❡❞ t♦ ♦♥❡ ✈❡rt❡①✳ ❆s t❤❡

▲❛♣❧❛❝✐❛♥ ♠❛tr✐① ❢✉♥❝t✐♦♥s s✐♠✐❧❛r❧② t♦ t❤❡ st✐✛♥❡ss ♠❛tr✐① ✐♥ ❛ ✜♥✐t❡ ❡❧❡♠❡♥t

♣r♦❣r❛♠✱ ✐t ❝❛♥ ❜❡ t❤♦✉❣❤t ♦❢ ✐♥ t❡r♠s ♦❢ st✐✛♥❡ss ❛s ✇❡❧❧✳ ❚❤❡ st✐✛♥❡ss ♠❛tr✐①

✐♥ ❛ ✜♥✐t❡ ❡❧❡♠❡♥t ♣r♦❣r❛♠ ✐s ♣❛rt ♦❢ ❛♥♦t❤❡r ❡q✉❛t✐♦♥ t❤♦✉❣❤
(

~F = K · ~d
)

❛♥❞ ✐♥ t❤✐s ❝❛s❡ ❛ ③❡r♦ ❞✐s♣❧❛❝❡♠❡♥t ✐s ♦❜t❛✐♥❡❞ ❜② s❡tt✐♥❣ t❤❡ ❢♦r❝❡ ❡❧❡♠❡♥t t♦

③❡r♦✱ r❡♣❧❛❝❡ r♦✇✴❝♦❧✉♠♥s ✈❛❧✉❡s ✇✐t❤ ③❡r♦ ❛♥❞ s❡t ♦♥❡ ❛s t❤❡ ❞✐❛❣♦♥❛❧ ✈❛❧✉❡

✐♥ K ❢♦r t❤❡ r❡❧❡✈❛♥t ♥♦❞❡s✳ ❆♥ ❡q✉✐✈❛❧❡♥t t♦ t❤✐s ❛❝t✐♦♥✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ✉s❡❞

❢♦r t❤✐s ❢r❛♠❡✇♦r❦ ✐♥st❡❛❞✱ ✐s t♦ ✐♥❝r❡❛s❡ t❤❡ st✐✛♥❡ss ♦❢ ❛ ✈❡rt❡① ✐✳❡✳ s❡t t❤❡

❞✐❛❣♦♥❛❧ ✈❛❧✉❡ t♦ ❛ ❧❛r❣❡ ♥✉♠❜❡r ❛♥❞ t❤❡ r♦✇✴❝♦❧✉♠♥ ✈❛❧✉❡s t♦ ③❡r♦✳ ❚❤❡r❡❜②✱

t❤❡ ♠♦❞✐✜❡❞ ❣r❛♣❤ ▲❛♣❧❛❝✐❛♥ ❢♦r t❤❡ ✻✲✈❡rt❡① str✐♥❣ ❜❡❝♦♠❡s

L =























1000 0 0 0 0 0

0 1 −1 0 0 0

0 −1 2 −1 0 0

0 0 −1 2 −1 0

0 0 0 −1 1 0

0 0 0 0 0 1000























❇② ❞♦✐♥❣ s♦✱ t❤❡ s❛♠❡ r❡s✉❧t ❛s t❤❡ r♦✇✴❝♦❧✉♠♥ ❡❧✐♠✐♥❛t✐♦♥ ✐s ♦❜t❛✐♥❡❞ ❜✉t t❤❡

❡✐❣❡♥✈❡❝t♦r ♥♦✇ ❝♦♥s✐sts ♦❢ s✐① ✈❛❧✉❡s ✐♥st❡❛❞ ♦❢ ❢♦✉r ✇✐t❤ ✈❛❧✉❡s ❡q✉❛❧ t♦ ③❡r♦

❢♦r t❤❡ ✜①❡❞ ✈❡rt✐❝❡s✳ ❙✐♥❝❡ t❤❡ ▲❛♣❧❛❝✐❛♥ ♠❛tr✐① ♥♦✇ ✐s ❛ ✻ ① ✻ ♠❛tr✐① ✐t ❛❧s♦

♠❡❛♥s t❤❛t s✐① ❡✐❣❡♥✈❛❧✉❡s ❛♥❞ ❡✐❣❡♥✈❡❝t♦rs ❛r❡ ♦❜t❛✐♥❡❞ ✐♥st❡❛❞ ♦❢ ♦♥❧② ❢♦✉r✳

❚❤❡s❡ ❛r❡ ❧✐st❡❞ ❜❡❧♦✇ ❛♥❞ ✈✐s✉❛❧✐s❡❞ ✐♥ ❋✐❣✉r❡ ❇✳✵✳✸✳

λ0 = 0.0, λ1 = 0.586, λ2 = 2.0, λ3 = 3.414, λ4 = 1000.0, λ5 = 1000.0

~v0 =























0.0

−0.5

−0.5

−0.5

−0.5

0.0























, ~v1 =























0.0

0.653

0.271

−0.271

−0.653

0.0























, ~v2 =























0.0

0.5

−0.5

−0.5

0.5

0.0























111



Chapter B: Boundary conditions study

~v3 =























0.0

−0.271

0.653

−0.653

0.271

0.0























, ~v4 =























1.0

0.0

0.0

0.0

0.0

0.0























, ~v5 =























0.0

0.0

0.0

0.0

0.0

1.0























❋✐❣✉r❡ ❇✳✵✳✸ ✕ ❚❤❡ ✐♥✐t✐❛❧ ❞✐s♣❧❛❝❡♠❡♥t ❡✐❣❡♥❢✉♥❝t✐♦♥s ♦❢ ❛ ✻✲✈❡rt❡① str✐♥❣ ✇✐t❤ ✜①❡❞ ❡♥❞s
✇❤❡r❡ ✭❛✮ r❡♣r❡s❡♥ts v0✱ ✭❜✮ v1✱ ✭❝✮ v2✱ ✭❞✮ v3✱ ✭❡✮ v4 ❛♥❞ ✭❢✮ v5

■t ✐s ♦❜s❡r✈❡❞ t❤❛t t❤❡ ❧❛st t✇♦ ❡✐❣❡♥✈❡❝t♦rs ❞♦ ♥♦t ❤❛✈❡ ③❡r♦ ✈❛❧✉❡s ❝♦rr❡s♣♦♥❞✲

✐♥❣ t♦ t❤❡ ✜①❡❞ ✈❡rt✐❝❡s ❛♥❞ t❤❡② ❛r❡ t❤❡r❡❢♦r❡ ❡①❝❧✉❞❡❞✳ ❚❤✉s✱ t❤❡ ♥✉♠❜❡r ♦❢

❞❡s✐r❛❜❧❡ ❡✐❣❡♥✈❡❝t♦rs ❦ ❝❛♥ ♠♦r❡ ❣❡♥❡r❛❧❧② ❜❡ ❡①♣r❡ss❡❞ ❛s

k = n− c

❲❤❡r❡ ♥ ✐s t❤❡ ♥✉♠❜❡r ♦❢ ✈❡rt✐❝❡s ❛♥❞ ❝ ✐s t❤❡ ♥✉♠❜❡r ♦❢ ✐♠♣♦s❡❞ ❝♦♥str❛✐♥ts✳

■t ✐s ✉s❡❢✉❧ t❤❛t t❤❡ ❡①❝❧✉❞❡❞ ❡✐❣❡♥✈❡❝t♦rs ❛r❡ ❧♦❝❛t❡❞ ❧❛st ✐♥ t❤❡ ❧✐st ❜❡❝❛✉s❡

t❤❡♥ ✐t ✐s s❛❢❡ t♦ ♦♥❧② ❛s❦ ❢♦r ❦ ❡✐❣❡♥✈❛❧✉❡s ❛♥❞ ❡✐❣❡♥✈❡❝t♦rs ❛s ♣❛rt ♦❢ t❤❡ ❡✐❣❡♥✲

❞❡❝♦♠♣♦s✐t✐♦♥✳ ■t ✐s ❢✉rt❤❡r♠♦r❡ ♥♦t✐❝❡❛❜❧❡ t❤❛t t❤❡ ❧❛st t✇♦ ❡✐❣❡♥✈❡❝t♦rs ❤❛✈❡

s✐❣♥✐✜❝❛♥t❧② ❧❛r❣❡r ❡✐❣❡♥✈❛❧✉❡s ✇❤✐❝❤ ♠✐rr♦r t❤❡ ♠❛♥✐♣✉❧❛t❡❞ ✈❛❧✉❡ ❢♦r t❤❡ ✈❡r✲

t❡① st✐✛♥❡ss✳ ■t ♠❡❛♥s t❤❛t ✐t t❛❦❡s ♠✉❝❤ ♠♦r❡ ❡♥❡r❣② t♦ ❞✐s♣❧❛❝❡ t❤❡ ❛rt✐✜❝✐❛❧❧②

✏✜①❡❞✑ ✈❡rt✐❝❡s t❤❛♥ ✐t ❞♦❡s ❢♦r t❤❡ ✐♥t❡r♥❛❧ ✈❡rt✐❝❡s✳ ❆s t❤❡ ❡✐❣❡♥✈❡❝t♦rs ❛r❡ s♦r✲

t❡❞ ✐♥ ❛s❝❡♥❞✐♥❣ ♦r❞❡r ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❡✐❣❡♥✈❛❧✉❡s t❤❡ ♦♥❧② r❡q✉✐r❡♠❡♥t t♦ t❤❡

✈❡rt❡① st✐✛♥❡ss ✐s t❤❛t ✐t ❤❛s t♦ ❜❡ ❧❛r❣❡r t❤❛♥ t❤❡ ❤✐❣❤❡st ❡✐❣❡♥✈❛❧✉❡ ♦❜t❛✐♥❡❞

❢♦r t❤❡ ✹✲✈❡rt❡① str✐♥❣ r❡❢❡r❡♥❝❡✳ ❖t❤❡r✇✐s❡ t❤❡ ❞❡s✐r❛❜❧❡ ❡①❝❧✉❞❡❞ ❡✐❣❡♥✈❡❝t♦rs
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✇✐❧❧ ♥♦ ❧♦♥❣❡r ❜❡ ❧♦❝❛t❡❞ ❧❛st ✐♥ t❤❡ ❧✐st✳ ❚❤❡ ❞♦✇♥s✐❞❡ ♦❢ t❤✐s ♠❡t❤♦❞ ✐s t❤❡

♥♦♥✲s♠♦♦t❤ ❜♦✉♥❞❛r② tr❛♥s✐t✐♦♥s ❞✉❡ t♦ t❤❡ ❧❛❝❦ ♦❢ ❝♦♥♥❡❝t✐✈✐t② ✐♥❢♦r♠❛t✐♦♥ ✐♥

t❤❡ ▲❛♣❧❛❝✐❛♥ ♠❛tr✐①✳

■♥❝❧✉s✐♦♥ ♦❢ ❡❞❣❡ ❝♦♥♥❡❝t✐✈✐t② ✐♥❢♦r♠❛t✐♦♥

❚♦ ❛❞❞r❡ss t❤✐s ♣r♦❜❧❡♠ t❤❡ ❡❞❣❡ ❝♦♥♥❡❝t✐✈✐t② ✐♥❢♦r♠❛t✐♦♥ ❢♦r t❤❡ ✜①❡❞ ✈❡rt✐❝❡s

✐s ✐♥❝❧✉❞❡❞ t♦ ❛✈♦✐❞ t❤❡ ✐s♦❧❛t❡❞ ❜❡❤❛✈✐♦✉r✳ ❍❡♥❝❡✱ ③❡r♦ ❣❡ts r❡♣❧❛❝❡❞ ✇✐t❤ ♠✐♥✉s

♦♥❡ ✐♥ t❤❡ r♦✇✴❝♦❧✉♠♥ ❡❧❡♠❡♥t ♦❢ ❛ ✜①❡❞ ✈❡rt❡① ✐❢ ✐t ✐s ❝♦♥♥❡❝t❡❞ t♦ ❛♥♦t❤❡r

✈❡rt❡① ❜② ❛♥ ❡❞❣❡✳ ❋♦❧❧♦✇✐♥❣ t❤✐s r✉❧❡ t❤❡ ♠♦❞✐✜❡❞ ❣r❛♣❤ ▲❛♣❧❛❝✐❛♥ ✐s ✇r✐tt❡♥

❛s

L =























1000 −1 0 0 0 0

−1 1 −1 0 0 0

0 −1 2 −1 0 0

0 0 −1 2 −1 0

0 0 0 −1 1 −1

0 0 0 0 −1 1000























❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡✐❣❡♥✈❛❧✉❡s ❛♥❞ ❡✐❣❡♥✈❡❝t♦rs ❛r❡ ❧✐st❡❞ ❜❡❧♦✇

λ0 = −0.001, λ1 = 0.585, λ2 = 1.999, λ3 = 3.414, λ4 = 1000.001, λ5 = 1000.001

~v0 =























0.001

0.5

0.5

0.5

0.5

0.001























, ~v1 =























−0.001

−0.653

−0.271

0.271

0.653

0.00✶























, ~v2 =























−0.001

−0.5

0.5

0.5

−0.5

−0.001























~v3 =























0.0

0.271

−0.653

0.653

−0.271

0.0























, ~v4 =























−0.718

0.001

0.0

0.0

0.001

−0.696























, ~v5 =























−0.696

0.001

0.0

0.0

−0.001

0.718























❚❤❡ ✜①✐t✐❡s ❛r❡ ✇❡❛❦❡♥❡❞ ❜② t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ t❤❡ ❡❞❣❡ ❝♦♥♥❡❝t✐❝✐t② ✐♥❢♦r♠❛t✐♦♥

❛s ❡✈✐❞❡♥t ❢r♦♠ t❤❡ ❡✐❣❡♥✈❡❝t♦r ✈❛❧✉❡s ❛♥❞ t❤❡ ♣❧♦t ✐♥ ❋✐❣✉r❡ ❇✳✵✳✹✳ ■♥ ♦t❤❡r
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❋✐❣✉r❡ ❇✳✵✳✹ ✕ ❲❡❛❦❡♥❡❞ ✜①✐t✐❡s ❞✉❡ t♦ t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ ❡❞❣❡ ❝♦♥♥❡❝t✐✈✐t② ✐♥❢♦r♠❛t✐♦♥✳ ❚❤❡
✜rst ❡✐❣❡♥✈❡❝t♦r ✐s ♣❧♦tt❡❞

✇♦r❞s✱ t❤❡ ✈❡rt❡① ♥❡①t t♦ t❤❡ ✜①❡❞ ✈❡rt❡① ♣✉❧❧s ✐t ✉♣✇❛r❞s ❜② ✐ts ❡❞❣❡ ❜❡❝❛✉s❡

✐t ♥♦✇ ❦♥♦✇s ✐t ✐s ❝♦♥♥❡❝t❡❞ t♦ ✐t✳ ❚❤❡ r❛t✐♦ ❜❡t✇❡❡♥ t❤❡ ❛rt✐✜❝✐❛❧ st✐✛♥❡ss t♦

✜① ❛ ✈❡rt❡① ❛♥❞ t❤❡ ❡❞❣❡ ✇❡✐❣❤t ❞❡t❡r♠✐♥❡s t❤❡ ❛♠♦✉♥t ♦❢ ♠♦✈❡♠❡♥t✳ ❍❡♥❝❡✱ ✐❢

t❤❡ ✈❡rt❡① st✐✛♥❡ss ✐s ❞❡❝r❡❛s❡❞ t❤❡ ♠♦✈❡♠❡♥t ❜❡❝♦♠❡s ❧❛r❣❡r✳ ❙✐♥❝❡ t❤❡ r❛t✐♦

✐♥ t❤✐s ❝❛s❡ ✐s ✶✴✶✵✵✵✱ t❤❡ s♦❧✉t✐♦♥ ✐s ✈❡r② ❝❧♦s❡ t♦ t❤❡ ♣r❡✈✐♦✉s ❡①❛♠♣❧❡ ♦♥❧②

✇✐t❤ ❛♥ ✐rr❡❧❡✈❛♥t ❝❤❛♥❣❡ ♦❢ s✐❣♥✱ ✇❤✐❝❤ ✐s ❛r❜✐tr❛r②✳ ❍♦✇❡✈❡r✱ t❤✐s ✇❡❛❦❡♥✐♥❣

♦❢ t❤❡ ✜①✐t✐❡s ✐s ✐♥ ❣❡♥❡r❛❧ ✉♥❞❡s✐r❛❜❧❡✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ❛rt✐✜❝✐❛❧ ✈❡rt❡①

st✐✛♥❡ss ❢♦r t❤❡ ✜①✐t✐❡s ✐s ❢✉rt❤❡r ✐♥❝r❡❛s❡❞ t♦ ❛✈♦✐❞ t❤❡s❡ ❡✛❡❝ts ❛♥❞ t❤❡ ❡❞❣❡

❝♦♥♥❡❝t✐✈✐t② ✐♥❢♦r♠❛t✐♦♥ ✐s ❦❡♣t ✐♥ t❤❡ ♠❛tr✐① ❛s ✐t ❝❛♣t✉r❡s ❝❤❛♥❣❡s ✐♥ t♦♣♦❧♦❣②✱

✇❤✐❝❤ t❤❡ st✐✛♥❡ss ❢♦r ✐♥t❡r♥❛❧ ✈❡rt✐❝❡s ♠❛② ♥♦t ❞❡t❡❝t ♦♥ ✐ts ♦✇♥ ❛s s❤♦✇♥ ✐♥

❋✐❣✉r❡ ❇✳✵✳✺✳

❋✐❣✉r❡ ❇✳✵✳✺ ✕ ❊①❛♠♣❧❡ ♦❢ ❤♦✇ t❤❡ ❡❞❣❡ ❝♦♥♥❡❝t✐✈✐t② ✐♥❢♦r♠❛t✐♦♥ ❝❛♣t✉r❡s ❝❤❛♥❣❡s ✐♥ t❤❡
t♦♣♦❧♦❣② ♦❢ ❛ str✐♥❣✳ ❚❤❡ ❤✐❣❤❧✐❣❤t❡❞ ✈❡rt❡① ❤❛✈❡ t❤❡ s❛♠❡ ✈❡rt❡① st✐✛♥❡ss ✐♥ ❜♦t❤ ❝❛s❡s ❜✉t
✐s ❝♦♥♥❡❝t❡❞ ❜② ❞✐✛❡r❡♥t ❡❞❣❡s ❛♥❞ t❤❡r❡❢♦r❡ ❛ ❞✐✛❡r❡♥t ❜❡❤❛✈✐♦✉r ✐s ❡①♣❡❝t❡❞

■♥❝❧✉s✐♦♥ ♦❢ ✈❡rt❡① ❝♦♥♥❡❝t✐✈✐t② ✐♥❢♦r♠❛t✐♦♥

❚❤❡ ❞✐❛❣♦♥❛❧ ✈❛❧✉❡s ✐♥ t❤❡ ♠❛tr✐① ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ✈❡rt✐❝❡s ❤❛✈❡ t♦ ✐♥❝❧✉❞❡

t❤❡ ❝♦♥♥❡❝t✐✈✐t② ✐♥❢♦r♠❛t✐♦♥ ❛s ✇❡❧❧✳ ■t ♠❡❛♥s t❤❛t ❛ ✈❡rt❡① ❝♦♥♥❡❝t❡❞ t♦ ❛

✜①✐t② ❤❛s t♦ ✉♣❞❛t❡ ✐ts st✐✛♥❡ss t♦ ✐ts ♥❡✇ ✈❛❧❡♥❝❡✱ ✇❤✐❝❤ ❝❤❛♥❣❡❞ ✇❤❡♥ t❤❡

❛❞❞✐t✐♦♥❛❧ ✜①❡❞ ❡♥❞ ✈❡rt✐❝❡s ✇❡r❡ ❛tt❛❝❤❡❞ t♦ t❤❡ str✐♥❣✳ ❚❤❡ ♠♦❞✐✜❡❞ ●r❛♣❤
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▲❛♣❧❛❝✐❛♥ ✇✐t❤ t❤❡ ✐♥❝r❡❛s❡❞ st✐✛♥❡ss ❢♦r ✜①❡❞ ✈❡rt✐❝❡s ❛♥❞ ✉♣❞❛t❡❞ st✐✛♥❡ss ❢♦r

✈❡rt✐❝❡s ❝♦♥♥❡❝t❡❞ t♦ ❛ ✜①✐t② ✐s ✇r✐tt❡♥ ❛s

L =























100000 −1 0 0 0 0

−1 2 −1 0 0 0

0 −1 2 −1 0 0

0 0 −1 2 −1 0

0 0 0 −1 2 −1

0 0 0 0 −1 100000























❚❤❡ r❡s✉❧t ❢r♦♠ t❤❡ ❡✐❣❡♥❞❡❝♦♠♣♦s✐t✐♦♥ ✐s ❧✐st❡❞ ❜❡❧♦✇ ❛♥❞ ✈✐s✉❛❧✐s❡❞ ✐♥ ❋✐❣✉r❡

❇✳✵✳✻✳ ❚❤❡ ❞❡s✐r❛❜❧❡ ❡✛❡❝t ❝❛♥ ♠❛✐♥❧② ❜❡ r❡❝♦❣♥✐s❡❞ ❢r♦♠ t❤❡ ✜rst t✇♦ ♠♦❞❡s

❞✉❡ t♦ t❤❡ ❝♦❛rs❡♥❡ss ♦❢ t❤❡ str✐♥❣✳ ■t ✐s ♦❜s❡r✈❡❞ ❤♦✇ t❤❡ ✐♥❝r❡❛s❡❞ st✐✛♥❡ss

♦❢ ❛ ✈❡rt❡① ❝♦♥♥❡❝t❡❞ t♦ ❛ ✜①✐t② r❡s✉❧ts ✐♥ ❛ ❧❛r❣❡r r❡s✐st❛♥❝❡ t♦ ♠♦✈❡ ❛♥❞ t❤❡

❡❞❣❡ ❝♦♥♥❡❝t✐✈✐t② ✐♥❢♦r♠❛t✐♦♥ ❤❡❧♣s t♦ t✐❡ ❞♦✇♥ t❤❡ ❛❞❥❛❝❡♥t ✈❡rt❡① ✇❤❡r❡❜②

✐t ♥✐❝❡❧② ❛♣♣r♦①✐♠❛t❡s ❛ s✐♥✉s♦✐❞ ✇✐t❤ ❛ s♠♦♦t❤ ❜♦✉♥❞❛r② tr❛♥s✐t✐♦♥✳ ■t ✐s

❢✉rt❤❡r♠♦r❡ s❡❡♥ t❤❛t t❤❡ ✜rst ❡✐❣❡♥✈❛❧✉❡ ✐s ♥♦ ❧♦♥❣❡r ③❡r♦ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣

♣✉r❡ tr❛♥s❧❛t✐♦♥ ♠♦❞❡ ❤❛s ❞✐s❛♣♣❡❛r❡❞✳

λ0 = 0.382, λ1 = 1.382, λ2 = 2.618, λ3 = 3.618, λ4 = 100000.0, λ5 = 100000.0

~v0 =























0.0

0.372

0.602

0.602

0.372

0.0























, ~v1 =























0.0

−0.602

−0.372

0.372

0.602

0.0























, ~v2 =























0.0

−0.602

0.372

0.372

−0.602

0.0























~v3 =























0.0

−0.372

0.602

−0.602

0.372

0.0























, ~v4 =























1.0

0.0

0.0

0.0

0.0

0.0























, ~v5 =























0.0

0.0

0.0

0.0

0.0

1.0
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❋✐❣✉r❡ ❇✳✵✳✻ ✕ ❚❤❡ ❞✐s♣❧❛❝❡♠❡♥t ❡✐❣❡♥❢✉♥❝t✐♦♥s ♦❢ ❛ ✻✲✈❡rt❡① str✐♥❣ ✇✐t❤ ✜①❡❞ ❡♥❞s ✭✜♥❛❧✮
✇❤❡r❡ ✭❛✮ r❡♣r❡s❡♥ts v0✱ ✭❜✮ v1✱ ✭❝✮ v2✱ ✭❞✮ v3✱ ✭❡✮ v4 ❛♥❞ ✭❢✮ v5

❙✉♠♠❛r②

■♥ s✉♠♠❛r②✱ ✈❡rt❡① ✜①✐t✐❡s ❝❛♥ ❜❡ ✐♠♣♦s❡❞ ❜② ❝♦♥str✉❝t✐♥❣ t❤❡ ▲❛♣❧❛❝✐❛♥ ♠❛tr✐①

❢r♦♠ ✐ts ❣❡♥❡r❛❧ ❞❡✜♥✐t✐♦♥ ✭s❡❡ ❊q✉❛t✐♦♥ ✸✳✶✳✹✮ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❡♥t✐r❡ ♠❡s❤ t♦

❜❡❣✐♥ ✇✐t❤ ❛♥❞ s✉❜s❡q✉❡♥t❧② r❡♣❧❛❝❡ t❤❡ st✐✛♥❡ss ♦❢ ✜①❡❞ ✈❡rt✐❝❡s ✇✐t❤ ❛ ♠✉❝❤

❧❛r❣❡r ♥✉♠❜❡r ❡✳❣✳ ✶✵✵✱✵✵✵✳ ❚❤❛t ✇❛② ❜♦t❤ ❡❞❣❡ ❛♥❞ ✈❡rt❡① ❝♦♥♥❡❝t✐✈✐t② ✐s

✐♥❝❧✉❞❡❞✳ ❚❤❡ ❛❜♦✈❡ ❞❡s❝r✐❜❡❞ ♣r♦❝❡ss ♠❡r❡❧② s❡r✈❡s t♦ ❤✐❣❤❧✐❣❤t t❤❡ ✐♥✢✉❡♥❝❡ ♦❢

t❤❡ ❞✐✛❡r❡♥t ♣❛r❛♠❡t❡rs ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ❛rt✐✜❝✐❛❧ ♠❛♥✐♣✉❧❛t✐♦♥ ♦❢ t❤❡ ▲❛♣❧❛❝✐❛♥

♠❛tr✐①✳

❆ ❢✉rt❤❡r r❡✜♥❡❞ str✐♥❣ ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ❇✳✵✳✼ ✐s ✉s❡❞ ❛s ❛ ♠♦r❡ ❝♦♥✈✐♥❝✐♥❣

❡①❛♠♣❧❡ t♦ ✈✐s✉❛❧✐s❡ t❤❡ r❡s✉❧t✐♥❣ ♠♦❞❡s ❢r♦♠ ✜①✐♥❣ t❤❡ ❡♥❞ ✈❡rt✐❝❡s ✭❜❧✉❡✮

❛♥❞ ❛ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ ❝♦♥t✐♥✉♦✉s s✐♥✉s♦✐❞s ♦❢ s✐♠✐❧❛r ❛♠♣❧✐t✉❞❡ ❛♥❞ ❢r❡q✉❡♥❝②

✭❣r❡②✮✳ ❚❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ t❤❡ ❡♠❜❡❞❞❡❞ ❝♦♥♥❡❝t✐✈✐t② ✐♥❢♦ ✐s ❝❧❡❛r❧② s❡❡♥ ❜② ❛

❝♦♠♣❛r✐s♦♥ ✇✐t❤ t❤❡ ♠♦❞❡s r❡s✉❧t✐♥❣ ❢r♦♠ ❛ ♠❛tr✐① ❞❡❝♦♠♣♦s✐t✐♦♥ ✇✐t❤♦✉t t❤❛t

✐♥❢♦r♠❛t✐♦♥ ✐♥❝❧✉❞❡❞ ✭♦r❛♥❣❡✮✳

❚❤❡ s♠♦♦t❤♥❡ss ♦❢ t❤❡ r❡s✉❧t ❤❡❛✈✐❧② r❡❧✐❡s ♦♥ t❤❡ ❡q✉❛❧❧② s♣❛❝❡❞ ✈❡rt✐❝❡s ✐♥ t❤❡

str✐♥❣ ❜❡❛❝✉s❡ t❤❡ ♠❛tr✐① ❛♥❞ t❤❡r❡❢♦r❡ ❛❧s♦ t❤❡ ❝♦♠♣✉t❡❞ ❡✐❣❡♥✈❡❝t♦rs r❡♠❛✐♥

✉♥❝❤❛♥❣❡❞ ✇❤❡♥ t❤❡ ❣❡♦♠❡tr② ✐s ♠♦❞✐✜❡❞✳ ■t ✐s t❤❡r❡❢♦r❡ ♦❜✈✐♦✉s t❤❛t t❤❡
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♣❧♦tt❡❞ ♠♦❞❡s ✇✐❧❧ ❞❡✈✐❛t❡ ❢r♦♠ t❤❡ s❤❛♣❡ ♦❢ s✐♥✉s♦✐❞s ✇❤❡♥ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t

✈❛❧✉❡s st❛② ✐♥t❛❝t ❜✉t t❤❡ ✈❡rt✐❝❡s ❛r❡ r❡♣♦s✐t✐♦♥❡❞✳

❋✐❣✉r❡ ❇✳✵✳✼ ✕ ❚❤❡ ✜rst ❢♦✉r ❞✐s♣❧❛❝❡♠❡♥t ❡✐❣❡♥❢✉♥❝t✐♦♥s ♦❢ ❛ r❡✜♥❡❞ str✐♥❣ ✇✐t❤ ✜①❡❞
❡♥❞s ✭❜❧✉❡✮ ✐♥ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ ❝♦♥t✐♥✉♦✉s s✐♥✉s♦✐❞s ♦❢ s✐♠✐❧❛r ✇❛✈❡ ❧❡♥❣t❤s ❛♥❞ ❛♠♣❧✐t✉❞❡s
✭❣r❡②✮✳ ❚❤❡ ❡✐❣❡♥❢✉♥❝t✐♦♥s ✇✐t❤ ♥♦♥✲s♠♦♦t❤ ❜♦✉♥❞❛r② tr❛♥s✐t✐♦♥s ❛s ❛ r❡s✉❧t ♦❢ ♦♠✐tt✐♥❣
❝♦♥♥❡❝t✐✈✐t② ✐♥❢♦r♠❛t✐♦♥ ❛r❡ ❛❧s♦ s❤♦✇♥ ✭♦r❛♥❣❡✮
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❆♣♣❡♥❞✐① ❈

P❧✉❣✲✐♥ ♠❛♥✉❛❧

❆ ❤❛r♠♦♥✐❝ ❢♦r♠✲✜♥❞✐♥❣ ♣❧✉❣✲✐♥ ❢♦r ●r❛ss❤♦♣♣❡r ✐s t❤❡ ♦✉t❝♦♠❡ ♦❢ t❤✐s r❡s❡❛r❝❤✳

■t ❝♦♥s✐sts ♦❢ ❛ ♥✉♠❜❡r ♦❢ ❝♦♠♣♦♥❡♥ts ❛s s❡❡♥ ✐♥ ❋✐❣✉r❡ ❈✳✵✳✶✱ ✇❤✐❝❤ ❛r❡ ❣r♦✉♣❡❞

✐♥t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ s✐① ❝❛t❡❣♦r✐❡s✿ ▼❡s❤✱ ▼❛tr✐①✱ ❍❛r♠♦♥✐❝s✱ ❇✉❝❦❧✐♥❣✱ ❉✐s♣❧❛②

❛♥❞ ❯t✐❧✐t②✳ ❆ s♠❛❧❧ ♠❛♥✉❛❧ ✇✐t❤ ❛ ❜r✐❡❢ ♦✈❡r✈✐❡✇ ♦❢ t❤❡ ❝♦♠♣♦♥❡♥ts ✐♥ ❡❛❝❤

❝❛t❡❣♦r② ✐s ♣r♦✈✐❞❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳

▼❡s❤

❚❤❡ ❝♦♠♣♦♥❡♥ts ✐♥ t❤✐s ❝❛t❡❣♦r② ❛✐♠ t♦ s✉♣♣♦rt t❤❡ ♠♦❞❡❧❧✐♥❣ ✇✐t❤ P❧❛♥❦t♦♥

♠❡s❤❡s✳ ❙❡❡ ❚❛❜❧❡ ❈✳✵✳✶✳

▼❛tr✐①

❚❤❡ ❝♦♠♣♦♥❡♥ts ✐♥ t❤✐s ❝❛t❡❣♦r② ❜✉✐❧❞ t❤❡ ♥❡❝❡ss❛r② ♠❛tr✐❝❡s ❛♥❞ ♣❡r❢♦r♠ ❧✐♥❡❛r

❛❧❣❡❜r❛ ♦♣❡r❛t✐♦♥s t♦ ❡st❛❜❧✐s❤ t❤❡ ❢r❛♠❡✇♦r❦ ❢♦r ❤❛r♠♦♥✐❝ ♠♦❞❡❧❧✐♥❣✳ ❙❡❡ ❚❛❜❧❡

❈✳✵✳✷✳

❍❛r♠♦♥✐❝s

❚❤❡s❡ ❝♦♠♣♦♥❡♥ts ✉t✐❧✐s❡ t❤❡ ❢r❛♠❡✇♦r❦ t♦ ♠♦❞❡❧ ✇✐t❤ ❤❛r♠♦♥✐❝s ❛♥❞ ❡①t❡♥❞

t❤❡ ❛❞✈❛♥t❛❣❡♦✉s ♣r♦♣❡rt✐❡s ♦❢ ❋♦✉r✐❡r ❛♥❛❧②s✐s t♦ ♠❡s❤❡s✳ ❙❡❡ ❚❛❜❧❡ ❈✳✵✳✸✳

❇✉❝❦❧✐♥❣

❚❤❡ ❝♦♠♣♦♥❡♥ts ✐♥ t❤✐s ❝❛t❡❣♦r② ❛✐❞ t♦ ❡✈❛❧✉❛t❡ t❤❡ ❜✉❝❦❧✐♥❣ ❝❛♣❛❝✐t② ♦❢ t❤❡

❤❛r♠♦♥✐❝ s❤❛♣❡s ✐♥ ❛ ♣✉rs✉✐t t♦ ❡①♣❧♦✐t t❤❡✐r ❞♦✉❜❧② ❝✉r✈❡❞ ♥❛t✉r❡✳ ❚❤❡ t♦♦❧s

✶✶✾
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❋✐❣✉r❡ ❈✳✵✳✶ ✕ ❍❛r♠♦♥✐❝ ❢♦r♠✲✜♥❞✐♥❣ ♣❧✉❣✲✐♥ ❢♦r ●r❛ss❤♦♣♣❡r

❛r❡ ✐❞❡❛❧ ❢♦r ❛♥ ♦♣t✐♠✐s❛t✐♦♥ ✇♦r❦ ✢♦✇ ❞✉❡ t♦ t❤❡✐r ✐♥t❡❣r✐t② ❛♥❞ ❝♦♠♣✉t❛t✐♦♥❛❧

s♣❡❡❞✳ ❙❡❡ ❚❛❜❧❡ ❈✳✵✳✹✳

❉✐s♣❧❛②

❚❤❡s❡ ❝♦♠♣♦♥❡♥ts ❤❡❧♣ t♦ ✈✐s✉❛❧✐s❡ t❤❡ ♠♦❞❡ s❤❛♣❡s ✐♥ ❛♥ ❛tt❡♠♣t t♦ ✐♥❝r❡❛s❡

t❤❡ ❧❡✈❡❧ ♦❢ ✐♥t✉✐t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤✐s t♦♦❧✳ ❙❡❡ ❚❛❜❧❡ ❈✳✵✳✺✳

❯t✐❧✐t②

▲❛st❧②✱ t❤❡ ❝♦♠♣♦♥❡♥ts ✐♥ t❤✐s ❝❛t❡❣♦r② ❤❡❧♣ t♦ s✉♣♣♦rt t❤❡ ✇♦r❦ ✢♦✇ ❛♥❞

♣r♦✈✐❞❡ ❛❞❞✐t✐♦♥❛❧ ✉s❡❢✉❧ ✐♥❢♦r♠❛t✐♦♥✳ ❙❡❡ ❚❛❜❧❡ ❈✳✵✳✻✳
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◆❛♠❡ ❋✉♥❝t✐♦♥❛❧✐t②

P❧❛♥❦t♦♥❋r♦♠P♦❧②❧✐♥❡s ❈r❡❛t❡s ❛ P❧❛♥❦t♦♥ ♠❡s❤ ❢r♦♠ ❢❛❝❡ ♣♦❧②❧✐♥❡s
✭❈❈❲ ❞✐r❡❝t✐♦♥✮ ❛♥❞ ✈❡rt❡① ♣♦✐♥ts

P❧❛♥❦t♦♥❚❛❣❣✐♥❣ ❚❛❣s ✈❡rt❡①✱ ❤❛❧❢❡❞❣❡ ❛♥❞ ❢❛❝❡ ✐♥❞❡①❡s t♦ ❞✐s♣❧❛②
t❤❡ ♠❡s❤ ❝♦♥♥❡❝t✐✈✐t②

✈❡rt❡①◆♦r♠❛❧s ❈♦♠♣✉t❡s t❤❡ ✈❡rt❡① ♥♦r♠❛❧s ❛s ❛ ✇❡✐❣❤t❡❞
❛✈❡r❛❣❡ ♦❢ t❤❡ ♥❡✐❣❤❜♦✉r✐♥❣ ❢❛❝❡ ♥♦r♠❛❧s
✭❡✈❡♥t✉❛❧❧② ♥♦r♠❛❧✐s❡❞✮

❚❛❜❧❡ ❈✳✵✳✶ ✕ ▼❡s❤ ❝♦♠♣♦♥❡♥ts

◆❛♠❡ ❋✉♥❝t✐♦♥❛❧✐t②

●r❛♣❤▲❛♣❧❛❝✐❛♥ ❈♦♥str✉❝ts t❤❡ ▲❛♣❧❛❝✐❛♥ ♠❛tr✐① ❜❛s❡❞ ♦♥ t❤❡
t♦♣♦❧♦❣② ♦❢ t❤❡ P❧❛♥❦t♦♥ ♠❡s❤

❈♦t❛♥❣❡♥t▲❛♣❧❛❝✐❛♥ ❈♦♥str✉❝t t❤❡ ▲❛♣❧❛❝✐❛♥ ♠❛tr✐① ❜❛s❡❞ ♦♥ t❤❡
❣❡♦♠❡tr② ❛♥❞ t♦♣♦❧♦❣② ♦❢ t❤❡ P❧❛♥❦t♦♥ ♠❡s❤

❇♦✉♥❞❛r②❈♦♥❞✐t✐♦♥s ▼❛♥✐♣✉❧❛t❡s t❤❡ ▲❛♣❧❛❝✐❛♥ ♠❛tr✐① t♦ ✐♠♣♦s❡
❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s

❊✐❣❡♥❉❡❝♦♠♣♦s✐t✐♦♥ ❈♦♠♣✉t❡s t❤❡ ❡✐❣❡♥❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡
▲❛♣❧❛❝✐❛♥ ♠❛tr✐① t♦ ♦❜t❛✐♥ t❤❡ ❞❡s✐r❡❞
♦rt❤♦♥♦r♠❛❧ ❜❛s✐s ✭❡✐❣❡♥✈❡❝t♦rs✮ ✇✐t❤ ❤❛r♠♦♥✐❝
❜❡❤❛✈✐♦✉r

❊①tr❛❝t❊✐❣❡♥✈❡❝t♦rs ❊①tr❛❝ts s♣❡❝✐✜❝ ❡✐❣❡♥✈❡❝t♦rs ❢r♦♠ t❤❡
❡✐❣❡♥✈❡❝t♦r ♠❛tr✐① ❛❝❝♦r❞✐♥❣ t♦ ❛♥ ✐♥❞❡① ❧✐st

❚❛❜❧❡ ❈✳✵✳✷ ✕ ▼❛tr✐① ❝♦♠♣♦♥❡♥ts

◆❛♠❡ ❋✉♥❝t✐♦♥❛❧✐t②

❊✐❣❡♥❢✉♥❝t✐♦♥ ●❡♥❡r❛t❡s ❤❛r♠♦♥✐❝ s❤❛♣❡s ❜② ❛ ❧✐♥❡❛r
❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❡✐❣❡♥✈❡❝t♦rs ✇✐t❤ ♣r❡❞❡✜♥❡❞
❛r❜✐tr❛r② ✇❡✐❣❤ts

❇❛❝❦❈❛❧❝✉❧❛t❡❲❡✐❣❤ts ❇❛❝❦✲❝❛❧❝✉❧❛t❡s t❤❡ ♠♦st s✐❣♥✐✜❝❛♥t ❡✐❣❡♥✈❡❝t♦rs
✭♠♦❞❡s✮ ❛♥❞ t❤❡✐r ❝♦rr❡s♣♦♥❞✐♥❣ ✇❡✐❣❤ts t♦
❛♣♣r♦①✐♠❛t❡ ❛ t❛r❣❡t s✉r❢❛❝❡ ❢r♦♠ ❛ ❜❛s❡ ♠❡s❤✳
❚❤❡ ♦✉t♣✉t ✐s s✉✐t❛❜❧❡ ❢♦r t❤❡ ✏❊✐❣❡♥❢✉♥❝t✐♦♥✑
❝♦♠♣♦♥❡♥t

▼♦r♣❤✐♥❣ ❊①♣❧♦r❡s t❤❡ ❞❡s✐❣♥ s♣❛❝❡ ✐♥✲❜❡t✇❡❡♥ t✇♦ ❧✐♠✐t
s✉r❢❛❝❡s ✐♥ ❛ ♥♦♥✲❧✐♥❡❛r ✇❛②

❚❛❜❧❡ ❈✳✵✳✸ ✕ ❍❛r♠♦♥✐❝s ❝♦♠♣♦♥❡♥ts
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◆❛♠❡ ❋✉♥❝t✐♦♥❛❧✐t②

▲♦❛❞❉✐str✐❜✉t✐♦♥ ❈❛❧❝✉❧❛t❡s t❤❡ ❧✉♠♣❡❞ ❢♦r❝❡s ✐♥ ❡❛❝❤ ✈❡rt❡① ❜❛s❡❞
♦♥ t❤❡ ✈♦r♦♥♦✐ ❛r❡❛s t♦ ♠✐♠✐❝ s❡❧❢✲✇❡✐❣❤t

❑❛♥❣❛r♦♦❇✉❝❦❧✐♥❣ P❡r❢♦r♠s ❛ ♥♦♥✲❧✐♥❡❛r ❜✉❝❦❧✐♥❣ ❛♥❛❧②s✐s ♦❢ ❛ s❤❡❧❧
✉s✐♥❣ ❛ ❞②♥❛♠✐❝ r❡❧❛①❛t✐♦♥ ❛♣♣r♦❛❝❤ ✇✐t❤
❑❛♥❣❛r♦♦

❘♦❜♦t❊①♣♦rt P❡r❢♦r♠s ❛ ❧✐♥❡❛r ❜✉❝❦❧✐♥❣ ❛♥❛❧②s✐s ♦❢ ❛ s❤❡❧❧ ✇✐t❤
❆✉t♦❞❡s❦ ❘♦❜♦t

❚❛❜❧❡ ❈✳✵✳✹ ✕ ❇✉❝❦❧✐♥❣ ❝♦♠♣♦♥❡♥ts

◆❛♠❡ ❋✉♥❝t✐♦♥❛❧✐t②

●❍♠♦❞❡❱✐s✉❛❧✐s❡r ●❡♥❡r❛t❡s t❤❡ ♥❡❝❡ss❛r② ✐♥♣✉t ❢♦r t❤❡
✏❙q✉✐❞Pr❡✈✐❡✇✑ ❝♦♠♣♦♥❡♥t t♦ ❞✐s♣❧❛② t❤❡ ♠♦❞❡
s❤❛♣❡s ❛s ❜✐t♠❛♣s ♦♥ t❤❡ ●r❛ss❤♦♣♣❡r ❝❛♥✈❛s

❙q✉✐❞Pr❡✈✐❡✇ ❈r❡❛t❡s ✶✵ ❙q✉✐❞ ❜✐t♠❛♣s ❛s ❞❡❢❛✉❧t

❘❍♠♦❞❡❱✐s✉❛❧✐s❡r ❱✐s✉❛❧✐s❡s t❤❡ ♠♦❞❡ s❤❛♣❡ ❝❛t❛❧♦❣✉❡ ✐♥ t❤❡ ❘❤✐♥♦
✈✐❡✇♣♦rt t♦ ♦❜t❛✐♥ ❛ ❜❡tt❡r ♦✈❡r✈✐❡✇

❚❛❜❧❡ ❈✳✵✳✺ ✕ ❉✐s♣❧❛② ❝♦♠♣♦♥❡♥ts

◆❛♠❡ ❋✉♥❝t✐♦♥❛❧✐t②

❆✉t♦❲❡✐❣❤t❙❧✐❞❡rs ❆✉t♦ ❣❡♥❡r❛t❡s s❧✐❞❡rs t♦ s♣❡❝✐❢② ✇❡✐❣❤ts ✐♥ ❛
r❛♥❣❡ ❜❡t✇❡❡♥ ✲✶ ❛♥❞ ✶ ✭t✇♦ ❞❡❝✐♠❛❧s✮ ✇✐t❤
✉s❡❢✉❧ ❧❛❜❡❧❧✐♥❣

P❡❛❦s❆♥❞❚r♦✉❣❤s ❈❛❧❝✉❧❛t❡s t❤❡ ♥✉♠❜❡r ♦❢ ♣❡❛❦s ❛♥❞ tr♦✉❣❤s ❢♦r
❡❛❝❤ ♠♦❞❡ s❤❛♣❡ ❢r♦♠ t❤❡ ♠❡s❤ ❣❡♦♠❡tr② ❛♥❞
t♦♣♦❧♦❣②

❚❛❜❧❡ ❈✳✵✳✻ ✕ ❯t✐❧✐t② ❝♦♠♣♦♥❡♥ts
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